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1.1 Definition and examples

1.1.1 Definition. An inner product space (also known as a pre-Hilbert space) is a
vector space V' over K (= R or C) together with a map

(,): VxV =K
satisfying (for x,y,2 € V and A € K):

(1) <37 +y,2) = (x,z} + (v, Z>

(i) (Az,y) = Mz, y)
(i) (y,2) = (z,y)

G(iv) (z,z) >

V) (z,2) =0=2=0

Note that it follows from the first 3 properties that:
) (z,y+2) = (r,y) + (z,2)

(i) (z,\y) = Nz, y)
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An inner product on V' gives rise to a norm

o]l = v/ ().

If the inner product space is complete in this norm (or in other words, if it is
complete in the metric arising from the norm, or if it is a Banach space with this
norm) then we call it a Hilbert space.

Another way to put it is that a Hilbert space is a Banach space where the norm
arises from some inner product, but to make that claim we need to know that the
norm determines the inner product. (We will see that this is so later. The issue
here is that an inner product space is two things, a vector space together with an
inner product. A normed space is also two things, a vector space together with a
norm. If a vector space H has two inner products (-, -); and (-, -}, giving rise to
the same norm ||z|| = /(z,x)1 = \/{(x, z)s, then in fact (x,y); = (x,y) holds
for all z,y € H. The inner product is uniquely determined by the norm, if there
is an inner product. We will eventually get to proving this in Theorem [I.3.1])

1.1.2 Examples. (i) C" with the inner product (z,w) = > "7, 2;w; is a Hilbert
space (over K = C). (Here we mean that z = (z1,29,...,2,) and w =
(wy,wa, ..., wy).)

We know that C" is complete (in the standard norm, which is the one arising
from the inner product just given, but also in any other norm) and so C" is a

Hilbert space.

(ii) R™ with the inner product (z,y) = >_"

j=1;y; 1s a Hilbert space over R.

(iii) ¢? with the inner product

<a7 b) = Z a’jb_j
j=1

is a Hilbert space over K (where we mean that a = {a;}52,, b = {b;}52)).
The fact that the series for (a,b) always converges is a consequence of
Holder’s inequality with p = ¢ = 2. The properties that an inner prod-
uct must satisfy are easy to verify here. The norm that comes from the inner
product is the norm || - ||> we had already on ¢>.

(iv) L*0,1], L*[a,b] and L?(R) are all Hilbert spaces with respect to the inner
product

()= [ 13
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(the integral to be taken over the appropriate domain). [Since |f(z)||g(z)| <
(1/2)(|f(x)|> + |g(x)|?) it is quite easy to see that f7 is integrable for f and
g in the same L? space.]

1.1.3 Remarks. (1) The triangle inequality holds on any inner product and this
is proved via the Cauchy-Schwarz inequality:

[z y)| < llzlHlyl

(for the norm arising from inner product). Equality holds in this inequality
if and only if = and y are linearly dependent.

(ii) One can use Cauchy-Schwarz to show that the inner product map (-, -): V' X
V' — K is always continuous on V' x V' (for any inner product space, and
where we take the product topology on V' x V). If we take a sequence
(2, yn) converging in V' x V to a limit (x,y), then lim,, ., =, = x and
lim,, 00 ¥ = y in V and so

(@ yn) — (@) < (@0, Yn) — (@0 )] + [T, y) — (2, )]
= @,y — )| + 20 — 2, 9)]
< @l 1y = yll + llzn = [ |y
— 0Oasn — o0

(In the last step we are using the fact that (x,,)2° ; is bounded, that is sup,, ||z, || <
00, because lim,,_,o, ,, €Xists.)

1.2 Orthonormal bases

1.2.1 Notation. By default we will use the letter /1 to denote a Hilbert space.
Two elements x and y of an inner product space are called orthogonal if
(x,y) =0.
A subset S C H of a Hilbert space (or of an inner product space) is called
orthogonal if
x,y € S,x#y= (x,y) =0.
S is called orthonormal if it is an orthogonal subset and if in addition ||z|| = 1 for

eachz € S.

Observe that these definitions are phrased so that they apply to both finite and
infinite subsets .S.

Note also that if S is orthogonal, then {z/||z|| : x € S\ {0}} is orthonormal.



4 Chapter 1: Hilbert Spaces

1.2.2 Proposition. If S C H is any orthonormal subset of an inner product space
H andifr € H, then

(i) (x, ) is nonzero for at most a countable number of ¢ € S.
(i1)
Z| )| < ||z (Bessel’s inequality). (1.2.1)

peS

Observe that (i) implies that we can list those ¢ € S for which (z, ¢) # 0 as a
finite or infinite list ¢, ¢o, . .. and then (ii) means that

Z\ D) <l (1.2.2)
The sum is independent of the order in which the ¢, ¢, . .. are listed (because it

is a series of positive terms).

Proof. Suppose ¢1, ¢, . .., ¢, are n distinct elements of S and x € H. Let a; =
(x,¢;) for 1 < j <mn.Then

. 2
0 < |lxz— Zaj¢j
j=1
= <$—Z@j¢j,x—zak¢k>
j=1
= (z,z) — Za Za] G, 1) + ) asan(dy, o)
k=1 7,k=1
= Zakak_zaga]+za]a]
since (65, ) — 0 ity
= (z,2) = |l
k=1
Therefore

> anl* = Zy o) 2 < (2, x) = |2 (1.2.3)
k=1
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Now we can finish the proof by making use of this finite version of Bessel’s in-
equality.

To show that there are only a countable number of ¢ € S with (x,$) # 0,
consider the set of all such ¢:

Se={peS:(z,¢)£0} =] 5"

where
Sy ={0€S5:[{z,¢)| = 1/n}.

Now each S is finite because if we could find N elements ¢1, @2, ..., ¢y in

S then by (I.2.3)
N 2
1
ol 2 3 oo = ¥ ()
j=1

and so N < n?||z|]2.
Thus S? is finite and S, is a countable union of finite sets, hence countable.
If we list the elements of S, in a finite or infinite list {¢y, ¢, . . .} then we can
let n — oo in to get Bessel’s inequality in the form (1.2.2). O

1.2.3 Lemma. If'V is a vector space (over a field K) and S C V is any sub-
set, then there is a smallest vector subspace span(S) of V' that contains S (and
span(S) is referred to as the linear span of S).

