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3.1 Starting point — a s-algebra and a measure

Remark 3.1.1. What we need to define integrals of R-valued functions, apart from a considerable
amount of the terminology we have come across so far, is that

e we have R and the Borel o-algebra on it; this will come in for the values of the functions
we consider;

e on the domain we need a measure, and a measure needs a o-algebra. We will use (R,.Z, 11),
where & is the o-algebra of Lebesgue measurable sets and p: . — [0, o] is the measure
given by u(F) =m*(F) for F € Z.

In fact, we could equally well have a more general domain X and we would need a o-algebra
3 of subsets of X together with a measure p: ¥ — [0, 00]. That is we could treat | < fdp =
[ f(x) dp(x), integrals of (certain) functions f: X — R with general domains X, provided we
have (X, ¥, 1), but we will mostly stick to f: R — R where (X, %, 1) = (R, .Z, u = m*| »).

One advantage of sticking to domain X = R is that we can picture our functions as graphs
y = f(x) in R%. We could still have that advantage if we allowed X C R, for instance to define
f[a,b] fdu where f: [a,b] — R. Actually this case will be included rather easily, but another
perspective is to generalise to multiple integrals, that is to integrals of functions f: R™ — R. We
are not ready for that because we only did m* as length outer measure on R. For R?, we would
need to do something similar to what we did with length to define area measure. The starting
point would be areas of rectangles, and we would need to replace what we did with the interval
algebra ¢ by stuff about a ‘rectangle algebra’. Some of the details at the start would be a bit
different but many of the same proofs can be used in R?, and for volume outer measure in R?
and more generally for n-dimensional measure in R".

However, what we do in this chapter can be done in considerable generality and we set out
the general definitions concisely.

Definition 3.1.2. If X is a set then a collection ¥ C P(X) is called a o-algebra (of subsets of
X) if it satisfies:
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i PeXx
(i) FeX=LEecX
(ili) Ey, Es,...€e X =, B, € X
A pair (X, Y)) of aset X and a o-algebra of subsets of X is sometimes called a measurable space.

Definition 3.1.3. If ¥ is a o-algebra (of subsets of set X) and p: 3 — [0, 00| is a function, then
we call 1 a measure on X if it satisfies

@ p(@) =0
(b) w is countably additive, that is whenever E, Fs, ... € X are disjoint, then p (Uff’:l E,) =
22021 (En).
The combination (X, 3, i) is called a measure space and the subsets £ C X with F € ¥ are
called measurable subsets (with respect to the given X). If in addition p(X) = 1, then  is called
a probability measure and the combination (X, ¥, u) is called a probability space. In the context

of probability, measurable subsets £/ € ¥ are called events and p(E) € [0, 1] the probability of
the event .

Examples 3.1.4.

1. Our primary focus will be (X, %, ) = (R, .Z, u) with 1 = m*| ¢ being Lebesgue length
measure on the o-algebra .Z of Lebesgue measurable subsets of R.

2. If X € £ then we can define a o-algebra 3 on X and a measure \: > — R by
Y={FNX:FeX%}
and
AMFNX)=pFNnX)=m"(FnX).
It may be helpful to have a notation .Zx for this 3 (though that is not a standard notation).

Proof. There is nothing difficult in this except perhaps that there is a possibility of confu-
sion between two notions of complement. Perhaps this can be solved if we write R \ F for
the complement of £ C R and X \ E for the complement of £ C X as a subset of X. The
notation we usually use of £/ for the complement of F is not very adaptable to more than
one meaning of complement.

Notice that, since X € .Z, we could also say
Y={Fe¥:ECX}

(because F € .Z with £ C X implies £ = E'N X, and on the other hand F' € .Z implies
tht F=FNXe Xandhas EC X). SoeX, FeX=X\E=XN(R\FE)eX.
Moreover Ey, E,, ... € ¥ implies | J - | E, € X.

The properties required for A to be a measure are just true because we know i is a measure.
]
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3.

4.

3.2

If X = [0, 1], then the previous example turns into an example of a probability space
([0,1], %, N).

If (X,%, 1) and (X, X, ug) are two measure spaces with the same underlying set and
o-algebra, and if ¢;,co > 0, then we can get a new measure p = cij41 + Cafio On X by
defining

p(E) = cim(E) + copp(E) - (E €X)

(This is easy to check and we can leave it as an exercise.)

Measurable functions

Definition 3.2.1. A function f: R — R is called Lebesgue measurable (or measurable with
respect to the measurable space (R,.%)) if for each a € R

{r eR: f(z) <a} = f((~o0,a]) € Z.

Examples 3.2.2. (i) Continuous functions f: R — R are always measurable, because (—o0, a|

(i)

(iii)

is a closed subset and so f~1((—o0, a]) is closed, hence in .Z.

