PYU44T20 Quantum Optics and Information
Problem Set 2 due 23/03/2023

Ruaidhri Campion
19333850
SS Theoretical Physics

1 Exercises from the notes

(a)
5.1.1
N
H{pi}) = = 3 play) logalp(e,)
1 1 1 1 1 1 1 1
~plm (2) "1 1°g2(4> R (s) 8 10g2(8)
= —% log, (2_1) — ilog2 (2_2) — glog2 (2_3)
= 3108,(2) + 7 logs(2) + 7 ogs(2)
= o, (2)
H(fp)) = 1
5.1.2
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5.1.3

p(x5,yx) loga [p(yk|z;) p(2;)] (as p(xj,yx) = p(yrle;) p(x;))

p(xj,yx) {logs[p(yr|z;)] + logs [p(z;)]}

J=1
N N M
== p(aj,ye) logalp(yrla;)] — > D plaj, yi) logs[p(x;)]
j=1k=1 J=1k=1
N
H(X|Y) =) (Zp 5, Yk ) logs[p(z;)]
Jj=1

H(X]Y) -

Mz

p(x;) logs[p(z;)]
1

<.
Il

We have shown that H(X|Y) = H(X,Y) — H(Y) (Equation 1). We have also shown that H(X,Y) =
H(Y) for perfectly correlated sources (Equation 2|). Therefore for perfectly correlated sources, H(X|Y) =
H(Y)— H(Y) =0, and so we have

N
H(X,Y)=0- ZP ;) log,[p(z;)]
H(X)
Therefore H(X,Y)=H(X)=H(Y).
5.1.4

H(X:Y)=H(X)+H(Y)—-H(X,Y)
=H(X)+HY)-HX|Y)-H®Y) (as H(X|Y) = H(X,Y) — H(Y))
= H(X) — H(X[Y)

Thus we can see that H(X :Y) is maximised when H(X|Y) is minimised, and minimised when H(X|Y)
is maximised.
H(X]Y) obtains its minimum when there is no uncertainty in the value of X once Y is known, i.e. when
X and Y are perfectly correlated. In this case H(X|Y) =0, and so H(X :Y) < H(X) - 0= H(X).
H(X|Y) obtains its maximum when there is no difference in the uncertainty of X when Y is known,
i.e. when X and Y are independent. In this case H(X|Y) = H(X),andso H(X : Y) > H(X)-H(X) =0.
Therefore 0 < H(X : Y) < H(X), and H(X :Y) is bounded below/above when X and Y are
independent /perfectly correlated.



5.3.3

A | B pEJA) | B p(E|A)p(B|EA) A | B pEJA) | B p(E|A)p(B|EA)
0X i 0X &
0X 3 |0Z i 0Z 3 |0% :
17 3 1X =
5 ) 0X 5 . ] 0% i
0Xtoz 5 Joz 1 IXhix 5 [1x 1
1X = 17 3
17 : 1X L 17 i X 16
17 z 17 z
0X 5 0X 1
0X 3 |0z & 0X i |0z £
17 = 17 i
T 0X : | 07 15
0Z 10z i 07 1 L2 1x i X 5
1X 3 17 i
07 = 0X z
1X i 1X i 17 3 1X L
17 = 17 i
p(0="R;,0="R}) =p(0=R;0=TR;)p(0 =R;)
/11 1 1 1 1)1
(4+16+16+16+4+16>2
3
~8
p(0 =R, 1 =R} =p(l=Ri0="R;)p(0="R;)
11 1 1\1
:(16+10+16+16)2
1
~8
p(1 =R;,0="R;) =p(0 =Rl =R;)p(1 =R;)
11 1 1\1
:(mﬂsﬂﬁm)z
1
~8
p(l=R;1="R}) =p(l =Rl ="Ri)p(l =Ri)
/1 11 1 1 I\ 1
—(16+4+16+m+m+4>2
B
~8
H(X)=H(Y)= félogQ <;> — %log2 (;)
=1
H(X)Y)= —glog2 (:) — élog2 (;) — ;log2(8> — Zlog2 (2)
=1.811
H(X:Y)=HX)+H(Y)-H(X,Y)
=0.189




