Mathematics 414 2003-04
Exercises 2
[Due Tuesday November 18th, 2003.]

1. Supposes C Cisany setand,:S — C (n = 1,2,3,...) are a sequence of continuous

functions. Supposé, — f uniformly onS (asn — oo) for a functionf: S — C. Suppose
7v:[a,b] — S'is a piecewis&’" curve inS. Show that

nh_)rgo fu(2) dz:/f(z) dz

Supposé&r C C is an open set angt [a, b] x G — C is a continuous function (ofa, b] x
C C R x C = R3). Define a functionf: G — C by

f(z) = /t: o(t, z) dt (z € G).

Show thatf is continuous ortz. [Hint. Fix z € G and show how to choosg > 0 so that
D(z,00) C G. Use uniform continuity ofb on the compact sét, b| x D(z, dy).]

(This fact is used in the proof of Theorem 1.20, to show that Iac continuous function
onC \ v when~ is a piecewis& curve. We can write

LS [ A
|nd,y<2) = %Z/ —Zdt
j=174j-1

v(t)

wherey: [a,b] — C,a =ag < a; < --- < a, = bandy is C' on each intervala,_;, a;].
Our exercise shows that each of the integrals is a continuous functior) of

Supposér C Cisanopensetand,:G — C (n = 1,2,3...) are a sequence of analytic
functions which converge uniformly af to a functionf: G — C.

(a) Show thatf must be analytic. [Hint. Morera’s Theorem.]
(b) Show that

Tim f1(2) = /'(2)

for eachz € G. [Hint. Fix z and choosé, as in question 2. Use the Cauchy integral
formula to expresg’ (z) as an integral around — z| = &y. Apply question 1.]

Supposg: C — C is an entire function and it satisfies
f() <C(z[+1)"  (allz€C),

for some constar® > 0 and some nonnegativec Z. Show thatf must be a polynomial
of degree at most. [Hint: Consider the proof of Liouville’s theorem.]



5. Supposg: C — C is an entire function which is not constant andiet C, 5 > 0. Show
that there is some € C with |f(z) — w| < 4. [Hint. If not, apply Liouville’s theorem to

9(z) = 1/(f(2) —w)/]
(Thus fact is called the Casorati-Weierstrass theorem. Notice that it sayg @as dense
in C for any nonconstant entire functigh)

6. LetG C C be open and let be a piecewis€' curve inG which is null-homotopic irG.

(@) Show that Ind(a) = 0 for eacha € C\ G.
(b) Leta € G\ yandletf: G — C. Show that the Cauchy integral formula

[ L= e @

2mi )., (z —a)™

holds. [Hint: Leto be the circle|z — a| = r traversed—Ind,(a) wherer > 0 is
suitably small so that C G. Consider the chaifl = v + ¢ in G \ {a}.]