If you prefer to think about open sets, (a, o) is open, so f~((a, 00)) is open, hence in .&,
hence its (closed) complement (f~'((a,00)))¢ = f~'((a,00)¢) = f~}((—0o0,a]) is in Z.
The characteristic function g of the rationals is measurable (but not continuous anywhere).

The reason is that the set Q € £ (it is a countable union of single point sets, hence a
Borel set, hence in .Z; another way is to use m*(Q) = 0 to get Q € %) and so then is its
complement R \ Q € .Z. For f = yq, we can see that

0 ifa<0
[ ((-o0.a]) ={z €R: f(z) <a} = {R\Q if0<a<l
R ifa>1

and in all cases we get a set in .Z.

For a subset £/ C R, its characteristic function x g is a measurable function if and only if
E € Z (which means F is a measurable set). As in the previous case, for f = xg, we can
see that

0 ifa <0
f(moc,a)={zeR: f(z) <a} =¢R\E if0<a<l
R ifa>1

Certainly ), R € £ andwehave R\ F € ¥ < FE € .%.

Remark 3.2.3. Our aim will be to define integrals for all measurable functions, but we will not
quite succeed in that.
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Proposition 3.2.4. If f: R — R is Lebesgue measurable, then
f(B)eZ
for each Borel set B.

Proof. Let
Yy={ECR: fY(E) e ).

We claim that Y./ is a o-algebra.
That is quite easy to verify.

A ) =0 =0y
() FeXy=fYUE) e L= fHYE)=(fHE) €L =>E €,
(i) By, Es,... € Xy = fYE,) € £ forn=1,2,.... From this we have | J;~ | f~'(E,) €
Z and so
! (G En) = [j fi(E)eZ= O E, €3y
n=1 n=1 n=1

As we know f is Lebesgue measurable, we have
(—o0,a] € Xy (Va € R)

and that means that ¥ contains the o-algebra generated by {(—o0,a| : a € R} — which we
know to be the Borel o-algebra by Corollary 2.3.13. ]

Proposition 3.2.5. If f,g: R — R are Lebesgue measurable functions and ¢ € R, then the
following are also Lebesgue measurable functions

cf, f% f +9,fg,|f],max(f, g)

The idea here is to combine functions by manipulating their values at a point. So fg: R — R
is the function with value at x € R given by (fg)(x) = f(x)g(z), and similarly for the other
functions.

Proof. cf: Firstif ¢ = 0, cf is the zero function, which is measurable (very easy to check that
directly). Let h = c¢f (so that h(x) = c¢f(x)). For ¢ > 0, then

h'((—o00,a)) ={z €R:cf(z) <a}={z €R: f(z) <ajc} € &L
and so h = cf is Lebesgue measurable. For ¢ < 0,
h™'((—co,a]) = {z €R: f(x) > afc} = [ ([a/c,00)) € £

using Proposition and the fact that [a/c, 00) is a Borel set.
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f?: Here we say
0 ifa <0

f[=va,Va]) ifa=0
f -+ g: (This is perhaps the most tricky part.) Fix ¢ € R and we aim to show that {x € R :

f(z) + g(z) < a} € £. Taking the complement, this would follow from {z € R :
f(x)+g(x) >a} € Z.

For any x where f(z) + g(x) > a then f(z) > a — g(x) and there is a rational ¢ € Q so
that f(z) > ¢ > a — g(x). Then g(z) > a — q. So
v €Sy = ["((g,00))Ng " ((a ~¢,00))

for some ¢ € Q. On the other hand if f(z) > g and g(x) > a — g, then f(z) + g(z) > a,
from which we conclude that

{z eR: f(x)+g(x)>a} = USq.
q€Q

By Proposition S, € £ for each g and hence {z € R : f(z) + g(x) > a} € L
(because it is countable union of sets S, € .Z).

{xER:f(x)2§a}:{

fg: This follows from the previous parts because fg = ((f + ¢)> — (f — 9)%)/4.
|f]: Thisiseasyas {z € R: |f(z)] <a} =0ifa < O0butis f~([—a,a]) ifa > 0.

max(f,g): {z € R: max(f(x),g(z)) < a} = f~'((—o0,a]) Vg~ ((—o0, a]). -

Remark 3.2.6. It is convenient to allow for functions that sometimes have the value oo and
sometimes —oo. For that we need to introduce the extended real line [—oo, o], which is R
with two extra elements —oo and +o0o added. This is similar to our earlier use of [0, co].

