Recap on vector calculus

div, grad = V and curl
For a scalar function f(x,y, z)

9 .

grad f =V Jf = Ox 8y‘] 0z

(vector function of (x, y, 2)).

Also have a 2 dimensional version.
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Operator notation

0. o, 0 {888}

! | k — ) )
Ox (’9y‘] 0z Ox Oy 0z

Directional derivative of f in direction (of a unit vector)
v = vl + v9j + vsk = |v1, vo, v3] IS
of  Of

va — (Vf)V — %Ul | ay

 Of

V9 9 U3

Recall that D, f is largest (at a given (x,y, z)) when v
IS In the direction of V f.
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For a vector function ¥ (x, vy, z) = [F, Fb, F3] =
[Fl(xayv Z)a FQ(xa Y, Z)a Fg(flf,y, Z)] — Fli =+ F2j T FSk

OF, OF, OF;

leF — VF — | I
or Oy 0z
(which Is a scalar quantity).
- ik _
culF =V xF=det | - 3 3
F F, Fy

__ | OF3 0Fy 0F} 0F3 0Fy OFy
| Oy 0z 7 0z Or > Ox Jy

3E1 15/01/2003



Some formulae

div (grad f) = V.(Vf)

°f L0 O
12 | 8y2 | 02

— (V.V)f = Vf =

(= Af = Laplacian of f)

curlgrad f =V x (Vf) =0
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For a 2-dimensional vector field (function)
F(x,y) = [Fi(x,y), Fy(x,y)], can view it as a
3-dimensional field [F}, F5, 0] and then

CurlF =V x F = {O, 0, ok 8F1}

ox oy
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Greens Theorem

For F(x,y) = |Fi(x,y), Fy(x,y)] well behaved in a
region of the plane that includes an anticlockwise
simple closed curve C and its interior R

F  OF
%Flda:qLngy—//a & 1d:1:'dy

or, in terms of the upward normal vector k to the plane

]{F.dX:/ (V x F).kdxdy
C R
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More generally R can be a bounded region with
several holes and C the boundary of R (possibly
several parts to C) but C must be traversed so as to
keep R on the left.

If C' is parametrised by x = x(t) fora <t < b, then

7{} F.dx — / P (x(t)) (1) di
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Divergence (Gauss’) Theorem

R now a bounded region (volume) in space, S its boundary
surface, n = n(z, y, z) = the outward unit normal to S at a point
(x,y, z) of S and F well-behaved on both R and S. Then

//Fn )dA = ///VFdazdydz

Note: If we write S parametrically asr = r(u,v), then a normal
vector is N = a a , unit normal n = +N/|N|. dA = |N| du dv.
So (F.n)dA = £(F.N) du dv

3E1 15/01/2003



