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Elementary operators

A a C*-algebra. An elementary operator T : A→ A is

Tx =
∑̀
j=1

ajxbj

We require aj, bj ∈M(A).
Fact: I ⊂ A an ideal ⇒ T (I) ⊂ I.

Hence can define T |I : I → I and T I : A/I → A/I.
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For π : A→ B(Hπ) an irred. rep. and Tx =
∑`

j=1 ajxbj,

we can associate

• T kerπ : A/ kerπ → A/ kerπ

equivalent to y 7→
∑̀
j=1

π(aj)yπ(bj) : π(A) → π(A)

• T π : B(Hπ) → B(Hπ) where T π(y) =
∑̀
j=1

π(aj)yπ(bj)

We have ‖T π‖ ≤ ‖T‖ and in fact ‖T‖ = supπ ‖T π‖
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‖δc‖ ≤ 2‖c‖

Since δc = δc−λ for λ ∈ C

‖δc‖ ≤ 2 inf
λ∈C

‖c− λ‖
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∑̀
j=1

aj ⊗ bj
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h

Let u =
∑`

i=1 ai ⊗ bi ∈M(A)⊗M(A), T = Θ(u), with

Θ linear. Note ‖T‖ ≤ ‖T‖cb ≤ ‖u‖h. (Let θ = Θ|A⊗A.)
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T = δc = θ(c⊗ 1− 1⊗ c), δc(x) = cx− xc,

‖δc‖ = 2 infλ∈C ‖c− λ‖

Used numerical range W (c) = {〈cξ, ξ〉 : ξ ∈ H, ‖ξ‖ = 1}.
To be precise, for dimH <∞, used

W0(c) = {〈cξ, ξ〉 : c∗cξ = ‖c‖2ξ, ‖ξ‖ = 1}
Theorem. Infimum above is attained at λ ⇐⇒
0 ∈W0(c− λ).
Coroll. algorithm to check that ‖δc‖ = 2‖c− λ‖ (if λ

‘known’)
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In fact all the information needed is (in principle)

contained in the joint numerical range

W (c∗c, c) = {(〈c∗cξ, ξ〉, 〈cξ, ξ〉) : ξ ∈ H, ‖ξ‖ = 1}

W (c∗c, c) ⊂ R× C
W0(c) = {z ∈ C : (‖c‖2, z) ∈W (c∗c, c)}
‖c‖2 = sup{x : ∃z with (x, z) ∈W (c∗c, c)}

(x, z) 7→ (x+ |λ|2 − 2<(zλ̄), z − λ) maps

W (c∗c, c) to W ((c− λ)∗(c− λ), c− λ)
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co(Wm,e(a∗)) ∩ co(Wm,e(b)) 6= ∅
Toeplitz-Hausdorff version. For k = min(`,dimH),
cok(Wm(b)) = co(Wm(b)). Hence ‖T‖k = ‖T‖cb.

ElOp2009 10



Consequence. If u =
∑`
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j=1 ãj ⊗ b̃j and

u =
∑`

j=1 aj ⊗ bj with 1
2(‖a‖

2 + ‖b‖2) = ‖u‖h, then
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ElOp2009 11



Consequence. If u =
∑`
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u =
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2(‖a‖

2 + ‖b‖2) = ‖u‖h, then

aj ∈ span({ã1, ã2, . . . , ã`}) and Wm(a∗) is expressible via

Wm(ã∗). So is Wm,e(a∗) expressible via Wm(ã∗).
Similarly Wm,e(b) expressible via Wm(b̃).

Corollary. ‖T‖cb must be computable via Wm(ã∗) and

Wm(b̃).

What about ‖T‖?

Trick: reduce computation of ‖T‖ to computation of cb

norms of ‘rank one’ elem. ops where ‖ · ‖cb = ‖ · ‖.
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Definition For X,Y ∈M+
` , tracial geometric mean

tgm(X,Y ) = trace((X1/2Y X1/2)1/2).