We order [—00, 00| so that —oo < = < oo for each x € R. We introduce arithmetic on
[—00, 00| in a similar way to what we did before for [0, oo] but we do not allow subtraction of co
from itself or —oo from itself. We extend the usual arithmetic operations on R with the rules

r+oo=00+xr = o0
T+ (—o0)=(—00)+x = (—0) (for z € R)
roo=o00xr = oo0=(—00)(—z)=(—x)(—0)
r(—00) = (—o0)z = (—00) = (—x)(00) = (c0)(—2) (for0 < z € R)

Joo=o00 = 0

0(—o0) = (—00)0 = 0

From the point of view of the ordering of [—00, 0], there is a strictly monotone increasing
bijection ¢: R — (—1, 1) given by
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and both ¢ and ¢! are continuous (so that ¢ is a homeomorphism). We can extend ¢ to get an
order-preserving bijection ®: [—o0, 00] — [—1, 1] by defining ®(—o0) = —1, ®(z) = ¢(x) for
x € Rand ®(c0) = 1. Since we know that nonempty subsets of [—1, 1] have both a supremum
and an infimum, it follows by applying ®~! that all nonempty subsets of [—oo, oc] also have a
supremum (least upper bound) and infimum (greatest lower bound).

We define convergence on [—o00, oo] such that & becomes a homeomorphism onto [—1, 1]
(which means for example that lim,,_,, x,, = ¢ has the standard meaning if all the terms x,, and
the limit ¢ are finite, but lim,,_,, ,, = oo means lim,, ,,, ®(x,) = ®(c0) = 1 or that given any
M < oo, there is N so that M < x, < oo holds for all n > N). It is also true that monotone
increasing sequences (z,)9° ; in [—00, co] always converge (to sup,, x, in fact) and so also do
monotone decreasing sequences always converge (to their infimum).

Definition 3.2.7. A function f: R — [—o00, o0] is called Lebesgue measurable (or measurable
with respect to the measurable space (R, .%)) if for each a € R

{reR:—00< f(z) <a}=f[~00,d]) € Z.

Note that this definition agrees with the earlier Definition if f(x) € R always (because
then f~([—o00, a]) = f~'((—00, d))).

Proposition 3.2.8. Let f: R — [—00, 0] be a function and let A = {z € R: f(z) = —oc0} =
fY{—o0}), B={z e R: f(x) = 0o} = f~1({oc}). Then the following are equivalent

(a) fis Lebesgue measurable

(b) A, B € £ and the function g: R — R given by

(2) = flz) if —oo<ax <00
=0  ifrecAuUB

is Lebesgue measurable.
Proof. (a) = (b): Note that
A=) ([~o0,-n) €L
n=1

(because o-algebras are closed under the operation of taking countable intersections) and
R\B=|Jf'(-con)e¥=Bec
n=1
(countable unions and complements stay in .Z).

To show that g is measurable, note that

f Y [~oc0,a))UB ifa>0

9~ ((—00,a]) = {f—l([_oo’a])\A ifa <0
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So g7 ((—o00,a]) € & for each a.

(b) = (a): Note that
1 _J9 ' ((=o0,a)\ B ifa>0
=0 ) = {g_l((—oo,a])UA ifa<0
and so f~!([—o0, a]) € Z for each a (using (b)). O

Remark 3.2.9. We can also define measurability of functions defined on Lebesgue measurable
subsets X C R, as follows. This would include for example the situation where X is an interval
of any kind, or any Borel set (which includes open subsets X of R, in particular).

Definition 3.2.10. If X € .Z, then a function f: X — [—o00, 00| is called Lebesgue measurable
on X if foreacha € R

{r€X:—00< f(x)<a}=f"(~o0,d]) € Z.
Proposition 3.2.11. Let X € £ and f: X — [—o0, o0]. Then the following are equivalent

(a) f is Lebesgue measurable on X
(b) the function g: R — [—o00, 00| given by
flz) ifreX
o) =7t
0 ifre R\ X
is Lebesgue measurable on R.

Proof. For a € R we have

7 (—ood) = {reR: 00 < g(s) < a)
R\ X)U{re X —oo< f(z) <a} ifa>0
 |{reX:-c0< flz) <a} ifa <0

So (a) = (b). For the converse use
_ reER:—c0<g(xr)<a R\ X ifa>0
fl([—oo,a]): { ( ) }\( \ ) .
{r eR: —o0 <yg(x) <a} ifa <0
O]
We can extend Proposition to functions with values in [—o0, co] except for one diffi-
culty.

Proposition 3.2.12. If X € £, ¢ € Rand f,g: X — [—00,00| are Lebesgue measurable
functions on X, then the following are also Lebesgue measurable functions (on X )

Cf7f27fg7|f|7max(f7g)
If{z: f(z) =cc}N{x:g(x) = -0} =0={a: f(xr) = —co}N{z: g(x) = o0}, then f+ ¢

is measurable (on X ).