Proof. An abstract way to establish this is to take the intersection of all vector
subspaces £ C V with § C FE, then show that this intersection is a vector sub-
space.

A more constrictive way is to take span(.S) to be the collection of all finite
linear combinations Z;;l a;p; witha; € Kand ¢; € Sforl < 57 < n. We
should allow n = 0, with the empty sum interpreted as 0 € V' so that 0 € span(S)
even if S = (). Clearly any vector subspace that contains S must contain these
linear combinations, but we would still need to check that the collection of all such

linear combinations is indeed a vector subspace (which is fairly easy to check).
[

1.2.4 Proposition. Let H be an inner product space x € H and ¢1,¢s, ..., ¢,
orthonormal elements of H. Let E = span{¢1, ¢, ..., ¢, }-

Then y = Z;‘:l(x, ®;)¢; is the unique element of E closest to x.

(In other words, ||z — y|| < ||x — z|| holds for all z € E other than z = y.)
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Proof. Note that y € F and

<x_y>¢k> = <Z ¢] ¢]a¢k>

J=1

3

= <377¢k>_’ (x, 0;)(95: Pr)

= (,0%) — (T, dx)
=0

Thus for any z € E, say z = ZZ:1 apdr (With ay, as, ..., a, € K) we have

n

(x—y,2) :Z@k<f—ya¢k> =0

k=1

(We would usually say that x — y is orthogonal to F, meaning orthogonal to all
elements of F£.)
Soif z € Ewehaver — 2= (v —y) + (y — 2) and y — 2z € E. Hence

lz—z|> = (x—2z2—2)
= (@—y)+y—2), -y +{y—2)
(x—yz—y)+{y—2y—2)
He—yy—2)+y—zz—y)
= llz—ylP+lly—=2>+0
>z —yl?

This no z € E' is closer to x than y is and we have strict inequality unless y =
Z. ]

1.2.5 Notation. In the situation of Proposition [1.2.4] the element y is usually
referred to as the orthogonal projection of x on E (because y € E and x =
y + (z — y) with z — y orthogonal to (all elements of) F.

1.2.6 Definition. If / is an inner product space then a finite sequence ¢y, ¢o, ..., P, €
H of orthonormal vectors is called an orthonormal basis for Hif x = 377 (z, ¢;)¢;
holds for each x € H.

An infinite orthonormal sequence ¢1, ¢, ... € H is also called an orthonor-
mal basis for H if © = Z;’;(:r, ¢;)¢; holds for each x € H.



MA3422 2016-17 7

1.2.7 Remark. Since it only involves finite sums, Proposition [1.2.4{ implies that a

finite orthonormal sequence ¢1, ¢o, ..., ¢, € H is an orthonormal basis for H if
and only if span{¢, o, ..., o, = H.
Moreover, it is easy to see thatif ¢, @9, . . ., ¢, are orthonormal then they must

be linearly independent (hint: for > 7, a;¢; = 0, consider <Z;‘:1 ajp;, ¢k> for
1 < k < n) and so form a basis for their linear span (with the linear algebra
meaning for the word ‘basis’).

1.2.8 Example. In H = (2, let e,, denote the sequence where all the terms are 0
except the n' term, which is 1. It may be more helpful to write

e, = (0,0,...,0,1,0,0,...)

(with 1 in the n' position).

Let
B = {61,62,...} = {GTLZTLEN}.
Then B is orthonormal because |le,|| = 1 for each n and if n # m then
(€nyem) = 0.

Also if x = (2;)32, = (21,72,...) € (7, itis easy to see that (z,e,) = z,.
The idea of an orthonormal basis is that we can express x (any x € (?)

and we can check that quite easily in this case. We have

n
E (x,e;)e E zje; = (x1,%a,...,2,,0,0,...)
j=1

and

T — Z(w,eJ-)ej =(0,0,...,0,ps1, Tpit,s--.)-

So
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Recall that = € ¢ means that ), |2;|> < oo and so it follows that

o0
Z |z;|> = 0 as n — oo.
Jj=n+1

We can see then that

n
nh_}ralo T — Z(x, ejejll =0
Jj=1 2
and that is what it means to say © = Z;; (z,e;)e;.
1.2.9 Remark. Our aim is to consider the notion of an orthonormal basis for infi-
nite dimensional Hilbert spaces like the above basis for ¢? (known as the ‘standard
basis’ because it is a rather obvious extension to the infinite case of the standard
basis for K"). Since we use infinite sums in the infinite dimensional case, we are
no longer dealing with pure linear algebra when we do this.
To make life simpler we restrict ourselves to separable Hilbert spaces, though
it is possible to extend the notion of an orthonormal basis to an uncountable one
and then to include general (non-separable) Hilbert spaces.

1.2.10 Proposition. Let H be an inner product space and S = {¢1, ¢a, ...} an
orthonormal sequence of vectors in H such that span(S) is dense in H. Then S
is an orthonormal basis for H.

Proof. Fix x € H. Since span(S) is dense in S, there must be a sequence
Y1, Yo, - - - € span(S) with lim,,_, . ¥, = x (limit in the norm of H).
Now, each y,, is a finite linear combination

Yn = Z an,j¢j

=1

of elements of S (we can take the elements of S to be those from ¢; up to the
largest ¢,,,, in the linear combination so as to get sums of this form).
Because of Proposition [[.2.4]

mn

=3 (w005 < lle —

J=1

and so

mn

ILm x — Z(m, ®j)¢;| = 0.

j=1
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Also because of Proposition|1.2.4]

N
= Z(ZL‘ » 9; >¢J
j=1
is monotone decreasing with N. (Because increasing span{¢y, ¢o,...,¢nN} to
span{ ¢y, @9, ..., ¢n+1} has to make the closest element in the span closer to z,

or at least not farther away.)
So limy 00 H:U — Zj\;(:c, b;)0;

= 0, orinother words x = » 7 (x, $;)¢;.
[

1.2.11 Theorem. For an inner product space H, the following are equivalent
properties of H:

(a) H is separable (that is, has a countable dense subset)
(b) H has a countable orthonormal basis (finite basis or infinite sequence).

