MA3421 (Functional Analysis 1) Tutorial sheet 7
[November 24, 2016]

Name: Solutions

1. For 1 < p < oo, show that the set of finitely nonzero sequences
coo ={x = (x,)52, : x, € KVn and Iny € N such that x,, = 0Vn > ny}
is dense in /7.

Solution: Tt is first of all clear that coy C ¢P because for x = (x,,)22 , with x,, = 0¥n > ny,

we have
0 no
Z |z, |P = Z |z,|P + 0 < o0.
n=1 n=1

Suppose i = (yn )52, € P, which means that [|y|[? = >~ |y, [P < oo.
If 6 > 0, then we can find N so that

[e’¢) no
S vl = 1yllE = lyal” < 7.

n=nog+1 n=1
If we take © = (y1,-- -, Yno, 0,0, ...), then we have x € ¢y and

Yy—Tr= (07 cee 70>yn0+1a Yno+25 - - )
so that

[e.e]

ly—=lb="> " |yl <&,

n=ng+1

or [ly — x|, < 4.
So every open ball B(y, d) in /P contains a point of ¢y and that shows that cq is dense in
P,

2. Show that ¢? is separable for 1 < p < oo.

Solution: We need to identify a countable dense subset pf /’. The subset (subspace) ¢y
won’t do because it is certainly uncountable but we can replace it by a rational sequences
version (finitely non-zero sequences of rationals).

We need to explain that a little differently depending on whether we are dealing with
K=RorK =C. If K =R we take those = € ¢y such that each x,, € Q. That is

CBQO ={q¢=(qn)21 : ¢ € QVn and Iny € N such that ¢, = 0Vn > ny}

This is countable because it is a countable union of copies of Q"°, and these are countable.

It is dense because the closure (of CBQO in ¢P) includes cqg, and therefore the closure of cqp,
which we know is all of 7 from Q1. To explain in more detail why the closure of C?o
contains coy we could refer to the fact that Q™ is dense in R™, or we could just repeat the
argument for that:



If x € ¢y has z,, = O for all n > ng, and if 6 > 0 is fixed, we can choose
Qs Gny € Q with |g, — x,|P < §?/ng forn = 1,2,...,n9. Then q =
(G, Gny,0,0,...) € ¢ and ||g — wl[b = 300 [gn — wnlP < 6P, so that
lg — x|, <.

For the case K = C, we just need to adjust the rationals ¢, to be in Q + ¢QQ (complex

numbers with rationals as real and imaginary parts). The ideas are no different. We might

call the countable set CBQUHQ and it is a union of Q2™ for ny = 1,2, ... (still countable).

1 1
. Let ’ + iy 1 (where 1 < p,q < oo) and b = (b,,);; € ¢?. Show that it makes sense to
define 73 : ? — K by the formula

Ty(x) = Ty ((2)22)) = 3 wubs

[Hint: Holder’s inequality.]
Solution: Holder’s inequality says that for any x = (x,,)22, € ? and b = (b,)°, € (9,

we have
o
g Tnby,
n=1

so that the series we use to define T3, () is always convergent (even absolutely convergent)
in K.

So the definition makes sense.

<Y [waba] < llzp][bllg
n=1

. With the same notation as in the previous question, show that 7: /7 — K is linear and
bounded.

Solution: To show Ty is linear (with b € (7 fixed), take x,y € /P and A\ € K. We aim to
check Ty (x + Ay) = Typ(x) + XT(y). Write out x = (2,)5°; and y = ()52, (and b as in
Q3) so that then

T+ Ny = (Tn + AYn )y

Ty(z + \y) = Z(wn + AYn)bp Z Tpby + A Z Ynbp = Ty(z) + N1 (y)
n=1 n=1 n=1

(by standard facts about sums and multiples of convergent series).

Once we know that 7}, is linear, the inequality in Q3, rewritten as
To(@)] < [Illq ],

says that T} is bounded (with operator norm at most [|b||, < 00) as an operator from
(¢*.] - ||p) to K (with the usual absolute value norm).




Aside. It is in fact true that ||73||o, = ||b]|,- We have shown || T} |op < ||b]l,- If p = 1 and
q = 00, the argument for the reverse is simpler, but different. In that case we can take x to
have 1 in position n and zeroes elsewhere. Maybe it would be simpler to write x = e,, for
that z (because it is like a standard basis vector for K, but has infinitely many coordinates,
or terms). We get ||e, |1 = 1 and |T;(e,,)| = |by| so that |b,| < ||Tp|lopllenlls = [|Zbllop- AS
that is true for each n, we get

sup [bu] < [|Th/lop

n>1

or ||b]|se = [|6]lg < | T3]|op (for the case p = 1).

For other p < oo we have to arrange z,, so that x,,b,, = |b,|? for each n. If b, = 0 we can
just put z,, = 0 also and if b,, # 0 we need

‘@‘\

bl

Tp =

=

|

Then x = (x,,)0°, € (P works out because

lenlp Zlb @ ”’—Z\b | = [ll]§ < o0

(using pg — p = qfrom 1/p +1/q = 1). Now Ty(x) = 37 by = 37 [by]? = [D]|2.
So we must have

161l = |Ty(2)] < 1 Tolloplllly = 11 Tollop 101157
As long as b # 0, we can divide across by ||b]|q/p to get
10127 < ||Tbllop

and that is what we need since ¢ — ¢/p = 1. (If b = 0, then || T} ||op < ||0]|; = O is enough
to get || Ty lop = 0.)
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