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Elementary operators

A a C*-algebra. An elementary operator T: A — A is

4

Tx = Z a;rbh;
j=1
We require a;,b; € M(A).
Fact: I C A anideal = T'(I) C I.
Hence can define T'|;: I — I and T': A/T — A/I.
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For m: A — B(H,) an irred. rep. and Tx = Zﬁzl a;xbj,
we can associate

o 75" ™. A/kerm — A/ kerm
/
equivalent to y — » m(a;)ym(b;): m(A) — w(A)
j=1

/
o I": B(H,) — B(H,) where T"(y) = Y (a;)ym(b;)

J=1

We have ||T7|| < ||T|| and in fact ||T|| = sup,. ||T7||
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Norm estimates
Inner derivation d.(z) = cx — xc (c € M(A))
19c]] < 2[[<|
Since d, = 0. for A € C

[0c]| <2inf [[c — Al
AeC
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Haagerup estimate (for general Tz = )

14

j=1

4

Tzl < |13 e
\ =

14
= 1T <

Z a; & bj
=1

4
> bib;
j=1

h

aj:cbj)

||

Let u = Zle a; ®b; € M(A)® M(A), T = O(u), with
© linear. Note ||T|| < [|T||ep < ||u||p. (Let 0 = O|apa4.)
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[Stampfli1l970] showed that for
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Take A = B(H) for now.
[Stampfli1l970] showed that for

T=06=0c®1—-1®c), é.(x) =cx — xc,
10| = 2inf\ec ||e — Al

Used numerical range W (c) = {(c£,&) : £ € H, ||¢]| = 1}
To be precise, for dim H < oo, used

Wo(e) = {(c€,§) : c*c€ = [|c]|*E, [|§]l = 1}

Theorem. Infimum above is attained at A <—

0 e W()(C — )\)

Coroll. algorithm to check that ||d.|| = 2||c — Al| (if A
‘known')
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In fact all the information needed is (in principle)
contained in the joint numerical range

Wi(ce,c) = {((c'c€, §), (€, €)) - § € H,||g]| = 1}

Wic*c,c) CR x C
Wole) ={z € C: (|lc|* 2) € W(c*c, c)}
c|]? = sup{x : Iz with (z, 2) € W(c*c,c)}

(z,2) — (x + |\ = 2R(2z\), 2 — \) maps
Wi(c*c,c) to W((c—N)*(c—A),c— )
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General T
u=>S"a;®b € B(H)® B(
Tx = Z?:l a;xbh;.
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General T (still A = B(H)).
u=>S" a;®b € B(H)®BH), T =0(u),
Tx = Z?:l a;xbh;.

0: B(H)® B(H)— E/(B(H)) bijective.
Theorem (Haagerup 1980) ||T||c = ||u||5
lulln =

\

u=3"_ a; Qb

- (| o]+ 100

Fact: infimum is attalned (Wlthout mcreasing 4

||ZJ lbj
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Tl = Il = inf {3 (|| 5= aja; | + | S5z bii]|) |
> % a;a}|| is the row norm H[al,ag,..., dll = llall
and ‘ Z] 1 05b;|| is the column norm
b1
bo
S| = Il
by
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Tl = Julln = inf {3 (]| 5o ajas]| + |5 050) }
> % a;a}|| is the row norm H[al,ag,..., dll = llall
an_d ‘Z] 1 05b;|| is the column norm
b1
b
T = el
by
We make use of joint numerical ranges again
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Tl = Il = inf {3 (|| 5= aja; | + | S5z bii]|) |
> % a;a}|| is the row norm H[al,ag,..., dll = llall
an_d ‘Z] 1 05b;|| is the column norm
b1
bs
2| = b
by
We make use of joint numerical ranges again, this time

of both (a;a})i i, and (b3b;);

1,7=1
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We consider the joint numerical ranges to be sets of
(hermitian) matrices — rather than /*-tuples.

