
Mathematics 414 2003–04
Exercises 3

[Due Monday January 5th, 2004.]

1. LetG denote either ofC \ {t : t ∈ R, t ≤ 0} orC \ {it : t ∈ R, t ≤ 0}. Show that there is
a branch oflog z in G (with the value 0 at1 ∈ G). Deduce that ifz ∈ C \ {0} then there
existsw ∈ C with ew = z.

2. LetG ⊂ C be a nonempty connected open set and letf :G → C be an analytic function
which is never zero inG. If f ′(z)

f(z)
has an antiderivative onG show that there is a branch of

the logarithm off onG.

3. Show that ifG ⊂ C is connected and if each closed curveγ: [α, β]→ G inG is homotopic
in G to a constant curve, then it is homotopic to the constant curveγ(α). [Hint: Starting
with a homotopyH(t, s) to a constant curve, putH1(t, s) = H(t, 2s) for s ≤ 1/2 and
H1((t, s) = H(α, 1− 2s) for 1/2 ≤ s ≤ 1.]

4. A setG ⊂ C is calledstar-shapedwith respect to a pointa ∈ G if for any z ∈ G and
any 0 < t < 1 it is true thatta + (1 − t)z ∈ G. Show that star-shaped setsG are
simply-connected.

5. Let f be analytic on a connected open setG ⊂ C and suppose thata ∈ G is a local
minimum point for|f(z)|. Show thatf(a) = 0 or f is constant.

6. Let f be analytic on a connected open setG ⊂ C that includes the closed discD(a, r)
(r > 0) and suppose that the modulus|f(z)| of f is constant on the circle|z − a| = r.
Show that eitherf(z) = 0 for somez ∈ D(a, r) of f is constant.

7. Letf(z) = u(z) + iv(z) (u(z) = <f(z), v(z) = =f(z)) be analytic on a connected open
setG ⊂ C.

(a) Show thatu(z) andv(z) areharmonic functionsonG (that is they satisfy Laplace’s

equation
(
∂2

∂x2 + ∂2

∂y2

)
u(x+ iy) = 0)

(b) Show that ifu is constant then so isf

(c) Show thatu(z) has neither a local maximum nor a local minimum point inG, unless
u is consant. [Hint: Apply the maximum modulus principle toef(z).]

8. Letf, g:D(0, 1)→ C be analytic functions.

(a) If f
(

1
n

)
= g

(
1
n

)
for eachn = 1, 2, 3 . . ., show thatf = g.

(b) Show thatf
(

1
n

)
= 1√

n
for eachn = 1, 2, 3 . . . is impossible.