(b)

6.1.2
AV = - (X+2) V- (X+2)
V2 2
1 NP PPN PN PN
= (XYX+XYZ+ZYX+ZYX)
1 A A
= (zZX V27— iXX — zxz) (as 6365 = 6,1+ 50, ijk0%)
1 ~
= B (—Y—i—il —1l —Y) (as 6:0; = 0i;1 +i22:1 Eijka’k)
HYH = —-Y
ﬂm—i(mz) 7L (x+2)
V2 2
1 /ann N A A A A A ~n
=5 (sz+xzz+z X+zzz)
1 N ~ ~ ~ .
=5 (XY +X+X+2) (as 6:6; = 051 + 130, ei3k0n)
1 B 5 5 N .3 .
= 5 (—Z+ 2X + Z) (as 005 = (5”1 +sz:1 Eijkak)
=X

— 7 =HXH
As we have that

X10) = 1) Zl+) =1-)
X[1) =10) Zl=)=1+),

(as HH = 1)

the Pauli gates X and 7 can be considered as a bit-flip on the basis states of Z and X, respectively.
Therefore both HZH = X and HXH = Z state that a bit- flip on the basis states of one of the Pauli gates
X, 7 can be related to a bit-flip on the basis states of the other gate via left and right multiplication of

Hadamard gates H.

6.2.1
1on— (B0 fo1o L (1
~\0 H “v2 1
1 1 0 0 1
U I T B _ Lo
V2l o o0 11 V2t
0 0 1 -1 0

= O = O



6.2.3

(eh)ox (Heh) (o @) = (Teh)Cy (i) @ )
- (ﬁ®ﬁ)éxi2(\o>+(—1)“|1>) %(\0> —1)¥[1))
(as T [z) = 5 (10) + (~1)* 1)
= (Aen) cx(|o>®|o + (e

l\D\»—l

D)@ 1)+ (-1)" 1) @|0))
(as Cx |2) ® Jy) = o) @ |[x B y))

(H 10) @ FL|0) + (—1)¥[1|0) ® H [1)

l\D\»—t

+ (-1 @ H0) + (~1)°H 1) @ 0 |1>)
1 1 1
3 |75 000+ 1) @ 5 o)+ )

(- >7<|>+|1>>®%<|0>—|1>>

F (1P (100 1) 8 <= 0+ 1)
1 1
7 5 00— ) & 75 (0~ 1)
(as ]2} = 25 (10) + (1) 1))

= L[+ D (D (D) 0 e o)

(1= (17 = (1Y + ()™ ) o 1)

(1= (-1 + (-1 — (<)) ) [0)

(L (C1)7 = (-1 = (—)=) [ @ 1)

(o) Cx (Aei) (o) @0
(H@H) X(H®H) 0) ® |1
(i (i
(B ) Cx

(10) ®10)) = [0) ® |0
(10) @ 1))
(1) @10))
(I @[1)
(lz) @ y))

1

HeoH

) ®10)
) @[1)
1) ® |0)
) ® 1)

|

|

) |
H®H) |

1) ®[1) = [0) @ |1

— (fef)Cx (Ael) (el 5Y10) @ [0) + 676Y [0) @ 1) + 6%8Y |1) ® |0) + 626Y |1) @ |1)

(1® 0) (0] + X @ [1) <1|> (|2) @ y)) = |2) ®10) (0| ) + X o) © |1) (1] y)

)
=(0]y) [z) @[0) + (1|y) [z + 1) ® |1)
=64 (65 10) @ |0) + 67 1) ®10)) 4+ Y (65 |1) ® [1) + 67 |0) @ |1))
= 6263 10) @ |0) + 676Y 10) @ [1) + 076¢ [1) @ [0) + 6507 |1) @ |1)

= (o) Cx (o) (z) @ |y)
— (Aeh)Cx (Ae) = (10]0) 0]+ Xe 1) (1))

Thus the circuit relation in Figure 6.5(b) holds.