Win(b) = {((b3b:£,€))5 iy : € € H, ||€]| = 1}

Win(a") = {({a;a;&, )5 =1}

and also the subsets of their closures with maximal trace

Wie(b)={X € W, (b) : trace(X) = 1b||*}

Wne(@a®) ={Y € W, (a*) : trace(Y) = ||a||*}
Now some algorithms. (from [1J2003])
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Recall u =" a; @b € B(H)® B(H), T = 6(u),
Tx = Zﬁzl a;xb;. a = laj,ay,...,a,
b = [by,bo,...,0)".
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Recall u =>"_, a;

Tr = Zﬁzl ajrb;. a=lay,a,...,a],

b = [bh b27 .. bf]
Theorem 1. HTH

0(u),

%(HaH2+HbH ) = llully =
Wm,e(a*) M W’m 6( ) #
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Recall u =" a; @b € B(H)® B(H), T = 6(u),
Tr = Zﬁzl a;xb;. a = laj,ay,...,a,

b = [bla b27 . bﬁ]
Theorem 1. HTH %(HaH2 + ||b|?) =
Wine(@*) N W, o(b) 7#

lulln <=

Theorem k. ||T]|; = %(HaH2 + [|b|]*) =

cor(Wine(a®)) Ncop(Wpe(b)) # 0
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Recall u =" a; @b € B(H)® B(H), T = 6(u),

Tr = Zﬁzl a;xb;. a = laj,ay,...,a,
b = [by,bo,...,0)".

Theorem 1. HTH s(lall® + [[bl1*) =
Wne(a?) N W, (b) # 0

|lulln =

Theorem k. ||T||x = 5(||al|* + ||b]]*) <

cor(Wine(a®)) Ncop(Wpe(b)) # 0

Theorem cb. ||T'|;, = (HaH2 + [[bl¥) =

co(Wi.c(a®)) N co(W. ( ) # 0

|lulln =
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Recall u =" a; @b € B(H)® B(H), T = 6(u),
Tr = Zﬁzl a;xb;. a = laj,ay,...,a,

b = [by,bo,...,0)".

Theorem 1. HTH s(all® +1bl*) = [lull, <=
Wne(a*) N W, o(b) # 0

Theorem k. ||T; = 5([al* + [[b[]*) <=
cop(Wine(a")) N cop(W,e(b)) # 0

Theorem cb. [T, = (HaH2 +[[b[]*) = [[ully <=

co(Wi.c(a®)) N co(W ( ) # 0

Toeplitz-Hausdorff version. For £ = min(¢,dim H),
cop(Wi(b)) = co(W,,(b)).
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Recall u =" a; @b € B(H)® B(H), T = 6(u),
Tx = Zﬁzl a;xb;. a = laj,ay,...,a,

b = [by,b,...,b]".

Theorem 1. |77 = s(llall* + 1bl1%) = [lulln <
Woe(a®) N W,o(b) # 0

Theorem k. ||T||; = 5([[al* + [[b]*) +=
cop(Wino(a")) N cop(Wine(b)) # 0

Theorem cb. |7, = (HaH2 +[b[*) = llullx <=
co(Wi.c(a®)) N co(W. ( ) # 0
Toeplitz-Hausdorff version. For £ = min(¢,dim H),
cop(Wi(b)) = co(W,,,(b)). Hence ||T||x = ||T| -
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Consequence. If u =)

4
j=1

CNL]'(X)[;]‘
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Consequence. If u =) ., a; ®b; and

w= 1 0@ by with ([all? + [b]?) = u
Q; - Span({&la &27 SRR &5})

;,, then
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Consequence. If u =)
/ :

u=732;a;®b; with 5([[a]* + [[b]|*) = [|ul

a; € span({&l, as, . .

W (&%),

521 CNL]' X [;j and
;,, then

.,a¢}) and W, (a*) is expressible via
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Consequence. If u =) ., a; ®b; and

/ .
u =73 ya; ®b; with 3(|[a]|* + [[b]|*) = [lullx, then
a; € span({ai, ag,...,as}) and W, (a") is expressible via
Wn(a*). Sois W, .(a*) expressible via W,,(a*).
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;-
Consequence. If u =) ., a; ®b; and

w=5"_ a;@b; with (]Ja2 + [bJ2) = [Juls, ther

a; € span({ai, ag,...,as}) and W, (a") is expressible via
Wn(a*). Sois W, .(a*) expressible via W,,(a*).
Similarly W,,..(b) expressible via ,,(b).

Corollary. | T'[|, must be computable via W, (a*) and
W (b).

What about ||T°||?

Trick: reduce computation of ||T'|| to computation of cb
norms of ‘rank one’ elem. ops where || - || = | - ||.
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([JOT2007]) Back to T € EUB(H)), Tz ="

J=1

aja:bj
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([JOT2007]) Back to T € EUB(H)), Tz ="

j=1 ajazbj

||| = sup{||z — pi1(Tx)ps| : p; = pi = p} of rank =1}

1T\ = supiflz — (Tz)n, )| - &,n € H,[[E]] = lInll = 1}

Definition For X,Y € M/, tracial geometric mean
tgm(X,Y) = trace((X'/2Y X/2)1/2),

Formula 1

|T]| = sup{tgm(X,Y): X € W, (a"),Y € W,,(b)}
Formula &k ||T||; = sup{tgm(X,Y): X €
cor(Wi(a")),Y € cop(W(b))}

EI0p2009 12




Formula cb |||, = sup{tgm(X,Y): X €
co(W,.(a*)),Y € co(W,,(b))}
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Win(b) = {(Wi(bjbi))ﬁj:l} where we(x) = (z§,§)
(€ € H, ||| =1). we a pure (normal) state of B(H).