The proof (which we leave as an exercise) is to use Propositions [3.2.11] [3.2.8] and [3.2.3] for
cf (c#0), f2 f+g, fgand |f|. For max(f, g) a similar proof can be used.
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3.3 Limits of measurable functions

The next result shows that taking (pointwise) limits of sequence of measurable functions still
give a measurable limit.

Definition 3.3.1. If f,: R — [—00,00] (n = 1,2,...) is an infinite sequence of functions, then
we say that f: R — [—o0, o0] is the pointwise limit of the sequence ( f,,),, if we have

f(z) = lim fo(z)

n—oo

for each z € R.
For any sequence f,,: R — [—00, o] we can define lim sup,,_, . f,, as the function with value
at x given by

limsup f,(z) = lim <sup fk(x))

n—00 n—=00 \ k>n

(something that always makes sense because sup,,,, f(x) decreases as n increases — or at least
does not get any bigger as n increases).

Proposition 3.3.2. Let f,: R — [—o00,00] (n = 1,2,...) be Lebesgue measurable functions.
Then

(a) the function x — sup,,> fn(x) is Lebesgue measurable;

(b) the function x — inf, >y f,(z) is Lebesgue measurable;

(c) limsup,,_, ., fn is Lebesgue measurable; and

(d) if the pointwise limit function f: R — [—00, 00| exists, then f is Lebesgue measurable.

Proof. (a) If g(x) = sup,>, fu(x), then g~ ([—o0,a]) = N7 f ' ([—00,a]) € & (since the
o-algebra .Z is closed under taking countable intersections).

(b) If g(z) = inf,>1 f(z), then —g(x) = sup,5,(—fn(z)) is measurable by (a) and so then is
g(x) measurable.

(c) We have limsup,_,., fn(2) = inf,>1 g,(z) where g,(z) = sups, fi(r) is a decreasing
sequence. But each g, is measurable by (b) and then limsup,, .. f.(x) is measurable by

(a).

(d) If the pointwise limit f(x) exists, then f(z) = limsup,,_,., f.(z), which is measurable by
(c).
[
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3.4 Simple functions

Definition 3.4.1. A function f: R — R is called a simple function if the range f(R) is a finite
set.

Note that we require finite values.

Proposition 3.4.2. Each simple function f: R — R has a representation

f = Z a;XE;
=1

as a linear combination of finitely many characteristic functions of disjoint sets 1, Es, ..., E,
with coefficients a1, as, . ..,a, € R.
Moreover we can assume ay, as, . . ., a, are distinct values, that the E; are all nonempty and

that U?Zl E; = R. With these assumptions the representation is called the standard representa-
tion and is unique apart from the order of the sum.

A simple function is Lebesgue measurable if and only if the sets E; in the standard represen-
tation are all in Z.

Proof. Since f(R) is a finite set (and can’t be empty) we can list the elements f(R) = {y1,y2, ..., Yn}
with n > 1. Take E; = f~'({y;}) = {# € R: f(x) = y;} and then we get the standard repre-

sentation f = > " | Y XE,-

If f is measurable then E; € £ for each j (because one point sets {a;} are Borel sets and
we can use Proposition 3.2.4).

Conversely, if each E; is in ., then each x E; measurable, and then so is f measurable by

Proposition [3.2.5] O

Notation 3.4.3. We will develop integration first for nonnegative measurable functions f: R —
[0, oc].

To reduce the case of general (Lebesgue measurable) f: R — [—o00, 00| to the positive case
we will use the two associated functions f*: R — [0, 00] and f~: R — [0, 00| given by

£ = max(f,0) = S(Uf1+ ), 7~ =max(~1,0) = 3 (7]~ /).

both of which we know to be measurable. Notice that f = f* — f~and |f| = fT + f~.
We call [ the positive part of f and [~ the negative part (but note that f~ is positive also).

Definition 3.4.4. If f: R — [0, 00) is a nonnegative measurable simple function, with standard
representation f = 2?11 a;XE;, then we define

/Rfdu = Z a;ju(E;)

(where £1( E;) means the Lebesgue measure of £). (Note that the integral makes sense in [0, 00].)
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/Efduz/Rfodu

(noting that x g f is also a nonnegative measurable simple function).

For F € ¥, we define

Examples 3.4.5. (i) For f = X[0,1)+2X[4,00) the possible values are 0, 1 and 2, and the standard
representation is

= X0, + 2X1,00) T 0X(=00,0)U(1,4)
so that

[ =10, 1) + 201, ) + O =00,0) U (1,4) = 1+ 50+ 0 = o
R
(ii) For f = xq, the standard representation is f = xq + Oxr\@ and
[ i =10@) + 0u(®\ @) = 0+ 0 =0
R

(iii) (Exercise) Show that if £ € .2, then [, xp dp = pu(E).