(ﬁ@f{) Cx (ﬁ@f{) = (ﬂ@f{) (|0> Ol@1+ 1) ®5<A>A(AIA{®IA{>

=H|0) (0|H® HIH+ H|1) (1] H ® HXH

74mwwwk}«m+un®1+%4wwwuk}«m—aw®2

(as A = 1, fIXA = 2, ]0) = 2 (0) + [1)), 7 |1) = 2 (10) — 1))
;mm+muumwuumnmmw+muo
45 (10) (0] = 10) (11 = 1) 0] + 1) (1)) @ (10) 0] — 1) 1]
;mw+mm+mm+mm+mm—mm—mmuumn@mm

+3 2 (10) (0] + 10} (1] + 11) (0] + 1) (1] — [0) (0] + 10} (1] + [1) (0]  [1) (1)) ® [1) {1
= (10) (O + [1) (1]) @ 10) (0] + (10) (1] + [1) (0]) @ [1) (1]
=1®]0) (0] + X ® 1) (1]
Thus the circuit relation in Figure 6.5(b) holds.
Iy = Coina
=10) (0] ® 1+ 1) (1] ® 1 (as Cu =10) (0| @1+ 1) (1| @ U)
= (10) (0] + e 1) (1)) ® 1
=P,®1
Thus the circuit relation in Figure 6.5(d) holds.

(c)
7.1.7
The inner product for A and B in the space generated by the Pauli basis {l, X,Y, Z} is defined as

S(AB) =u(A'B).
z} Then
= tr(lTB)
= tr(B)

=0. (as the Pauli matrices are traceless)

First consider A = B €

S(l,A)

As S(B, A) = S(A, B) then we also have S(R 1) =0, and so 1 is orthogonal to the Pauli matrices.

Now consider A, B € {X,Y, Z} A # B, and denote Ce {X, Y, Z} where A =+ C #* B. Then

S(AB) = u(iB)
=tr (AB) (as the Pauli matrices are Hermitian)
=tr (ﬁ:lé) (as 005 = 51‘]‘1 +1 22:1 Eijka'k)
= +itr (C)
=0 (as the Pauli matrices are traceless)



Thus the Pauli matrices are orthogonal to each other.
Therefore each element of the Pauli basis is orthogonal to the others, and so the basis is orthogonal.

7.1.8
1
2
1

= 1 (1 + nxf( + ny? + nzz + nmf( + nzf(z + nmnyfd{' + nmanZ

A N A\ 1 N A A
P =5 (1 X, +n.2) 5 (1 X+, ¥ +n.2)

+ nyXA’ + nynﬁ?f( + ni?z + nynz?z + nzz + nzanf{ + nznyZ? + nﬁZ

1 N N ~ ~ o~ N A A
= [(1 +n2 402 +02) L4, X 40, Y +n.Z + ngn, {X,Y} +nyns {Y, z} + nung {ZXH
(as 6? =1)
1 N N N
= Z [(1 + Hl’l||2) 1 + nxX—F nyY—|—nZZ} (as {(fl’z,(ff]} = 251'71'1)

1 - N N
tr(p®) = 1 tr[(l +|n|*) 1+ n,X +n,Y + nzZ}

1 - - N
= [(1 + |n|[?) tr(1) + n, tr(X) + ny tr(Y) +n, tr(Z)}
1 2
- # (as tr(L) = 2, tr(6,) = 0)
For p to be a density operator, we require that 0 < ||n|| < 1. If ||n|| = 0 then we have that p =

1 If [|n]| = 1 then we have that p =

Therefore we have that tr(ﬁ2) =1 for

51 corresponds to a maximally mixed state, and tr(p?) = 3.
% (1 +X+Y+ Z) corresponds to a pure state, and tr (,52) = 1.
pure states, and % < tr(,ﬁQ) < 1 for mixed states.

