MA1311 (Advanced Calculus) Tutorial sheet 5
[October 28 — 29, 2010]

Name: Solutions

. od o .
1. Find T sin™' & + cos™! 2. Can you explain your answer?
x

Solution:
d . » 1 1
—Ssin x4+ cos T x

dzx :\/I—xQ_\/l—ac2

=0 (for —1<xz<1).

This means that sin~! 2 + cos™' & = ¢ = constant. Taking z = 0 gives sin "' 0+ cos™' 0 =
0+7/2=n/2=c Thussin 'z +cos'o =7/2for -1 < < 1.

Indeed, sin(m/2 — 0) = cos(#) always and if 0 < 6 < 7 with cosf = z, then we have
6 = cos™! x. Butalso —7m/2 < 7/2 — 0 < /2 and sin(n/2 — 0) = x, from which we find
/2 —0=sin""z. Sosin"'z +coslax=(r/2—0)+0=m/2(or—1<x<1).

2. Find parametric equations for the tangent line to the parametric curve
x(t) = (t cosht,tsinht,t)

at the point where ¢ = 0.

Solution: We need x’(0) (which is a vector parallel to the tangent line) and x(0) = (0, 0, 0)
(which is a point on the line).

d
x'(t) = d_j = (cosht + tsinh ¢, sinht 4 t cosh ¢, 1)

and so
x’(O) =(140,0+0,1) =(1,0,1).

The line has parametric equations

r = 0+ 1¢
y = 040t
z = 0+ 1t
or
r = t
y g
z =t

3. Find



d
. - sin~*(22%),
Solution:

i sin™!(22°) = ———=(627) =

. 4 tan~*(8x),

dx
Solution: p . .
—tan"'(82) = 8) =
gz 80 = 7 ) = T
d
2 .(6%)
* dt
Solution: .
x(5¢n) _ x((elﬂS) ) _ (elnz) (e ) _ e(lnx)ewlnf)
Hence
%Qj(‘% ) — lna)er! 5%((1113:)6’”“5) = 2% (;e”ln‘r’ + (lnx)exln5(ln5))
or p -
%x(f’z) = (5% (? + (In5)(In x)5z>
d
o %sinh_l(x/ﬂ

ot 1
1+ (z/7)27

1
TWil+2
1

49 (1+ %)
1

49 + 22

d
o sinh™'(z/7) =

e and f(z)if f'(z) = - _1%2 (for —1/v/2 <z < 1/v/2)and f(0) = 2.

Solution: Looking at the result of the derivative of tan~!(5z) above and recalling
(d/dx)tanh™' z = 1/(1 — x?), we can see that

d . B 1 V2
%tanh (\@x)_l—(\/ﬁx)?\@_l—my?



and so

F(x) = % (% tanhl(ﬁx))

% ( ) — %mm*(ﬁ@) 0.

or

Hence 1
f(z) — —=tanh~'(v/2x) = ¢ = constant

V2

Taking = = 0 we get
1 -1
2——tanh " 0=c

V2

so that 2 = ¢. We end up with

1 —1
f(z) = 7 tanh ™' (v/2z) + 2

Richard M. Timoney



