2E2 Tutorial sheet 1 Solutions
[Wednesday October 25th, 2000]

1. Find the Laplace transform of the step function

0, t<a
Ha(t):{l t>a

wherea > 0.
Solution: From the definition of the Laplace transform, we have

= / H,(t)e " dt
0
and sincef,(t) = 0 for ¢t < a, thisis

/H Ye * dt
= / le st dt

b
= lim e st dt
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(using the definition of an improper integral of this type)

1 .
= 0+ -7 (if s>0)
s

2. Find the Laplace transform of— H,(t).

Solution: We could do this in the same way as the first question, or we could use linearity
of the Laplace transform plus the earlier calculation we did fiaf(s) = 1/s (s > 0) and
the result of the previous question:

1 1, l—e=
L= H](s) = L[(s) = LIH](s) = - = ~e7™ =
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(for s > 0).
In fact, if we did it directly we could show that

a 1—e 5%
_ _ [ st ] 5= s#0
L1 Ha](s)—/oe dt—{ .o
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3. Find the Laplace transform of the function

0, t<a
f)=< 1, a<t<b

0, t>b

where0 < a < b.

Solution: Again we could use previous results and linearity, becgise= H,(t) — Hy(t)

and so

‘C[f](s) =L [Ha - Hb] (S) = ée_sa _ ée—sb

(for s > 0).
Or, we could apply the definition of the Laplace transform to show directly that

E[f](8> = /b 1€_St dt = _?16_357 _ (%e—sa>

(as calculated in question 1) without any restrictionsaxcepts # 0. Fors = 0 we get
the valueb — a.

4. Find the Laplace transform of both sides of the differential equation

d?x dx
—+2— 4+ 22 =1
az T T

s " d
with initial conditionsz(0) = d—f(()) = 0.
Solution: Using linearity ofZ, plus the property of Laplace transforms of derivatives (sim-
pler with zero initial conditions), we get

r {C;Tf + Qé—f + Qx} (s) = L[1](s)

dt? dt
s2L[x)(s) + 2sL[x](s) + 2L][z](s) =

e |95 @ [ %] @ +acule) -

(s* +2s+2)L[x](s) =
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