(d)

8.2.1

Bum(d) =—a-b—a’-b'—a’ -b+a-b
= —cosm — cos 20 — cos(m — ) + cos 6 (from Figure 8.5(a))
=1—cos260 — cosmcosf — sinmsinf + cosd
=1—cos26 + cosf — 0+ cosb
=14 2cosf — cos 26
-0
do
= —2sinf + 2sin 26
= sinf = sin 20
=—> sinf = 2sinfcosf

sin0 = 2sin0cos0 =0 1=2cosf for  #0

1
= min./max. at § =0 = min./max. at cosf = B

Bm(0) =1+2—1
=2 % 2 = not violated for § =0

1 1
Bym (arccos 2) =141+ 3

. . . 5 1
3 > 2 = maximum violation of 3 at cosf = 3



8.3.1

E(a//, b”) _

E(a’,b’) =

E(a’,b") =

E(a”,b/) —

X+Z 1
25 (0@ (11 = (1@ (o) (—ﬁ®Z> —5 (0 @1 = 1) ©10)
fz\i@(<o|®<1|f<1\®<0\)(5(|o>®2\1>ff<|1>®z|o>+2\o>®z|1>f2\1>®2|o>)
1
~ 55 (0le (=@ o) (- e 1) - 0)@ o)~ [0)@ 1) +[1) @ o)
1
—57500—0—1—9
1
V2
1 . Z-X\ 1
5 (ol @ (1] = {1 @ (o) (X® ﬁ> —5 (0 @1 = 1) ©10))
#«omm (1@ o) (X10) @ Z]1) - X 1) @ 2j0) - X[0) @ X 1) + X[1) © X |0))
1
55 (Ol (=@ O (=) @ 1)~ [0) ©10) = 1)@ [0) +10) @ 1))
2—fQ(O—OJrlJrl)
1
%
RPN |
ﬁ<<ow®<1| (1l (o) (X0 2) 75 (0) @ 1) ~ 1) @ |0))
= SOl ]~ e o) (X)) o 2)1) - X 1) 0 2(0))
= 2 (01® (1] = (1@ (O)) (- 1) ® |1) - 10) ©]0))
L 0—-0
5(-0-0)
0
1 X+7Z X-7\1
5 (0@ (1] = 1] @ (o) (—ﬁ ® ﬁ) —5 (0 1) = 1) ©10)
2ol (- (e (o) (XI0) @ X 1) - X 1) @ X[0) - X [0} © 2 1) + X |1) @ Z]0)
+200) @ X[1) -2y e X|0) - Z|0) 2 Z|1) +Z|1) 2 Z]0))
1Ol = (1@ ) (1) @10) ~ [0y © 1) +]1) ® 1) + o) @ [0
+10) @ [0) + 1) @ 1) + [0) @ 1) — 1) @ |0))
LU0l (11— (1l () 210} © [0) +2[1) @ 1))
! 040
5( +0)
0

E(a// b”)—l—E(a',b/)—G—E(a/,b”) —E(a”,b/)
1

1
+—=+0-0
V2

=S



2 Approximate Quantum Cloning

(a)

Apply Ry(—261)®1
Apply [0) (0]®@ 1+ 1) (1] ® X
Apply 1 ® R, (—262)

Apply 1®0) (0] + X ®[1) (1]