Proof. () = (b): Let D = {di,d>,...} C H be a countable dense subset. We
can then construct a finite or infinite sequence 1, 15, . . . which has

1) ¥1,19,...,1, is linearly independent (for each n in the infinite case, or for
n as large as possible in the finite case)

11) D - span{wl, wg, .. }

To do this let ©); = d; unless d; = 0, and if d; = 0 let ¢); = d; for the smallest
j with d; # 0. (In the case d; = 0 always, then H is the zero space and the
empty set counts as an orthonormal basis for H.) Next, continue inductively.
Once 41,11, ..., 1, have been chosen let 1),,;1 = d; for the smallest j such that
dj & span{in, 12, ..., ¢, }. If there is no such j, we stop at t/,.

Now use the Gram-Schmidt orhonormalisation procedure on 1, 15, . . . to find
orthonormal vectors ¢, ¢, . .. such that

Span{¢17 ¢2a <o 7¢n} = Span{wla w27 e awn}
(Recall that ¢; = 11 /|[1)1]| and 9,11 is obtained by dividing

n

Yny1 — Z(@Dn—i-la ¢j>¢j

=1
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— the difference between ¢,, 11 and its orthogonal projection onto the span of the
previous ones — by its norm. See Theorem [A.0.1|for a recap of Gram-Schmidt.)

In the case of a finite number of ¢y, ¢o, . .., ¢, we end up with an orthonormal
basis for the finite dimensional H, but in the infinite case we have

D C Spaﬂ{wlaw%...} = Uspan{qbbwz"”’/@n}
n=1

o0

= U span{¢i, @a, ..., ¢n} = span{¢y, ¢, ...}

n=1

Since D is dense, Propositionimplies that {¢1, @9, ...} is an orthonor-
mal basis for H.

([®) = (a): Since the finite dimensional case is relatively easy, let S = {¢1, ¢, . ..
be an orthonormal basis for /. We look at the case K = R (A areal Hilbert space)
first. It is quite easy to check that the sets

DnZ{ZQijjZQjG@forlSan}

Jj=1

are each countable and that their union D = |J,_, D,, is countable and dense in
H. The closure of each D, is easily seen to be the R-linear span of ¢1, ¢o, ..., ¢,
and so the closure of D includes all finite linear combinations 7 | x;¢;. But,
each x € H is a limit of such finite linear combinations (by the definition of an
orthonormal basis). Hence the closure of D is all of H. As D is countable, this
shows that /7 must be separable.

In the complex case (/ a Hilbert space over K = C) we must take ¢; € Q+1:Q
instead, so that we can get all finite C-linear combinations of the ¢; in the closure
of D (and there is no other difference in the proof).

In (the easier) finite case we could just take n = dim H (no need to take
unions). ]

1.2.12 Remark. If we had considered the non-separable case we would have been
able to show (using completeness) that every Hilbert space has an orthonormal
basis (possibly uncountable). But then if H is a non-separable Hilbert space, it
has to be an orthonormal basis in the more general sense that allows uncountable
orthonormal bases because Theorem [1.2.11| implies that only separable Hilbert
spaces have countable orthonormal bases.
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1.2.13 Theorem. If H is a separable inner product space and S = {¢1, ¢o, ...} C
H is an orthonormal basis for H, then for each x,y € H we have

(w.y) = D (2. 8)(y,0) = Y (2, 6;){y, )

pes Jj=1

(where the latter sum has a finite range of j in the case where S is finite) and

lzl* =) [z, 9)I*

peS

Proof. The case where S is finite being rather easy, we consider the infinite case
only. We have

x = ILm Z(x,qﬁj)gbj
j=1

and

y = lim > (y. o)
k=1

By continuity of the inner product

<$’y> = lim <Z<%¢J>¢JaZ<%¢k>¢k>

n—oo
j=1 k=1

n

= lim Y (2,0;)(y. o1) (0, bn)

7,k=1

j=1

= S (@, 60) (5, on)

n=1

If we do this for x = y we find the second part of the statement. ]
1.2.14 Theorem. Every separable Hilbert space H over K is isometrically iso-

morphic to either K™ (if H has finite dimension n) or to (2. The isometric isomor-
phism preserves the inner product.
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Proof. The finite dimensional case is just linear algebra and we treat this as known.
If H is infinite dimensional and separable, then it has a countably infinite
orthonormal basis S = {¢1, ¢, . ..}. We can define a map

T:-H — (2
by Tx = (<$7¢n>)zo:1

By Theorem the map 7 is well defined (actually maps into ¢?) and pre-
serves the inner product and the norm. That is (x,y) = (Txz,Ty) and ||z||g =
|Tx||2 for 2,y € H. Moreover, it is easy to see that 7" is a linear map.

From ||T'z|| = ||z|| we can see that the kernel of 7" is just {0} and so 7" is
injective and what remains to be seen is that 7" is surjective.

To show that, consider any a = {a,}>°; € ¢*. Then one can quite easily
verify that > | a,¢, satisfies the Cauchy criterion for series (equivalently that
the sequence of its partial sums s,, = Z?zl a;¢; is a Cauchy sequence in H, or

equivalently that for n < m, ||s,, — su|| = ‘Z;”:nﬂ ajgij is small as long as n

is big enough) because a calculation with inner products shows that

m 2 m
> aibil = lal”
j=n j=n

Now a € 2 = > |a,]* < oo = Y77 |a,|* is Cauchy and so it follows
Y o | an¢y is Cauchy in H. Take z € H to be the sum of this series (which exists
since H is complete) and then an argument using continuity of the inner product
shows that

<$, ¢n> = dn

for each n. Thus T'x = a and T’ is surjective. [

1.2.15 Remark. We recall then that in finite dimensions we can say that all vector
spaces of dimension n (over the same field) are isomorphic (choose ordered bases
for each and match up coefficients with respect to the two bases). For inner prod-
uct spaces we can choose orthonormal bases and this makes the correspondence
more useful.