Proposition 3.4.6. If f,g: R — [0, 00) are measurable simple functions and o € [0, 00), then
af, f + g are measurable simple functions and

[asin=a[ i [G+oa= [ raut [ gan

Proof. We know from Proposition that o f, f + g are measurable.
If & = 0, then Of has standard representation 0 = Oy and integral [, of dpu = [, Oxr dp =

0u(R) =0=0 [, fdu=o [, fdu. Ifa>0and f(R) = {ay,a,...,a,} let F; = f~1({a;})
so that f has standard representation f = Z?:l ajXr;» while o f has standard representation

af =31 aa;jxk. So

n

[t du =Y (0apulF) = a > au(F) =a [ fau

j=1

To cope with b = f+g,let f(R) = {a1,as,...,a,}, F; = [ ({a;}), g(R) = {b1, o, ..., b},
G = g ' ({br}). The range of h = f + g is certainly finite because it is contained in {a; + by, :
1 <j<n,1<k<m}. Sohisasimple function. Write h(R) = {c1,¢cs,...,¢c,} and then for
each 1 </ < p we have

Hy=h"Y(e,) = U FmnG.
{(G:k):az+be=ce}
The sets making up H, are a disjoint union and so note that finite additivity of x gives us

pH) = ) p(FNGy)

{Gk):aj+br=ce}
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pre now have standard representations f = > 7, a;jXr,. ¢ = D ;- biXg,, h = f+g =
=1 CZXHe and

/th,u = Y cp(H)

(=1

= > « > wFNG)

/=1 {(j,k):aj—l—bk:c(g}

_ > a5+ b)u(F; N Gy)

{Gk):F;NGr#0}

— Z (aj + by)u(F; N Gy)

=J =0t x>

(since u(0) = 0)

= 3N auE NG+ DY bu(F; 0 Gy)

j=1 k=1 k=1 j=1

= 2 an <UFj ﬂGk) +2_ben (U £ “Gk>
j=1 k=1 k=1 Jj=1

(using finite additivity of 1)

— Zaju Zbku (G)

= /Rfdqu/Rgdu

Remark 3.4.77. The tricky part in the above proof is to stick to the definition of the integral of a
simple function in terms of the standard representation. We do this so that the definition is not
ambiguous, but now that we have proved this result we can say that if we have any representation
of a simple function f = >"" | y;x g, with y; > 0 and E; measurable, then

/fdu = Zyj/xEj dp=">>_y;u(E;)
R i=1 R i=1

Corollary 3.4.8. If f,g: R — [0,00) are measurable simple functions with f(x) < g(z) for

each x, then
/ fdp < / gdp
R R

Proof. h = g — f is measurable (by Proposition 3.2.5]), simple (can only have finitely many
values) and also h(x) > 0. So [, hdyu is defined and by Proposition |3.

/gdu /f+h dp = /fdu+/hdu>/fd,u O

]



12 2017-18 Mathematics MA2224

Proposition 3.4.9. If f: R — [0,00) is a measurable simple function, then we can define a
measure \y: £ — [0, 00| by

M(E) = [E fdy

Proof. We know we can write f in the form f = Z?:1 ajXg, with a; > 0 and F; € &
(1<7<mn).So

Xef = Z AjXEXE; = Z ajXENE;
j=1 J=1

and

n

ME) = [ fdu= [ xsfdu= Y am(E0E)

j=1
We can check easily that pup,(E) = p(E N E;) defines a measure on .2 and it follows from
Examples[3. 1.4 that \; = > a;jup, is a measure. O

Proposition 3.4.10. If \: .Z — [0, o0] is a measure, then it satisfies

(a) If By, Es,... € £ with E; C Ey, C --- (that is a ‘monotone increasing sequence’ of
measurable sets) then

n—o0

A (G En) = lim A(E,) =sup A\(E,)

(b) If B, Es,... € £ with By O FEy O --- (that is a ‘monotone decreasing sequence’ of
measurable sets) and if \(E1) < oo then

A (ﬁ En> = lim \(E,) = i%f/\(En)

n—o0

Proof. (a) (It may help to look at a Venn diagram to see what is happening.) If (£,)22 is a
monotone increasing sequence in . then we can take F} = E;, Fy = Fy\ E1, F3 = E3\ E,
in general I, = E,\ £, forn > 2, so that F,, € L for each n, (F},)?, a disjoint sequence
(because By C Ey C B3 C --- means that F,, = E,, \ (U;:ll E;) and so F,, N E; = () for
i < n, and that gives F,, N F; = () as F; C E}).