Apply R,(—203) ®

—

—
%

0) @ |0)
(cos By |0) —sin by |1)) @ |0)
cosfy |0) ® |0) —sinby 1) ® |1)
cos 01 |0) @ (cos bz |0) — sin by |1))
—sin# |1) ® (sin bz |0) 4 cos s |1))
cos 1 cos b2 |0) ® |0) — sin by sinbq |1) @ |0)
—cos by sinfsy |1) ® |1) —sin by cos 3 [0) @ |1)
cos Bz |0) @ (cos by |0) —sin by |1))
—sinfs |1) ® (sin by |0) 4 cos by |1))
cos Bz (cos b5 |0) — sinf3 |1)) ® (cos by |0) — sin by |1))
— sin 6 (sin 03 |0) + cos b5 |1)) ® (sin by |0) + cos b |1))
(cos 61 cos 03 cos O3 — sin 0y sin 03 sin 63) |0) @ |0)
)10) @ 1)
— (cos 61 cos 9 sin O3 + sin 6, sin O cos 03) |1) & |0)
Iy @ 1)

— (sin 6y cos 05 cos O3 + cos 61 sin O, sin O3

(sin 61 cos 02 sin O3 — cos 01 sin O3 cos O3

\[|0 )& |0) + |o>®|1>+0|1>®|o>+ Liyen

V6

f (2100) + |01> +[11))



Apply (|0> O @1+]1) (1| @ X) ®1

(b)

V) @ [®)
1
=7 [(«]0) + 5 1)) @ (2]0) @ 0) + |0) @ [1) + 1) @ [1))]

\[\0> (210) @10) +10) ® [1) +[1) @ |1))

\f|1> (2]1) ®0) + 1) @ [1) +[0) @ [1))
Apply [0)(0]®@1®1+|1)(1l®l1®X —>7\0> (210) @ [0) + |0y @ [1) + [1) @ |1))
+7|1> (21) ®@[1) +[1) ®|0) + ]0) @ [0))
Apply (1®\0><0|+5<®I1><1I)®1 %7\0> (2\0>®\0>+|0>®|1>)+7\1>®|0>®|0>
%I1>®I1>®\1>+7l0> (2[1) @ (1) + 1) ®|0))
1
:%\0>®[a(2\0>®|0>+|0>®|1>)+b’(2|1>®|1>+|1>®|0>)]
1
+%Il>®(all>®ll>+BIO>®IO>)
Apply 1®1®10) (0] + X ® 1@ |[1) (1 %%[IO>®(2aIO>®IO>+ﬂ\1>®|0>)+ﬂll>®l0>®|0>]
1
+%[I1>®(a|0>®|1>+2/8|1>®\1>>+a\0>®\1>®|1>]
1
=%(2a|0>®|0>+6IO>®I1>+6|1>®|0>)®|0>
1
+%(all>®|0>+26|1>®|1>+a\0>®|1>)®|1>
= a\/§|00>—|—ﬂ(10>+01>) |0)
+ s §|11 2 (10) + 0w | 1)

(c)

p= o) (V3|

{l \[|00 +— (110) +]01))
B
X {<0 [a\/;<00| + 7 ((10] + (01])

P12 = trs(p

< \[|00 +—|10 +|01>>< \[<00+ 10|+— 01|>+o
+0+< \[m +—|10 +\/601>>< \[<11|+f<10|+\/6<01|)

10

|0)

\fm = (110) + 1)) 1)}><

2 «
oy 11+ (g0l + o) }

+(1




p1 = tra(p12)

B B B
<\[|0 +|1>< \[<O|+\@<l>+6|0>ﬁ<0|+0
+—|1 (ﬂ\[ll +|0>< §<1|+0‘6<O|>+0 (3)
|

_ <3+f§+6> o><o+(°f+>|0><

+<C¥35+0‘6>1><0|+<ﬂ;+62+252)|1><|

o2 + 32
= 2 (@l0) + B11) (e {0l + 8 1)) + S5 0y ol + 1y (1
:§|\I/><\IJ|+%1 (as @+ % =1)
p2 = tri(pi2)

<f|o+|1)<\f<0|+ﬁ<1> 1) 00
+f|1>\‘}<1|+<\f +|o><\f1|+} )

=i (from [Equation 3)

. . 2 1 R
= p1 =P2=§|‘I’> <‘I’\+615/’1(2)

