MA1311 (Advanced Calculus) Tutorial/Exercise sheet 10
[due 17.50am, Tuesday, December 14, 2010]

1. Find /(952 — 31)e* dx

Brief solutions

Solution: Integration by parts (twice) does this.

/(x2 — 37)e* dw

/(3:2 — 3x)e* do

x? — 3x
2. Find d
m /2x3—9x2+21 v

Solution: Substitution of u =

Let v = 22— 3z dv = e*dx
du = (2z-3)dz v = 1e**
= /udv
= uv—/vdu
= (2* — 31) 16496 —/164“(2x 3) dx
4 4
Let U = 2¢0—3 dV = %e‘“”dx
dU = 2dx vV = %e“
2 _
=2 3x64x—/UdV
4
2 _
- %e“—(UV—/VdU)
2_3
_ 7 . xe4w—Uv+/VdU
=3z 4, 22-3, 1,
4 16 ° +/16e *
= 1 e —16 +§€ +C
= Te —|—C

223 — 922 + 21, du = (62% — 18x) dx

6(x? — 3z) dx



works here

/ x? — 3x / — Sx du
dr =
223 — 922 + 21 — 3z)

3. Find/cos4(3a:) dx

Solution: Method for even powers of cos 6 is to use cos? ) = %(1 + cos 20)

/cos4(3x) de = /(COSQ(3Z‘))2 dx

_ /(%(1—1—008(6@)2 da

1
— / Z<1 + 2 cos(6x) + cos® 6x) dx

1 1
— /Z (1 + 2 cos(6x) + 3 cos(lQ:v)) dx

3 1 1
— 24z - 12
/ (8 + ) cos(6x) + S cos( :/E)) dx

3 1 1
= 32 + T3 sin(6x) + % sin(12z) + C

w/4
4. Find / sec? x dx
0
Solution:

w/4
/ sec’ v dr = [tan z]; M = tan(r/4) =tan0=1-0=1
0

5. Find/tanzxdx

Solution:

/taandx:/seczx—ldzvztansv—x+0



6. Find / cos? z sin® z dx

du

sinx?

Solution: Odd power of sin x, so substitute u = cos x, du = —sinz dx, dv = —

—du
cos?rsin®rdr = u?sin® x —
sin

—u?sin? z du

= —u?(1 — u?) du
= ut — u? du
1
5 3
= —=u’+C
U 3u

1
cos5sc—§cos3x+0

X

72
7. Find / dx
+1

Solution: Not really a case for partial fractions, but covered by the general method for
partial fractions. This is not a proper fraction. So do long division

r — 1
x—l—l’xz
x? + x
-z
—x — 1
1
Thus we have
2 .
T . remainder 1
= quotient + ———— =1 — 1 +
z+1 r+1 r+1

- 1 1,
dr = r—1+ dr=-z"—xz+Injz+1|+C
r+1 r+1 2



/6
8. Find/ 37 cos(2x) dx
0

Solution: Integration by parts works here but it is tricky. Need to do it twice.

/6
/ e cos(2x) dx Let u = €% dv = cos(2z)dx
0 du = 3edx v = 3sin(2z)

w/6 /6
/ e cos(2x) dr = / udv
0 0

/6
= [UU}S/G—/ vdu
0

1 w6 /6
= [—e?’rsin(Qx)} —/ —sin(2z)(3e*") dx
2 R A
= = in — —sin0— = in
H¢" sin(m 55 2, e>® sin(2z) dx
Let U = ¢* dv = sin(2z)dzx
dU = 3e¥dx V = —3cos(2z)
w/6
= ﬁe“/Q _3 / Udv
4 2 J,
3 3 /6
_ V3 3 ([UV]g/G —/ VdU)
4 2 .

_ ?ew/z . ([_%e% cos(2x)] " /0 o (-%cosm)) (3¢%) da:)

0

3 3 - 9 71'/6

£e”/2 + _[ 3z COS(QZC)]O/ﬁ — —/ e COS(2I‘> dx
4 4 4 Jo

3 3 1 9 [m/6
= \/T—e”ﬂ + 1 (e’r/2 (§> - 1) - Z/o % cos(2x) dx

We appear to be back to where we started, which is looking for foﬂ/ 0 g3a cos(2x) dx, but
we actually have an equation now that must be satisfied by this number.

Let] = foﬂ/ % 37 cos(22) dx, and think of it as an unknown number. We have shown above
that
9

\/g Tr/2_+_§€7r/2 ZL

I =—e

I
4 8

_3_
4
That says

9 V3 3 3
1 < [:_71'/2 O on/2 Y
(+4> 1° —|—86 1



10.

and so

J = i (\/_5 /2 4 §efr/2 _ 3) _ Eeﬂ/Q_'_ierr/Z 3

4 8 4 13 26 13

1
.Find | —d
n /q;2—|—:c+1 v

Solution: The denominator has complex roots (can’t be factored without using complex
numbers) and so we do this by completing the square

I L ! 2+3
T T =T T - — - = T — — _
4 4 2 4

It is possible to do a substitution x — % = ‘/75 tan @ or to know that the answer is

+x+1 (x_l) 3

IL‘2

Find d
" / @t+2)@>—1) "
Solution: Partial fractions. Proper fraction (denominator of degree 3, numerator of degree

2 < 3). Factorise denominator completely (z +2)(z? —1) = (z+2)(x —1)(x+1). Partial
fractions take the form

2 x? Ay Ay As

E+2(@ 1) @+)@—De+1]) o+2 2-1 241

Can work out A;, A, and A3 by multiplying across by (z + 2)(z — 1)(z + 1) and then
substituting z = —2, z = 1 and x = —1 in turn.

Result is

/ (= + 2)36(12 = / (x44/r32 * x1£61 - x1f1) da

4 1 1
= §In|x+2|+61n|m—1|—§1n|x+1|+C’




IL’2

11. Find d
nd | @+ D@ -1
Solution: Partial fraction again. Again a proper fraction. Factorise denominator com-
pletely (z +1)(2*> — 1) = (z 4+ 1)(z — 1)(z + 1) = (x + 1)*(x — 1). Partial fractions take
the form

3172 1'2 Al AQ Ag

Gt )@ -1 @r)P@-1 o241 @+12 z-1

Can work out A;, A, and A3 by multiplying across by (x+1)?(z — 1) and then substituting
z=—1,x=1and z = 0 in turn.

Result is

/(Hl)x(;—m do = /(5441 - <x1+/21)2+x1£41) d

3 1
= 2 4+t -Inje—1+C
e Ty i

[172

12. Find d
n /<m+1><x2+1> !

Solution: Partial fraction again. Again a proper fraction. Denominator is already factorised
completely. Partial fractions take the form

x? A Bx+C

(x+1)(22+1) x+1+ 2?2 +1

Can work out A by multiplying across by (z + 1)(z% + 1) and then substituting x = —1.
Substituting x = 0 finds C' and another x then gives B.

Result is

/(x—i—l)m(ZxQ—i-l) do = /(x14/r?1+(1/i)2x+_11/2) da

= 1ln|x+1|+/ - — ! dx
2 2022 +1)  2(z2+1)

1 1 1
= §ln\x+1\ + Zln(af—i— 1) — étan’lx—k const

(I'used ‘4 const’ rather than the usual ‘+C” just because I used C' already for something
else.)

Richard M. Timoney