Now

for each n and
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By countable additivity of A (and disjointness of the F}),

A (G E,) =\ (G Fz) = i)\(F = supZ)\ = sup/\ (CJ E) =sup \(E,)

=1

(b) Assume now that (F,)2° , is a monotone decreasing sequence in .Z. Let G,, = F; \ E,, so
that £, = G,, U E,,, a disjoint union of sets on £, and

Using \(E;) < oo, this implies

ME,) = MEy) — MGy).

Since GG; € G5 C G5 C --- we have

A (D Gn) = lim A(Gy) = sup AGy)
n=1
by (a). Now,
E:\ () E.=EN (ﬂEn> = JENnE) = J(E\E) UG’
n=1 n=1 n=1 n=1

and, as above,

e ) ) (6)
A(ﬁEn> = (UG)—AEl—nlgrolo)\(G)

n=1
= lim ME)) — MG,) = lim A(E,)
n—00

n—oo

Since A\(Ey) > A(Ey) > - -+, we have lim,, o A(E,,) = inf, A\(E,). O

3.5 Positive measurable functions

Proposition 3.5.1. If f: R — [0, 00| is a (nonnegative extended real valued) measurable func-
tion, then there is a monotone increasing sequence (f,,)> | of (nonnegative) measurable simple
functions f,: R — [0, 00) with

lim f,(z) = f(x) (for each x € R)
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Proof. For each n, define
B, ;= f" =1 1<j<n2"
5J 2n 7 2n = -

En,1+n2" = fﬁl([na OO])
Note that each £, ; is in .Z. Then put

fn: Z j2n XEnﬂj-

j=1

and

Observe that f,(x)
n < f(x) but for n

f(z) always. For a given x where f(x) < oo we have f,(z) = n for

<
> f(x) we find that

Fule) = 5125 @)

where |y| means the greatest integer < . Since |[2"T'f(x)| > 2[2"f(z)], it follows that
foin(2) > fo(x) always.

Also as [2"f(x)] > 2"f(x) — 1 we get f,(z) > f(z) — 5~ as soon as n > f(z). Since
fu(z) < f(z) we getlim, o fr(z) = f(2x) if f(x) < 0.

Finally, if f(z) = oo, then f,,(z) = n for all n and so lim,,_,, f,(z) = co = f(x) in this
case also. [

Remark 3.5.2. It is tempting to define fR fdu (for f: R — [0, 00] a measurable function) as
lim,, oo fR fndp (where f, is exactly as in the proof of the above proposition). But that makes
it a little tricky to prove that the integral has the various ‘obvious’ properties it has. So we use a
more complicated definition first and prove (as part of the monotone convergence theorem) that
we get the same value for the integral.

Another thing to watch out for is that we don’t change the definition we already have when
f: R — R is a measurable simple function.

Definition 3.5.3. For f: R — [0, oc] a Lebesgue measurable function, we define

/ fdu = sup { / sdp : s: R — [0, 00) a measurable simple function with s < f }
R R

/Efduz/Rfodu

(noting that x 5 f is also a nonnegative measurable function).

For F € £, we define

Remark 3.5.4. By Corollary [3.4.8] when f: R — R is itself a simple measurable function, this
gives the same value for [, f du (and [, f dp) as in the earlier definition (Definition 3.4.4).
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Lemma 3.5.5. For f,g: R — [0, 00| Lebesgue measurable functions, we have

/Rfdué/Rgdu
/Efdué/Ffdu

Proof. (a) if f < g, then any simple function s: R — [0, 00) with s < f also has s < g and so
Jz sdu <[5 g dp. Taking the supremum over all such s we get the result.

(a) if f < g (pointwise) then

(b) if E C Fwith E,F € %, then

(b) Since £ C F, we have ygf < xrf and so

/Efduz/Rfoduﬁ/Rfoduz/Ffdu

by (a).
[

Theorem 3.5.6 (Monotone Convergence Theorem). If f,,: R — [0, 0] is @ monotone increasing
sequence of (Lebesgue) measurable functions with pointwise limit f, then

/fduz lim [ fodp
R R

n—o0

Proof. Notice that f(z) = lim, o fu(z) € [0,00] is guaranteed to exist as the sequence
(fn(x))22, is monotone increasing. Moreover f is measurable (Proposition (d)) and so
Jg f du is defined by Definition

From f, < fu41 we have f;(x) < lim, o fo(z) = f(z) for each j. Hence [, f;du <

Ji f dp for each j by Lemma Also [, fndp < [g fas1 dpand so the sequence of integrals
fR fn dp is monotone increasing. That means lim,, . fR fn dpn makes sense in [0, co|. We have

lim fndMZSUP/fndué /fdu-
R R R

n—o0 n>1

It remains to prove the reverse inequality.