Nevertheless it is not necessarily a good idea to fix an orthonormal basis in
advance. It can be advantageous to choose one to suit the problem. There is no
single best basis for all problems and making an arbitrary choice may be a bad
step.
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For infinite dimensional separable Hilbert spaces we now have a similar state-
ment, that all are the same. Again it depends on a choice of basis.

We don’t actually have examples of further separable Hilbert spaces than (2
(in infinite dimensions). So we will repair that omission now.

1.2.16 Example. (a) L?[0,1] is a separable Hilbert space.

Unfortunately, we will only give a rough outline of the steps involved in
checking this.

)

1i1)

The (almost everywhere equivalence classes of) continuous functions
are dense in L?[0,1]. (This implies that L?[0,1] is the completion of
(C[Ov 1]7 H ’ ”2))

In fact the (equivalence classes of) continuous functions f: [0,1] — K
with the extra restriction that f(0) = f(1) are also dense. We write
CP[0,1] = {f € C[0,1] : f(0) = f(1)} (CP for continuous periodic).
This is usually proved by an appeal to a theorem called Lusin’s theorem.

CPJ0, 1] is the closure of the trigonometric polynomials

N
p(x) _ Z an€27rma:
-N
in the uniform norm || - ||.. (This is a version of a theorem known as

the Weierstrass theorem, or a consequence of a general version called the
Stone-Weierstrass theorem.)

Since || fll2 < [[flloc = SupP,ejo1) |.f ()], it follows that the closure of the
trigonometric polynomials in L?[0, 1] contains CP[0, 1], and hence is all
of L2[0, 1].

L?[0,1] is a separable Hilbert space.

The idea is that trigonometric polynomials p(z) = 3" a,2™* with
each a,, rational (that is a,, € Q when K = R, or each a,, € Q + :Q if
K = C) form a countable dense subset of CP[0, 1], hence of L?[0, 1].

(b) There are a number of other commonly used variants of the previous example.

For instance, if @ < b then L?[a, ] is also a separable Hilbert space.

One way to prove this is to show that the map T': L?[a, b] — L?|0, 1] given by

Tf(x)=vb—af(a+ (b—a)x) (f € L*a,b],z € [0,1])
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is a linear isomorphism of inner product spaces (that is a vector space isomor-
phism with (T'f, T'g) 1210.1] = ([, 9) 12[a) for f, g € L?[a,b].
Another way is to follow a proof like we used for L?[0, 1] but replacing

trigonometric polynomials by ordinary polynomials. (Then we need a dif-
ferent form of the Weierstrass theorem along with Lusin’s theorem.)

(c) L*(R) is separable.

Here we can consider | J°7, L*[—n, n| as dense in L?(R). (To do this extend
functions defined on [—n,n] to the whole of R by making them 0 outside
[—n, n]. Or we can think of the functions in L?(R) that are almost everywhere
OonR\ [-n,n]. If f € L*(R) then one can show that fX[_, ) — fin| - ||
by using the dominated convergence theorem.)

Each L?[—n,n] has its own countable dense subset as we know. If D, C

L*[—n,n] is countable and dense in L?*[—n, n], then | )~ ; D,, will be count-
able and dense in L?(RR).

1.2.17 Example. An important and non-trivial example of an orthonormal basis is
H = L?]0, 2x] with

S:{@@%: Wﬁnez}

1
V2T
This fact then includes the information that f € L?[0, 27| implies

= {f én)bn.

neL

This series is known as the Fourier series for f and the Hilbert space theory tells
us that it converges to f in the norm of L?[0, 2r]. This means that the partial sums

Suf =D {6565 — [

j=—n

in the sense that

27
1S f — fll2 = \//0 1S, f(t) — f()]2dt — 0

as n — oo. Thus the Fourier series converges to the function in a root-mean-
square sense, but that is not the same as pointwise convergence. In fact, at any
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given point ¢ € [0, 27|, there is no guarantee that lim,, . S, f () exists or equals
f(t) if it does exist. When we recall that elements of L?[0, 27] are not exactly
functions, but rather equivalence classes of functions up to almost everywhere
equality, we should not be surprised that we cannot pin down the Fourier series at
any specific point of [0, 27].

Of course, it requires proof that this is indeed an example of an orthonormal
basis. By integration we can easily check that .S is orthonormal and then, accord-
ing to the general theory, it would be enough to show that span(S) is a dense in
L3 (R).

This follows by the same logic as we used to show that L?[0, 1] is separable
(just changing the notion of trigonometric polynomial from those with periods
n € N to those with periods 27n).

But maybe an easier way is to consider the isomorphism we gave previously in
Examples (b), that is T': L2[0,27] — L2[0,1] with T'f (z) = /27 f(27z).
When one does Fourier series om [0, 1] one has the advantage of fewer places
where the factor 1/+/27 is needed. T'¢,, is just ™%

Another approach that is sometimes used is to put 1/(27) in front of the inte-
gral when defining the inner product (and norm) on L?[0, 27]. With that approach
the ¢,,(t) would not have any 1/+/27 factor.

1.2.18 Example. Using the fact (mentioned above without proof in Examples[1.2.16]
(b)) that the linear combinations of ¢, (z) = 2" (n = 0,1,2,...) are dense in
L?[—1,1]. That is the polynomials are dense in L*[—1, 1].

Applying the Gram-Schmidt process to these functions ¢,, yields an orthonor-
mal basis for L?[—1,1] that is related to the Legendre polynomials. The first
few iterations of Gram-Schmidt yield po(z) = 1/v/2, pi(z) = +/3/22, pa(x) =

2 (322 - 1), ps(a) = \/g (323 — 32). The Legendre polynomials P, (z) are

related to the p, by Py(x) = \/527Pn(x). The Legendre polynomials are nor-
malised by P, (1) = 1 rather than

1
[pnll2 = \// P (2)]? do = 1.
-1

From the fact that the p,, form an orthonormal basis we have

f= gu, Pl = i ([ semas),

for each f € L*[—1,1].
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1.3 Parallelogram Identity

The next theorem explains an earlier remark that there is only one inner product
for a given Hilbert norm. This result could have been give earlier as it does not
use any complicated theory.