Consider Tz = 3%, a;xb; (a;,b; € M(A)). Recall

j=1
|| = sup, 4 [T, [Tl = sup,c4 177

Define Q(b, ¢) = (¢(bib:)); ;1 with ¢ € S(M(A)).
For le,QbQ = P(A) Say ¢1 ~ ¢2 If [7’%1] — [7T¢2] In 121
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Formula 1-A

HTH — Sup{tgm(Q(a*a ¢1)7 Q(bv ¢2)) : ¢17 ¢2 c
P(A)7 le ™~ §b2}
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Let F}.(A) = {convex combinations ¢ = 2?;1 tidi,

¢; € P(A), pairwise equivalent}. Map 3: Fi(A) — A,
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Formula k-A

IT|[x = supitgm(Q(a”, ¢1), Q(b, ¢2)) : ¢1, ¢ €
Fip(A), B(¢1) = B(¢2)}
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combinations of pure states weak*-dense in S(A).

: (
use Haagerup's theorem to express szzl a;

Corollary: sz_l aj®b.H —

sup{tgm(Q(a”, ¥1), Q(b, V)
often > ||T'||s = Sup{tgm(Q
}

Uiz1 Fr(A), B(¢1) = B(¢2)

) : 1,2 € co(P(A))}
(@, ¢1), Q(b, ¢2)) : ¢1, P2 €
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Consider A C M(A) C B(H). By injectivity of || - ||, can

, ¢
use Haagerup's theorem to express szzl a; as

h
the CB norm of an elementary operator on B(H). Vector

states of B(H) restrict to states of M (A). Convex
combinations of pure states weak*-dense in S(A).

Corollary: HZﬁ L aj @ b; H =
sup{tgm(Q(a*, v1), Q(b, 1)) : 11, v € co(P(A))}
Often > HTHCb T Sup{tgm< ( 7¢1) (b7 ¢2)) : ¢17 ¢2 <

Uis1 Fi(A), B(¢1) = B(¢2)}
But applied to quotients A/Q with @) a primal ideal,

EIOp2009 16



and using

EIOp2009

17



and using

Lemma. [AST2009-TAMS| @@ C A primal,

1,09 € S(A/Q) implies 3 commonly indexed nets
(h1.0)a and (d2.4)a in Fr(A) so that ¢y, — t; and
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1,09 € S(A/Q) implies 3 commonly indexed nets
(h1.0)a and (d2.4)a in Fr(A) so that ¢y, — t; and
P2, — P2

Proposition. Let
u® = Zﬁzl(a/]’ +Q)®(b;+Q) € (4/Q) ® (4/Q).

HTHCb — SUPQePrimal(A) HUQHh — SUPQeMin-Primal(A) HUQHh
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Definition. [Central Haagerup tensor product.]
Ja=span{az®b—a®zb:a,be A,z € Z(M(A))} C
AR, A.

A ®Z,hA — A@hA/JA
6: A A — E(A)
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Definition. [Central Haagerup tensor product.]
Ja=span{az®b—a®zb:a,be A,z € Z(M(A))} C
AR, A.

A <@ZJL A= A@hA/JA

0: AR A— EL(A) (0(u) =T) has

az Qb —a® zb € ker ) and induces

0,:. A X z.n A — CB(A)

Facts: Every primal ideal () of A contains a unique
Glimm ideal. |lu||zn = suPgeatimm(4) |4 1-

Thm.6y isometric <= Min-Primal(A) = Glimm(A).
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[Somerset1998-JOT, AST2005-JFA, AST2008-TAMS]

Theorem. [AST2005-JFA, AST2008-TAMS] Fix ¢ > 1.
02(0) s = lullzn for all =3 a;® b € A A
<= each Glimm ideal of A is (¢* + 1)-primal.

Similar results for ©7: M(A) ®z, M(A) — CB(A) with
conditions on Glimm ideals of M(A).

Proposition T € £/(A),
/
T =Y a;xb; = [T < VT
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