Formula 1
‖T‖ = sup{tgm(X,Y ) : X ∈Wm(a∗), Y ∈Wm(b)}
Formula k ‖T‖k = sup{tgm(X,Y ) : X ∈
cok(Wm(a∗)), Y ∈ cok(Wm(b))}
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Formula cb ‖T‖cb = sup{tgm(X,Y ) : X ∈
co(Wm(a∗)), Y ∈ co(Wm(b))}

Example? Tx = δcx = cx−xc. a = [c, 1], b = [1,−c]t.

‖δc‖

= sup tgm

([
〈cc∗ξ, ξ〉 〈cξ, ξ〉
〈c∗ξ, ξ〉 1

]
,

[
1 −〈cη, η〉

−〈c∗η, η〉 〈c∗cη, η〉

])
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Restate numerical ranges in language of states:

Wm(b) = {(ωξ(b∗jbi))`i,j=1} where ωξ(x) = 〈xξ, ξ〉
(ξ ∈ H, ‖ξ‖ = 1). ωξ a pure (normal) state of B(H).

Consider Tx =
∑`

j=1 ajxbj (aj, bj ∈M(A)). Recall

‖T‖ = supπ∈Â ‖T π‖, ‖T‖cb = supπ∈Â ‖T π‖cb.

Define Q(b, φ) = (φ(b∗jbi))
`
i,j=1 with φ ∈ S(M(A)).

For φ1, φ2 ∈ P (A) say φ1 ∼ φ2 if [πφ1] = [πφ2] in Â.
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Let Fk(A) = {convex combinations φ =
∑k

j=1 tjφj,

φj ∈ P (A), pairwise equivalent}. Map β : Fk(A) → Â,

β(φ) = [πφ1].

Formula k-A
‖T‖k = sup{tgm(Q(a∗, φ1), Q(b, φ2)) : φ1, φ2 ∈
Fk(A), β(φ1) = β(φ2)}

Example: Equality in ‖T‖cb ≤
∥∥∥∑`

j=1 aj ⊗ bj

∥∥∥
h
?
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states of B(H) restrict to states of M(A). Convex
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j=1 aj ⊗ bj

∥∥∥
h

=
sup{tgm(Q(a∗, ψ1), Q(b, ψ2)) : ψ1, ψ2 ∈ co(P (A))}
often > ‖T‖cb = sup{tgm(Q(a∗, φ1), Q(b, φ2)) : φ1, φ2 ∈⋃
k≥1Fk(A), β(φ1) = β(φ2)}

But applied to quotients A/Q with Q a primal ideal,
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φ2,α → ψ2.

Proposition. Let

uQ =
∑`

j=1(aj +Q)⊗ (bj +Q) ∈ (A/Q)⊗ (A/Q).
‖T‖cb = supQ∈Primal(A) ‖uQ‖h = supQ∈Min-Primal(A) ‖uQ‖h
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Definition. [Central Haagerup tensor product.]

JA = span{az ⊗ b− a⊗ zb : a, b ∈ A, z ∈ Z(M(A))} ⊂
A⊗̂hA.

A⊗Z,h A = A⊗̂hA/JA.

θ : A⊗A→ E`(A) (θ(u) = T ) has

az ⊗ b− a⊗ zb ∈ ker θ and induces

θZ : A⊗Z,h A→ CB(A).
Facts: Every primal ideal Q of A contains a unique

Glimm ideal. ‖u‖Z,h = supG∈Glimm(A) ‖uG‖h.
Thm.θZ isometric ⇐⇒ Min-Primal(A) = Glimm(A).
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‖θZ(u)‖cb = ‖u‖Z,h for all u =
∑`

j=1 aj ⊗ bj ∈ A⊗A

⇐⇒ each Glimm ideal of A is (`2 + 1)-primal.

Similar results for ΘZ : M(A)⊗Z,hM(A) → CB(A) with

conditions on Glimm ideals of M(A).

Proposition T ∈ E`(A),
Tx =

∑`
j=1 ajxbj ⇒ ‖T‖cb ≤

√
`‖T‖.
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