1.3.1 Theorem (Parallelogram Identity). Let E' be a normed space. Then there is
an inner product on I which gives rise to the norm if and only if the parallelogram
identity

lz+ylI* + llz = ylI* = 2(ll«l* + ly*)
is satisfied by all x,y € E. Moreover the inner product is uniquely determined by
the norm.

Proof. =-: This is a simple calculation with inner products.

lz+yl?+llz—yl* = @+yz+y)+ (@ —yz—y)
= (z,7) +(z,y) + (¥, 2) + (v, y) +

(z,2) — (@, y) — (y,2) + (y,y)
= 2z, )+ 2(y,y)

To show that the inner product is uniquely determined by the norm, we can
subtract rather than add.

le+yl* =z —yll> = (e+yz+y) —(e—yz—y)
(z,2) + (z,y) + (y,2) + (y,y) +
—({z, ) — (2, y) — (v, 2) + (v, 9))
= 2(z,y) +2(y,z)
4Re(z,y)

Thus Re(z,y) = ([lz + y[I* — [+ — y[|*)/4 and in the case K = R we have
expressed (x,y) in terms of vector space operations and the norm. In the case
K = C we can note

so that Im(x, y) = (||z + 1y||* — ||z — iy||*)/4. So again we can express (z,y) =
Re(z,y) + i Im(z, y) in terms of the norm (and vector space operations).
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<«: The idea is that the inner product must be related to the norm by

1
(w.y) = 7l +yl* = ll= =yl

in the case of real scalars K = R, or in the case K = C by

1 : : : :
(w.y) = 7l +yll* = lle =yl +ille + iyl — illz — ayl*).

What remains to be done is to check that (assuming that the parallelogram identity
is true for the norm) these formulae do define inner products on F.

For example, in the case K = R we see easily that (z,y) = (y,x). Then we
have

Koy+z) = lloet+y+zl —lle—y— 2
= 2([lz +yl* +[1211°) = Iz +y — [
=2z =yl + 12017 = llz =y +2|1?)
= 2(z+yl* =z —yl*) + o —y +2° = [z +y — 2|
= 8(z,y) +2(|lx + 2| + lylI*) — l= + = + y|?
=2([lz = 2[* + [[yl*) + [z — 2 — y|I”
= 8(z,y) + 2|z + 2[* — lz — 2[*) = lz + y + 2> + [z —y — 2|
= 8(z,y) + 8(x,2) —4{x,y + 2)
It follows that (x,y + z) = (x,y) + (x, 2).

By symmetry of the inner product, (y + z,z) = (y, ) + (z, ).

It follows that (nx,y) = n{(z,y) = (z,ny). (By induction on n it follows
easily for n € N and it also follows for n = 0 and n € Z by simple algebraic
manipulations. For n # 0 we deduce n(iz,y) = (z,y) = n(z,1y) and so
(1z,y) = L(z,y) = (z,1y). It follows that for r = p/q € Q rational we have
r{x,y) = (rx,y) = (x,ry). By continuity of the inner product it follows that
Mz, y) = (Az,y) = (z, \y) forall A € R.

The case K = C is similar but longer. O]

1.4 Spaces of operators or functionals

1.4.1 Remark. A way to construct new (and interesting) Banach spaces is to con-
sider spaces of linear operators with the operator norm.

We will give the general form and then concentrate on the Hilbert space con-
text in this chapter.
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1.4.2 Proposition. Let E and F be normed spaces (over K) and let B(E, F)
denote the set of all bounded linear operators from E to F. Then we can make
B(E, F) into a normed space using vector space operations defined by

o I'+S: E — Fisdefinedby (T+S)(x) =T(x)+S(x) (forT,S € B(E, F)
andx € F);

o \T: E — Fisdefined by (\T)(z) = NTz) (forT € B(E,F), A € Kand
re k)

and the operator norm.
So (B(E,F), || - |lop) becomes a normed space over K.

Proof. We must first show that we have a vector space, which involves checking
many properties that are quite straightforward.

We do need to know that 7'+ S, \T" € B(E, F)if T, S € B(E, F) and A € K.
That means that addition and multiplication by scalars are properly defined as
operations on B(E, F'). To check this notice that 7" + S is linear (not hard to
verify) and that

(T +5) (@)l = [T () +S @) < 1T lopllzll+ 1S5 lop 2]l = (T lop+[15lop) 1]

This shows that 7"+ S is bounded (and in fact that ||7" 4+ S||op < [|T]|op + [|S]lop
which we need to show that || - ||, satisfies the triangle inequality).
Similarly check that AT is linear and note that

IAT) (@) = [IAT ]| = MITz ]} < AT flop ||

and this shows that AT is bounded. (It also shows that ||[AT||op < |A]||T||op. To
show that || - ||op is @ norm we need that ||AT'||op, = |A|||7]|op- For A = 0O this
follows from what we have. For A # 0, apply what we know with T replaced by
AT and A by 1/ to get

1 1

W< WIIATllop = [T [lop < [[AT[op-

Then we conclude || AT ||op = [A||| T ||op-)

The rest of the proof involves showing that there is a zero element for the
vector space B(FE, F') [which is the zero linear transformation 7x = 0 for all
x € FE] and that the various rules about associativity, additive inverses and the
distributive laws hold. All are quite easy to verify.

We have show above that || - ||,, has the right properties to be a norm on
B(E, F). O

Ty = \

op
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1.4.3 Theorem. [f E is a normed space and F' is a Banach space, then
(B(E, F), || - llop)
is a Banach space.

Proof. Let (1,,);°, be a Cauchy sequence in (B(E, F'), || - ||op). Recall that means
that given € > 0 there exists N, € N so that

n,m > N, = |1, — Thllop < €.
For any fixed x € E {T,,(x)}52, is a Cauchy sequence in F’ because
1T () = T ()|l < ([T = Tonll ol 2

is small if » and m are both large. (To be more precise, given € > 0 take N =
NE/(Hx”+1) and then we have

13
n,m > N = HTn — TmHOP < W
= || Tu(z) — Tu(@)|lr < |10 — Tonllop |||
< ——|z] <e.)
|zl +1

Since F'is complete, it follows that

lim T, (z)

n—oo

exists in F' (for each x € E). This allows us to define amap 7': £ — F' by

T(x) = lim T,(x).

n—0o0

We will be finished if we show that 7" € B(E, F) and lim,,_, |1}, —T'||op = 0
(so that 7,, — T in the norm of B(E, F)).