Fix a simple function s: R — Rwith s(z) < f(x) forall z € R. We will show lim,, o [ fr dpt >
Jg s dpi and that will be enough because of the way [, f dy is defined.

To show this, fix o € (0, 1) and consider

E,o={zeR: f,(x) > as(x)}

Notice that
[ asdun< [ gz [ g (1)
En,a En o R
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Because f,i1 > f, we know E,, C E,i1,. For s(z) =0, z € E,, and for s(x) >
0, lim, 00 fu(z) = f(x) > s(z) > as(x) implies x € E,, when n is large enough. So

U,~, Eno = R and Proposition 3.4.10| (with Proposition 3.4.9) tells us that

n—00 n—oo Jp
n=1

/ as dp = Aas(R) = Aas <U En,a) = lim Ags(Eno) < lim [ f,du
R

(using (T) at the last step). That gives us

a/sdﬂ:/asdug lim | f,.dp.

As that is true for each a € (0, 1), it follows that [, s dp < lim,,_o [5 fn djt, and so

/ fdu=sup {/ sdpu : s simple measureable, s < f} < lim [ f,du,

completing the proof. L
Corollary 3.5.7. If f,g: R — [0, 00| are (Lebesgue) measurable functions and o > 0 then

(a) fRafdM:afRfdu

(b) [((f+9)du= [ fdu+ [zgdp

Proof. (a) By Proposition|3.5.1} there is a monotone increasing sequence ( f,,)>° ; of measurable
simple functions that converges pointwise to f. By the Monotone Convergence Theorem

(3.5.6) we know that [, f dp = lim, . [; fndp. Butalso (af,)s2, is a sequence of mea-
surable simple functions that converges pointwise to «f and so we also have fR afdu =

lim, o0 [5 @ fy dpi. Now from Proposition we have

oz/fdu: lim oz/fndu: lim/afndu:/afdu

(b) Again by Proposition [3.5.1] there are monotone increasing sequences (f,,)2>; and (¢,)5>
of measurable simple functions with lim,, . f(z) = f(z) and lim,,,~ g,(2) = g(z) for
each 2 € R. By the Monotone Convergence Theorem (3.5.6) we know that [, fdu =

limy, o0 fg fodp and [ gdp = limy, o0 [; gn dp. But also (f, + g,)22, is a monotone
increasing sequence of measurable simple functions that converges pointwise to f + ¢ and
so we also have [, (f + g) dp = lim, o0 [ (fn + gn) dp. From Proposition we have

/(f+g)du = lim [ (fo + gn) dp
R R

— lm (/fndm/gndu)
= /fdu+/gdu
R R
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Corollary 3.5.8. If f,g: R — [0, o] are (Lebesgue) measurable functions, « > 0 and E € Z,

then
/E(aerg)du:a/Efdwr/Egdu

Proof. Apply Corollary to xp(af +9) = axef + xeg to get
[@r+ain = [ xotas+g)ds
E R

= /R(oszf + XEg) du

= a/fodu+/ngdu
R R

= oz/fdu—i—/gdu ]
E E

Definition 3.6.1. If f: R — [—o00, o] is measurable, then we say that f is Lebesgue integrable
if

3.6 Integrable functions

/f+d,u<ooand/f_du<oo.
R R

/Rfduszf"*du—/Rf‘du

Lemma 3.6.2. If f: R — [—00, 00| is measurable, then f is Lebesgue integrable if and only if

[ 11 < o

Proof. If f is Lebesgue integrable, then |f| = f* + f~ is (Lebesgue) measurable and

/R’f\dMZ/Rf+du+/Rfdu<oo.

Conversely, if f is Lebesgue integrable and [, |f|dp < oo, then f* < |f| (and we know f*

1s measurable) and so
[rraus [ 1fidn< o
R R

Similarly [, f~ dp < oco. O

For integrable f, we define

Exercise 3.6.3. If f: R — [—o00, o0] is (Lebesgue) integrable, show that

/fdu‘ /|f|du

(an integral version of the triangle inequality).
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Lemma 3.6.4. If g, h: R — [0, 0o| are (Lebesgue) measurable functions with both fR gdup < oo
and fR hdup < oo, and if

{reR:g(x)=oc0}nN{zeR: h(z) =00} =10,

then f = g — h is integrable and

/Rfdu:/Rgdu—/thu-

Proof. We know that f(z) = g(x) — h(x) is defined everywhere and f is measurable (by Propo-
sition [3.2.12)). Also |f(z)| < g(x) + h(z) and so (via Lemma|3.5.5)

/Iflduﬁ/(ﬁh)du:/gdwr/hdu<oo.
R R R R
So f is integrable.