(d)
fqo = <\I]‘ﬁ1(2) ‘\II>
— o (31w 1)
= (U 0) (@] 9)+ ¢ (V] )
5
ch = 6

3 Teleportation and the state swapping circuit

(a)
|¥) @ [0)
Apply 1® [0) (0] + X @ [1) (1] = (W) ®|[0)+0
Apply [0) (0]® 1+ 1) (1|®X = (0] ¥)[0) @0) + (1| ¥) 1) @ [1)
Apply 1® |0) (0] + X @ [1) (1] = (0] ¥)[0) ®10) + (1] ¥) |0) ® [1)

Thus if |®) = |0) the first gate is redundant and can be removed, while the other two cannot.

11



(b)

Denote |a) = ag |0) + aq [1).

LHS: |z) ®|y) ® |z)
Apply 0) (0|@1®@1+1)(l|@1®X = (0]2)|0)® |y) @ |2) + (1] z) 1) @ |y) @ X |2)
=120[0) ® |y) ® |2) + 21]1) ® |y) ® (21 [0) + 20 1))

0
®

RHS: |z) ® ly) ® |2)

Apply (10) (0] @ 1+ 1) (1] @ X) @1 = ((012)0) @1y) + (1]2) 1) @ X |y)) @12)
[2010) © [y) + 21 1) @ (1 10) + o |1))] @ |2)
Apply 1@ (J0) (0] @ 1+ 1) (1] @ X) = (0]0) @ y]0) 0) + @11 [1) @ [0)) @)

+[20]0) ® (y | 1) 1) + 2130 1) ® [1)] ® X |2)
= (zoyo |0) ® |0) + z1y1 |1) ®10)) & |2)
+ (2oy1 [0) @ |1) + 2190 [1) @ [1)) @ (21 |0) + 20 [1))

Apply (j0) Ol @ 1+[1) (1@X) @1 oy [0) @10) @ 2) + w01 0) ©[1) @ (21 [0) + 20 |1))
+ a1y 1) ©[1) @ 12) +a10]1) @10) © (1 10) + 20 1))
Apply 1® (10) (0] © 1+]1) (1] @ X) — @00 [0) © |0) |2) + 21310 1) @ [0) © (2110) + 20 [1)

+20y1 [0) @ [1) @ (21 1) + 2010)) + 2191 [1) @ [1) @ (21 0) + 20 [1))
=0 10) ® (Y0 |0) + 1 |1)) @ |2) + 21 [1) @ (30 [0) +y1 1)) @ (21 |0) + 20 [1))
70 |0) @ [y) ® |2) + 21 |1) ® |y) @ (21 ]0) + 20 (1))

0) (0] ®@1®@1+]|1) (1] ®1®X} [[2) ® |y) @ |2)]

Thus the diagrams are equivalent.
(c)

@] [1e0) 0 +2e) | [Ae1] =A1Ae1)0) 01+ AZAc 1)) (11

=1®0) (0] + X @ 1) (1 (as 0° = 1, AZM = X)

12



[ﬂm] [\o><o|®1+|1><1|®2} [fI@l} —11|0) (0| A ® 111 + H|1) (1| A ® 171

7<|o>+|1>>7<<0|+<1|>®1
1
+ =5 (0) = 1) 55 (0 -
(as Ti[2) = 15 (0) + (~1)7 [1)))
(10) 40 +10) (1] + 1) (0] + 1) (1)) @ (0} (0] + [1) (1]
5 (10) {01 = 10) (1] = 11) (0] + |1} (1)) @ ([0} 0] 1) {1]
(as 1= 10) (0] + 1) (1], Z = [0) (0] — [1) (1])
%(\o><0|+|1><1|>®<|o><0|+|1><1\+|o><0|—|1><1\>
310 (1] 1) 01) ® (10) 0] + 11) (1] — [0} (0] + 1) (1]
= (0) (0] + 1) (1]) @ 10) {0] + ([0) (1] + [1) (0]) @ [1) (1

=1®[0) (0] + X ®|1) (1] A
(as 1 =10) (0] + |1) (1], X = [0) (1] +[1) {0])

Thus the last two diagrams are equivalent to the first.