By the Cauchy condition (with ¢ = 1), we know that we can find N so that
T, — Tinllop < 1 forall n,m > N. Now take z € E, ||z||g < 1. Then for
n,m > N we have

|T(z) — Ton(2)||r = (T — Ton) (@)l r < T — Tinllop < 1.
Fix n = N and let m — oo and use continuity of the norm on F' to conclude

| T (@) — T()lr < 1.
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This is true for all z € E of norm ||z||z < 1 and we can use that to conclude that

sup | T(@)lr < sup  [[Tn(@)lr+  sup [|T(x) = Tn(2)llr

r€eF r€eF reF
]| <1 ]| <1 z]| <1
< [ Tn|lop + 1.

We see now that 7" is bounded. So T" € B(E, F).

We now repeat the last few steps with £/2 (¢ > 0 arbitrary) where we had 1
before. By the Cauchy condition we can find N so that ||7,, — T,,||op < /2 for
all n,m > N. Now take = € E, ||z||g < 1. As before we get

1Tn(z) — T ()|l F = (T — T) (@)l r < T — Tonllop < /2

aslongasn,m > N, ||z|| < 1. Fix any n > N for the moment and let m — oo

to get
€

2
We have this for all  of norm at most 1 and all n > N. So

1T (x) = T()l[r <

£
1T =Tl = sup [|T(z) = Tul2)llr = 5 <¢

zeE||z||<1

as long as n > N. This shows that 7, — T"in B(E, ).
Thus every Cauchy sequence in the space converges in the space and so B(E, F')
is a Banach space. [

1.4.4 Definition. If £ is a normed space, the dual space of E is
E*=B(E,K) ={T: E — K : T continuous and linear}.

(We take the usual absolute value norm on K and the operator norm ||-,, on E*.)
Elements of £* are called (continuous) linear functionals on F.
The notation £’ is sometimes used for £*.

1.4.5 Corollary. If E is a normed space, then E* is a Banach space.
Proof. Apply Theorem|1.4.3|with /' = K (usual absolute value norm). [

1.4.6 Remark. From the theorem above, £/* is always a Banach space in the oper-
ator norm. It will (usually) be a new space, not the same as £. So also is the space
(B(E,F),] - |lop) @ ‘new’ space we can construct from normed spaces £ and F'.



MA3422 2016-17 21

1.5 Dual of a Hilbert space

The dual space of a Hilbert space can be identified. First we look at the finite
dimensional case (because it is simple, but also because the ideas for ¢? will be
quite similar, just a little more elaborate).

1.5.1 Proposition. Let H be a finite dimensional Hilbert space and o € H*. Then
there exists y € H such that

a(z) = (x,y)  forallxz € H.

Conversely, given y € H, o, (v) = (x,y) defines an element o, € H* and
moreover ||ay|| = ||yl

Proof. We know that H has an orthonormal basis. Let us consider one such basis
o1, 91, - - -, O (Where n = dim H).

If «: H — Kis alinear transformation (automatically continuous since dim H <
oo now), then put y; = a(¢;) for 1 < j <mnandy = > 7 y;¢;. We can check
easily that

a(gr) = (bey) = Y Ui {dn: 05) = T = ()
j=1
and then (using linearity that) foran x = Y ", x;¢; € H we have a(z) = (z,y).
For the converse, starting with y € H define o,: H — K by o () = (z,y)
and it is easy to see that «, is linear (and bounded too because that is automatic
here).
From Cauchy-Schwarz

oy ()| = [(z, )] < [l |yl

and so ||ay|| < [|y||. Soif y = O then certainly ||cy,|| = 0 and if y # 0 take x =

y/llyll to get alx) = (y,y)/ Iyl = llyll*/llyll = llyll. which shows [|o || = lyl].
So [l || = [lyll B

1.5.2 Proposition. Let H = (* and oo € H*. Then there exists y € H such that
alx) = (z,y)  forallxz € H.

Conversely, given y € H, ay(x) = (x,y) defines an element o, € H* and
moreover |ay|| = ||yl
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Proof. Consider the standard orthonormal basis e, es, . . . for /2.

If a: H — K is a bounded linear transformation, then put y; = a(e;) for
jeN.

Modelling on the finite case we would like toputy = > 22, yje; = (y1, ¥, - . )
but we need to know this is in /2.

To do this, fix N finite and define z; = y; for 1 < j < N and z; = 0 for

j>N Then:c:zjy:lxjej: (xl,Ig,...,ﬁN,0,0,...) € (% and

N N N
a(z) = Z%‘Of(eg‘) = Z.@jyj = Z |y,
j=1 j=1 Jj=1

Also, since « is bounded

(@) < lledillzflz =l

N N
Dol =llaly | > vl
j=1 j=1

N N . N .
So > .y yil* < llally/ 325, |y;|? and it follows that 377 [y;]* < |[|a||*. This it

is actually justified to define y € (> by y = 37 yje; = (1,92, .- ).
We can check easily that

aler) = (ex,y) = Zgj<eka€j> = U = ofey).

Then for a finite linear combination z = 7, xje; € H we have a(z) = (z,y).
Since these finite linear combinations are dense in ¢? and both x — «a(x) and
x — (z,y) are continuous, it follows that a(x) = (x,y) forall x € (> = H.

For the converse, starting with y € H define o,: H — Kby o (z) = (z,y)

and it is easy to see that «, is linear and bounded too by Cauchy-Schwarz:

oy (@) = [{z, )| < [l |yl

So we have ||| < |ly||. If y = O then certainly ||, || = 0 and if y # 0

take 2 = y/[lyl to get a(x) = (y,y)/llyl = IlylI*/llyll = [lyll. which shows
lewy [ = lyll- So [Jevy [l = llyll- =

1.5.3 Theorem (Riesz representation theorem). Let H be a (separable) Hilbert
space and o € H*. Then there exists y € H such that

alz) =(x,y)y  forallz € H.
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Conversely, giveny € H, a,(x) = (x,y) defines an element of H* and moreover
o[l = yll-

Proof. We proved this for dim H < oo in Proposition and it remains to
establish it for the separable infinite dimensional case. But in that case Theo-
rem allows us to reduce to the case of /2 (which we have just established in
Proposition|1.5.2).

