3E1 Hilary Term Tutorial sheet 4
[February 12—-17, 2003]

Name: Solutions

1. For a thin elastic vibrating string of length 2 fixed at both ends the vertical displacement
u(z, t) obeys the wave equation
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wherec = 4. We know that the solutions may be represented by seriegr,t) =
>0 un(x, t) wherew,(z,t) = (A, cos((cnm/2)t) + By, sin((cnm/2)t)) sin((nr/2)x). If
the string is stretched at timte= 0 so thatu(z,0) = 0.1(2z — z?) and let go from rest,
find u (as a series).

Solution: Letting go from rest meansu /0t = 0 att = 0. So

% = Z(cmr/Q)(—An sin((enm/2)t) + B, cos((cnm/2)t)) sin((nm/2)x)

n=1
isOatt = 0. Thus>_ *  (cnmw/2)B, sin((n7/2)x) = 0 and we concludés,, = 0 for all n.
Then fromu(z,0) = "7 | A, sin((nr/2)x) = 0.1(22 — 2*) we see that thel,, must be
the Fourier sine series coefficientsof (2z — z2), or

2 [? o .
A, = 5/0 0.1(2z — x*) sin((n7/2)x) dz

Use integration by parts
=012z —2%), dv=sin((nr/2)z)dr

du=02(1—z)de, v= —% cos((nm/2)x)
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= [—O.I(Qx -z )E cos((mr/2)x)} ) + = cos((nm/2)x)0.2(1 — x) dx
_ o 2(1 —x)cos((nm/2)x) dx
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Use integration by parts again

U=1—z, dV =cos((nr/2)z)dx
2
U x, V — sin((nmw/2)x)



= %([UV]%—/deU)

_ % ([%(1 — 1) Sin((mr/Q)m)]:Jr /0 Q%Sin((mr/Q)x) dx)
= % /0 sin((nr/2)z) d

- 2 {_% cos((nﬂ/Z)x)K

= nlgfg(— cos(n) + cos 0)

= M-y

S0 A, = 0 for n even and for, odd 4,, = 3.2/(n®r?).

u(z,t) = ; ﬁ cos(c(n — 1/2)xt) sin((n — 1/2)7x)
(with ¢ = 4).

2. For a thin elastic membrane in the shape of a rectahgler < 2,0 < y < 1 the vertical
displacement(z, y, t) obeys the wave equation

Pu  , (0*u  Pu
—— = - _|._ -
ot? ox?  Oy?
with ¢ = 4. The solutions:(z, y, t) are superpositions (infinite series) of terms

Unm (2, Y, 1) = (Apm €08 Ayt + By sin Ay, t) sin % sin mmy

where\,,,, = cmy/n?/4 + m?2. For the two cases = 2 andm = 2,3 sketch the nodal
lines (lines in ther-y plane wherey,,,,,(x, y,t) = 0 for all ¢). Also find the frequencies for
the twou,,,,.

Solution: The nodal lines happen whesen “7* sinmmy = 0, which means*;* an integer
multiple of r or mmy a multiple ofr. With n = 2, m = 2 this meansrx a multiple ofr or 27y
a multiple ofr. Soxz = 1 ory = 1/2 are the ones inside the region.

Forn =2, m =3 wehaver = 1andy =1/3,y = 2/3.

unm has perio®r/\,,, and so frequency,,,/(27) = (¢/2)y/n?/4 + m?2. For(n,m) =
(2,2) the frequency i2+/5 and for(n, m) = (2, 3) itis 24/10.
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