From f =g—h = f* — f~ wehave f~ + g = f + h and so by Corollary 3.5.7| we get

frdu+ | gdp= [ (f"+g)du= [ (fT+h)du= | fTdu+ [ hdpu
R R R R R R
which gives us
[rau= [ rrau= [ 5= [ gan- [ nan .

Theorem 3.6.5 (Linearity of the integral). If f,g: R — [—00, 0] are (Lebesgue) integrable
functions and o € R then

(a) of is integrable and [, of dp = o [, f dp

(b) if f(x) + g(x) is defined for each x € R, then f + g is integrable and [,(f + g) dp =
Jo fdu+ Jggdp

Proof. (a) If a = 0, the result is easy. For o # 0, af is measurable (by Proposition [3.2.5) and
Jelafldp = |af [ [fldp < oo so that of is integrable. If o > 0 then (af)" = af™,

(af)” = af~, which gives (using Corollary (a))

/Rafdu = /Raerd/L—/Rafdu
= a/RfJ“d,u—oz/Rf_du

= «af fdu

R
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If « <0, then (af)t = —af™ = |a|lf~, (af)” = —aft =|a|ft and so af = (af)t —
(af)” = |alf~ —|a|f*. Using Corollary [3.5.7] (a) we have

Jasan = [ lalsdu= [ 1ais dn
= |af (/Rf‘du—/Rf*dO

_ a( I dp— f‘du)
R

R

= «a [ fdu
R

(b) f + g is measurable (by Proposition 3.2.5). We know [, f*du < oo, [o f~du < oo,
fR gt du < oo and fR g~ du < oo. Also

fra=("=f)+@ -9 )=(T+g")—(f +g)
and from Lemma[3.6.4] (and Corollary (b) too) we find

[ram = [ +aan= [+ o)

/Rf+du+/Rg+du— (/Rf‘dwr/Rg‘du)
= /Rfd/ubJr/Rgdu

3.7 Functions integrable on subsets

(Recall Definition [3.2.10L)

Definition 3.7.1. If X € Z and f: X — [—00, 00| is measurable on X, then we say that f is
integrable on X if the function F': R — [—o00, 00| given by

) fle) ifzeX
o) = {o ifr e R\ X

is integrable and in that case we define

/fduz/qu=/xXqu
X X R

Remark 3.7.2. Recall from Proposition |3.2.11|that /' must be (Lebesgue) measurable on R.
It is an easy exercise to show that Theorem [3.6.5| remains true for functions integrable on
X € Zand [, inplace of [
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Example 3.7.3. If X € £ has u(X) < coand f: X — Ris a constant function f(x) = ¢, then

f is integrable and
/fd,u:/cXXdu:c/XXd,u:c,u(X).
X R R

Theorem 3.7.4. If f: [a,b] — R is continuous on a finite closed interval, then the Lebesgue
integral f[a 0 f du exists and has the same value as the Riemann integral fab f(x)dx.

Proof. Since any such f is necessarily bounded, there is M > 0 so that | f(z)| < M fora < z <
b. By considering f(x) + M in place of f, the proof can be reduced to the case where f(z) > 0
for all x € [a, b]. Thus we assume f(z) > 0.

For this proof we use step functions, rather than simple functions. A step function is a linear
combination 37 | Ajxx, where \; € R and the sets [ are intervals. (We will only want finite
intervals here.)

Consider the lower sums for f with respect to the partitions of [a, b] into 2" equal subintervals
of length (b — a)/2™. For 1 <i < 2", let

Lm:inf{f(x):a+b2_na(i—1)§m§a+b_az}

so that the corresponding lower sum is
> b—a
(£) Z T
We can make a step function s, (x) with integral equal to this sum by letting s,(z) = 0 for

x ¢ |a,b] and

b—a b—a

$n(z) = Ly, ; for a + i—1)<z<a+ o

i (1<i<2m

2n

(we can make s,,(b) = L, on to be careful). We have then s, (z) < f(x) for z € [a, b] and

/ Spdp = Ln(f)

R

From the way each partition is a refinement of the previous one, it follows that
Lyi12i > Ly and Ly g 2i-1 > Ly ;.

Thus s, (z) < s,41(x) for each x € R.
From uniform continuity of f we can deduce that, given any € > 0, for all n sufficiently large

sup |f(2) — sn(2)| = sup f(z)—su(z) <e
x€[a,b] z€[a,b]
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and ,
O</ flz)dx — L,(f) < (b—a)e.

So we deduce that
fz) ifz € |a,b]

lim s,(z) = F(z) = {0 if v ¢ [a,b]

n—o0

and ,
lim L,(f) :/ f(z)dx

But by the monotone convergence theorem (remember we assumed f(x) > 0)

n—oo n—oo

lim L,(f) = lim sndu:/qu: fdu
R R [a,b]

which shows that the two integrals are the same.

R. Timoney
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