Indeed if T': H — (2 is a linear isometric isomorphism, then o € H* implies
aoT™1 € (£%)* (easy to check) and so by Proposition there is z € % so
that (o T71)(x) = (z, 2) for z € (2. But then for ¢ € H, take x = T'(¢) to get

a(@) = (a0 T )(z) = (v,2) = (T2, T2)p = (¢, T2)p

With y = Tz we get « of the right form.
The rest of the proof is no different from the earlier cases. O]

1.5.4 Remark. In fact the Riesz representation theorem holds for all Hilbert spaces,
separable or not, but we would need the machinery of uncountable orthonormal
bases to prove the general statement.

It cannot hold for incomplete inner product spaces (because the dual space is
always complete).

It is usual to state this theorem as H* = H for H Hilbert, but that is not quite
accurate. We need to fix a basis to make that work out right in the case K = C (or
at least have a way to do some sort of complex conjugation of vectors in H).

Here is a more precise statement.

1.5.5 Corollary. If H is a Hilbert space (over K = R or K = C) then there is an
R-linear isometric identification T': H — H* given by

T(y)(z) = (z,y).

In the case K = C, we also have that T is conjugate-linear, that is T'(\y) =
AT (3).

Proof. By the Riesz representation theorem, 7' is a bijection. (In the proofs we
used «, rather than 7'(y).)

It is easy to see that 7" is R-linear and by the Riesz representation theorem, we
also know that || 7'(y)|| = |ly||- The fact that 7" is conjugate linear is also easy to
check. []
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1.6 Algebra of operators

1.6.1 Notation. A commonly studied object related to a Hilbert space H is the
space of all bounded operators 7: H — H. We denote this space by B(H ). (The
notation L(H) is also used frequently).

This is the same as the space B(H, H) in the notation of Theorem

To avoid annoyingly trivial cases we will assume that H # {0}.

By Theorem for H a Hilbert space B(H ) is a Banach space (in the norm

|+ llop)-
1.6.2 Example. If y,z € H we can define T: H — H by T'(z) = (x,y)z. To
show it is bounded, note that

1T (@) = [, plll=l < [l llyll=]

(by Cauchy-Schwarz) so that ||7'|| < [|y||||z]]-

Since the range of 7" is Cz (at least if y # 0), a one dimensional space (if
z # 0), T is called a rank one operator (unless 7" = 0).

We could at least make more examples of operators by adding up finitely make
rank one operators (which would then have finite dimensional range). A more
complicated process would be to take an infinite sum

o

T(e) = 3 (. )z

n=1
where we choose the y,,, 2z, € H sothat Y~ | ||z, ]| ||y < oo.
On H = L?|0, 1] we can instead consider multiplication operators M,(f) =
gf where g € L*[0, 1].
Simpler examples are multiplications on H = ¢? by g € (. There
Mg(a:) = Mg(l'l, T, .. ) = (glﬂjl,gQI‘Q, - )
In both cases it is in fact the case that ||A/,|| = ||g]| -
A finite dimensional example of this type would be H = K" and
My(x) = My(21, 2, ., 2,) = (1701, gaa, - - -, GnTn)-
If we write our vectors are column matrices we have

T g 0 - 0 sl
M*I:Q:QQQ'."O $.2
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So multiplication operators M, correspond to diagonal matrices in this case,
and of course B(K") can be viewed as the n x n matrices with entries over K.
The diagonal (multiplication) operators (in the standard basis of K") are then par-
ticularly nice operators.

One can represent bounded operators T on ¢? as infinite matrices, by writing
T'(ej) down column j. For H infinite dimensional separable (or finite dimen-
sional) we can fix an orthonormal basis for H and write a matrix for 7". But
this can make 7' complicated unless the orthonormal basis is well chosen for the
particular 7T'.

B(H) also has an algebra structure, where we define multiplication of two
operators via composition. We recall the definition.

1.6.3 Definition. An algebra A over a field K is a vector space over K that comes
with a multiplication (product operation) A x A — A ((a,b) — ab) with the
properties

i) (a1+Aaz)b = a;b+Aaxband a(b;+Aby) = aby+Aaby (Whenever a, b, aq, by, ay, by €
A, ) e K)

That is bilinearity of the product.
ii) (ab)c = a(be) for a, b, ¢ € A (associativity)

If there is an element 14 € A such that 14a = a = al4 holds for all a € A,
then we say A is a unital algebra.

1.6.4 Lemma. If H is a Hilbert space then B(H) with the product of S,T €
B(H), ST: H — H, defined by (ST)(x) = S(T(x)) for x € H is an algebra.

Proof. If S,T € B(H), then ST: H — H is defined by (ST)(z) = S(T(z)) for
x € H. ST is continuous as it is the composition of two continuous maps. We can
easily check the algebra properties: associativity of the product S(7TU) = (ST)U,
A(ST) = (AS)T = S(AT) and the distributive laws. As we know from finite
dimensions (where composition of linear transformations on K" corresponds to
matrix multiplication of n x n matrices) the algebra B(H ) is not usually commu-
tative. The identity operator on / is a multiplicative identity for this algebra. L[]

In fact B(H) is a Banach space as well as an algebra and these are called
Banach algebras when the norm interacts nicely with the algebra product.



26 Chapter 1: Hilbert Spaces

1.6.5 Definition. A normed algebra A is an algebra over K = R or K = C which
has a norm that satisfies ||ab|| < ||al|||b|| for all a,b € A.

We say a normed algebra is a Banach algebra if it is also complete.

A unital normed algebra is a normed algebra that has a unit (identity element)
14 such that ||14|| = 1 and a unital Banach algebra is a Banach algebra that is
also a unital normed algebra.

1.6.6 Lemma. If H is a nonzero Hilbert space, then B(H ) with the product given
by composition and with the operator norm, is a unital Banach algebra.

