
Mathematics 414 2003–04
Exercises 5

[Due Monday February 16th, 2004.]

1. Supposef andg are meromorphic functions on an open setG ⊆ C, and letHf be the
points wheref is analytic inG (Hf = G \ {poles off}), Hg the set whereg is analytic.
Show that in each of the following cases, there is a unique meromorphic functionh onG
such that:

(a) h(z) = f(z) + g(z) for z ∈ Hf ∩Hg. [We use this as a definition off + g.]

(b) h(z) = f(z)g(z) for z ∈ Hf ∩Hg. [We use this as a definition of the productfg.]

If λf is defined to begf with g(z) = λ the constant function, show thatM(G) = {f :
f meromorphic onG} is an algebra overC with an identity (under the above addition and
multiplication operations).

2. Show that iff is analytic on an open set that includes the closed unit diskD(0, 1) and if
f({z ∈ C : |z| = 1}) ⊂ D(0, 1), thenf has exactly one fixed point inD(0, 1). [A fixed
point is a pointz wheref(z) = z.]

3. How many roots does the equationz7 − 2z5 + 6z3 − z + 1 = 0 have in the disc|z| < 1?
[Hint: Look at the biggest term when|z| = 1 and apply Rouch́e’s theorem.]

4. How many roots of the equationz4 − 6z + 3 = 0 have modulus between 1 and 2?


