
3E1 Hilary Term Tutorial sheet 3
[February 5–10, 2003]

Name: Solutions

1. A thin elastic rod vibrates longitudinally. The displacementu(x, t) at timet of the part of the
rod initially atx obeys the wave equation

∂2u

∂t2
= c2∂

2u

∂x2

We assume the extent of the rod is0 ≤ x ≤ ` and that the end atx = 0 is fixed (mathematically

u(0, t) ≡ 0) while the other end is free (mathematically
∂u

∂x
(`, t) ≡ 0 corresponds to zero force

on the end).

(a) Find the product solutionsu(x, t) = F (x)G(t) for this problem.

Solution:

∂2u

∂t2
= F (x)G′′(t)

∂2u

∂x2
= F ′′(x)G(t)

so the the PDE becomes

F (x)G′(t) = c2F ′′(x)G(t)
G′(t)
G(t)

= c2F
′′(x)
F (x)

As the two sides involve different variables, the only way they can be equal is for both
sides to be constant. Call the constantk.

c2F
′′(x)
F (x)

= k

F ′′(x)− k

c2
F (x) = 0(

D2 − k

c2

)
F (x) = 0

If k > 0 the solutions areF (x) = A1 exp((
√
k/c)x) + A2 exp(−(

√
k/c)x). Then the

boundary conditions force

0 = u(0, t) = F (0)G(t)
= (A1 +A2)G(t)

0 =
∂u

∂x
(`, t) = F ′(`)G(t)

= (A1(
√
k/c) exp((

√
k/c)`)−A2(

√
k/c) exp(−(

√
k/c)`)G(t)



so that eitherG(t) ≡ 0 or we can solve two simultaneous equations forA1, A2:[
1 1

(
√
k/c) exp((

√
k/c)`) −(

√
k/c) exp(−(

√
k/c)`)

] [
A1

A2

]
= 0

The matrix has determinant−(
√
k/c)(exp(−(

√
k/c)`) + exp((

√
k/c)`)) 6= 0 and so

A1 = A2 = 0. Either way we have onlyu(x, t) ≡ 0.
If k = 0, we haveF (x) = A1 +A2x and we can similarly use the boundary conditions

0 = u(0, t) = F (0)G(t) = A1G(t)

0 =
∂u

∂x
(`, t) = F ′(`)G(t) = A2G(t)

and we end up with only the zero solution foru(x, t) again.
If k < 0 we can write− k

c2
= τ2 (say) and then the solutions of(D2 + τ2)F (x) = 0 are

F (x) = A1 cos τx+A2 sin τx

The boundary condtions tells us

0 = u(0, t) = F (0)G(t) = A1G(t)
⇒ A1 = 0 assumingG(t) 6≡ 0

0 =
∂u

∂x
(`, t) = F ′(`)G(t) = A2τ cos(τ`)G(t)

Thusτ = (n + 1/2)π/` for some integern (or τ = 0 but this makesF (x) ≡ 0). Thus
u(x, t) = A2 sin(τx)G(t) = A2 sin(((n+ 1/2)π/`)x)G(t) andG solves

G′′(t)
G(t)

= k = −τ2c2

G′′(t) + τ2c2G(t) = 0
G(t) = B1 cos τct+B2 sin τct

Sou(x, t) = A2 sin(((n+1/2)π/`)x)(B1 cos(((n+1/2)cπ/`)t)+B2 sin(((n+1/2)cπ/`)t)
(b) If the initial displacment (stretching) is given byu(x, 0) = sin(3πx/(2`)) and the rod is

started from rest (
∂u

∂t
(x, 0) ≡ 0), find a solutionu(x, t).

Solution:We should look foru of the form of a series

u(x, t) =
∞∑

n=−∞
An sin

(
(n+ 1/2)π

`
x

)(
Bn cos

(
(n+ 1/2)cπ

`
t

)
+ Cn sin

(
(n+ 1/2)cπ

`
t

))

Fromu(x, 0) = sin(3πx/(2`)) we getsin(3πx/(2`)) =
∑∞

n=−∞AnBn sin
(

(n+1/2)π
` x

)
and so it

works to haveA1B1 = 1 while all otherAnBn = 0.
Taking the other condition we get∂u∂t (x, 0) =

∑∞
n=−∞AnCn

(
(n+1/2)cπ

`

)
sin
(

(n+1/2)π
` x

)
= 0.

Thus it works to have allAnCn = 0 and

u(x, t) = sin
(

3π
2`
x

)
cos
(

3cπ
2`

t

)
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