Proof. We can estimate the norm of the product

[5Tllop = sup [IS(T(@)la < sup  |[Sylla < [[SlloplITllop-

zeH, x| g <1 ye,[lylla<IT

This establishes the inequality || ST'|| < ||S]| || 7’||. The identity operatoridy : H —
H, given by idy(z) = « for x € H, is a unit of norm 1 for B(H). O

There is one further piece of structure on B(H). Every T' € B(H) has an
adjoint operator 7* € B(H) which is uniquely determined by the property

(Tx,y) = (x,T"y)

for z,y € H. To prove that such a 7™ exists and to prove that ||7%||op = ||T|op
we use the Riesz representation theorem and the following lemma.

1.6.7 Lemma. If H is a non-zero inner product space and x € H, then

[zl = sup  |(z,y)|
yeH,[ly[=1
Proof. Fix « € H. By Cauchy-Schwarz, |(z,y)| < |z|/||ly|| = |l=| for each

yinH with [ly|| = 1. So sup,cp =1 [{z,y)| < [[z]|. If 2 = 0 we must have
equality and if = # 0 take y = z/||z|| to get ||y|| = 1 and (z,y) = ||x|| so that the
supremum is also > ||z|. O

1.6.8 Proposition. If H is a nonzero Hilbert space and T € B3(H), then

|7 = sup (T'(z),y)]
wyeH,|zl|=|lyll=1
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Proof. Weknow || T|| = sup,cp jzj=1 |7 (x)|| (using H # {0}). Using Lemma|1.6.7,

sup |[[T(z)| = sup  sup [(T(z),y)]
2€H,|lal| =1 2eH, |zl =1 yeH,|lyl=1
= sup — [{T'(x),y)|

zyeH, |lz|=[lyll=1
[]

1.6.9 Corollary. If H is a nonzero Hilbert space and T': H — H is a linear
transformation with

sup  [(T(x),y)| < o0
zyeH,[lo]=|yl=1

then T € B(H).

Proof. This is a corollary of the previous proof, rather that a corollary of the
statement (where we assumed 7' € B(H)). O

1.6.10 Proposition. If H is a Hilbert space and T € BB(H), then there exists
T* € B(H) which is uniquely determined by the property

(Tz.y) = (2, T"y)
forx,y € H. Moreover || T*||op = ||T]|op-

Proof. We can suppose H is nonzero as if H = {0} then 7" = 0 and 7™ has to be
0 also.

To define T*y, fix y € H and consider the map a: H — K given by a(x) =
(T'z,y). This is a bounded (same as continuous) linear map and so (by Corol-
lary [1.5.5)) there is some unique w € H with a(z) = (z,w). Define T*(y) = w
(this is the only possible choice), and then we have

(T,y) = a(z) = (v,w) = (z,T"(y))

(for all x € H). Since y € H was arbitrary, we also have this for all y € H. Now
it is quite easy to check that 7™ is a linear transformation from H to H.

By Proposition[1.6.§]

Il = sup — [(T'(x),y)|
zyeH,[lo]=|y]=1
= sup [z, T(y))|
zyeH,[lo]=|yl=1
= sup —— [(T"(y), )|

zyeH, |z|=[lyll=1

= 77|
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(using Corollary and Proposition [1.6.8). O

1.6.11 Remark. This adjoint operation makes B(H ) a Banach *-algebra: we have
(T*)* = T, (\T)* = \T*, (ST)* = T*S* and (S + T)* = S* + T* for S,T €
B(H) and A € K. (The case K = C is the one usually studied.)

Moreover the important property

1.6.12 Proposition (C* identity). For H a Hilbert space and T' € B(H), we have

1701 = 17T7.
Proof.
I7I* = sup [T
z€H,||z||<1
= sup (Tz,Tx)
x€H,||z||<1
= sup (z,T"Tzx)
x€H,||z||<1
< sup || T x|
x€H,||z||<1

=TTl < T = 1T
O

1.6.13 Remark. Closed *-subalgebras of B(H ) are known as C*-algebras. (A *-
subalgebra is a subalgebra that contains 7™ whenever it contains 7". By closed we
mean closed with respect to the norm topology, or contains limits of convergent
sequences with all terms in the subalgebra. All C*-algebras are then Banach *-
algebras, but they also satisfy the property ||T']|* = ||T*T]|.)

(C*-algebras have been studied intensively for almost a century, partly as a
mathematical basis for quantum theory.

A substantial theorem called the Gelfand-Naimark theorem characterises C*-
algebras abstractly (up to isometric isomorphism of Banach *-algebras) as those
Banach algebras with a x operation which satisfy the C"*-identity.
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A  Gram-Schmidt

A.0.1 Theorem (Gram-Schmidt Orthonormalisation). Suppose that either

V1,02, YN

is a finite linearly independent sequence or that 11,1, . .. is an infinite linearly
independent sequence in an inner product space H. (By this we mean linearly in-
dependent in the usual algebraic sense, or the infinite sequence case that V1,1, ..., 9,
is linearly independent for each n.)

Then the Gram-Schmidt process,

U
"7 Tl
b P2 — (2, 1)1
192 — (Y2, $1)¢n |
b3 — V3 — (U3, d2) 2 — (3, P1) 1
[ths — (Y3, 2)d2 — (U3, 1)1 |
. ¢ _E;'Lzl <¢n> J>¢j
P = —
[ = 32353 s 053
produces an orthonormal sequence ¢y, ¢o, . .. in H such that

Spa‘n{wb 1/}27 cee 7wn} = Span{¢17 ¢27 s 7¢n}
(for 1 < n < N in the finite case, all n > 1 in the infinite case).

Proof. From the finite dimensional version of Gram-Schmidt, we know that for
each n, the finite linear combinations by ¢; + baps + - - - + b, ¢,, are the same as the
linear combinations a191 +aso+- - -+a,Yy,. Also ¢1, @o, . . ., @, are orthonormal
for each n. O

Amendments: Jan 23, 2017: Swop notations ¢ and ¢/ in Theorem (so
that the vectors ¢1, ¢o, . .. are the orthonormal ones). Fix ¢, to 1,1 in proof

of Theorem [[L.2.11]
Jan 30, 2017: Add some extra clarification to Theorem
Feb 5, 2017: Fix Remark so that the field can be R or C.

Richard M. Timoney (February 5, 2017)
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