MA1S12 (Timoney) Tutorial sheet Sc
[February 17-21, 2014]

Name: Solutions

1. Show matrix
—1 0 0

R= |0 cos(n/3) sin(r/3)
0 sin(m/3) —cos(m/3)

is a rotation matrix. [Hint: Is it orthogonal? What is its determinant?]

Solution: Rotation matrices are exactly orthogonal matrices of determinant 1. We can see

-1 0 0 -1 0 0
RR'" = | 0 cos(r/3) sin(r/3) 0 cos(m/3) sin(mw/3)

| 0 sin(7/3) —cos(m/3) 0 sin(w/3) —cos(n/3)
(1) 0 0

= 0 cos?(m/3) + sin?(7/3) cos(m/3) sin(mr/3) — sin(mw/3) cos(n/3)
| 0 sin(m/3) cos(m/3) — cos(m/3) sin(m/3) sin®(m/3) + cos?(7/3)
(1 0 0

— lo1 0|l=01
0 0 1

So R is orthogonal.

(1) de cos(m/3)  sin(mw/3) (1) cos(n /) —sin?(r VT
det B = (1) det om0 SIS | — (21) (- cos(n/3)—sin?(n/3)) = (-1)(-1) = 1

So R is a rotation.

2. For the same R, find the angle cos é for the angle 6 of rotation. [Hint: use the trace.]

Solution: We know that the angle 6 of rotation must satisfy
trace(R) = 1+ 2cos¥

But
trace(R) = —1 + cos(m/3) — cos(w/3) = —1

and so we get 1 + 2cosf = —1,2cosf = —2, cosf) = —



3. For the same R, find a (nonzero) vector parallel to the axis of rotation. [Hint: vector fixed
by R. For this it helps to remember cos(7/3) = 1/2 and sin(7/3) = v/3/2.]

Solution: The vector u we want has to satisfy Ru = uor (R — I3)u = 0.

We have
—9 0 0 -2 0 0
R—1I3= |0 cos(m/3)—1 sin(7/3) =10 —1/2 V3/2
0  sin(n/3) —cos(n/3)—1 0 3/2 —3/2

and so we should row reduce the augmented matrix

-2 0 0 :0

0 —1/2 v3/2 :0

0 Vv3/2 =3/2 :0
First divide row 1 by —2

1 0 0 :0

0 —1/2 V3/2 :0

0 v3/2 =3/2 :0
Now multiply row 2 by —2

1 0 0 :0

0 1 —V3 :0

0 v3/2 —3/2 :0

Subtract v/3 /2 times row 2 from row 3

1 0 0 :0
01 —v/3 :0
00 0 :0

So the components of u = uyi + usj + uzk must satisify u; = 0 and uy — V3us = 0. (us
is the free variable.) Taking us = 1 we get uy = V3andu = \/§j + k.

(That is not a unit vector. If we wanted a unit vector we should take (v/3j+k)/||v/3j+k| =

(V3j+k)/V4=(1/2)(v3j + k).
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