(d)

From @ we have that the first four gates are equivalent to [0) (0| @ 1®1+|1)(1|®1® X. From E we
have that the last two gates are equivalent to 1 ® 1 ®(0) (0] + X ® 1 ® |1) (1|. Thus the entire circuit is
equivalent to

(1®1®|0> O +X®1|1) <1\) (\o> 0 ®1e1+]1) <1|®1®X)
=10) (0] ®1®10) (0] + 1) (1] ® 1 ®[0) (0] X + X [0) (0] ® L@ |1) (1] + X |1) (1| @ 1 @ [1) (1] X
=10) (0] ® 1®[0) (0] + 1) (1] @ 1 @ |0) (1] +[1) (O] @ L& [1) (1] + |0) (1] ® L & [1) (0] .
Applying this to |¢) ® |x) ® |0) then gives

09 0) @[x) @10) +0+0+(1]9) [0) @[x) @ [1) =[0) &

0) ®[x) ® (¥0 0) + 1 ]1) 1))
=10)®

|
1X) ® [).
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(e)
1)

Apply 1o H® 1

Apply 1@ (10) (0] @1+ [1) (1] @ X)

MmW(WHN®1+HHH®X)®1

Apply H® 1@ H

Apply 1® (|o> O o1+ x)

Apply [0) (0|@1@1+|1)(1|®leZ

(2)

1) ®|0) @ |0)
— [) @ H|0) @ [0)
1

_ ﬁ|¢>®(|0>+|1>)® 10)
1
_97?w®qm®mwﬂw®ﬂﬁ

_>

1
% (0]4)0)  (|0) ® 10) + [1) @ [1))
1
+ﬁ
) @ (|0) ®10) +[1) @ (1))

(L9) 1) @ (1) @ 10) +0) @ [1))

_ Yo
_\/5|0

U1
+ s 1)@ (]1) @ |0) +[0) @ |1))

=20 + 1)) @ (0) @ [0) + 1) @ 1)

=20+ @0 e o)+ 2 (0 - 1) e o) o)

%0y + )@ 1y @ o) + 2 (10) ~ 1) © 1) @ [1)

_ % (10) + 1)) @ (10) + (1)) @ |0)

2
+ % (10) — 1)) ® [[0) + [1)) @ |1)

+

= 5 100 ®(0) +[1)) ©|0) + % 0) @ (10) + 1)) @ [1)
+5 1)@ ((0)+ 1) ® 2[0) - % 1) ® (10) + 1)) ® Z]1)
=5 0@ (10) +[1) ®10) + % 0) @ (10) + 1)) @ [1)

+ 2y e (o) + 1) ©10) + L@ (o) + 1) @ )

1 1
V2 V2
= em e

(10) + 1)) @ —=(10) + 1)) ® (0 |0) + ¢ [1))

Following the first (Hadamard) gate, the system is in the state %w ®([0y+ 1)) ®|0) = |[¢) @ |+) ®10),
and so the ancilla and target are in the states |[+) and |0), respectively.

After the second (C-NOT) gate (just before the red line), the system is in the state % [1)
(|0) ®10) +]1) ® 1)), and so the ancilla and target are in the entangled state % (10) ®0) + 1) ®|1))

|‘I’00>.

I ®
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(3)

Alice measuring her two qubits corresponds to i) (i| ® |j) (j| acting on her two quibits. In terms of the
whole system, this is given by |a) (o] ® |8) (8] ® 1 acting on the system. Acting this on |[+) @ [+) @ [¢)
then gives (a|+) |a) ® (B|+) |8) ® |[¢). Regardless of the choice of a, 5 = 0,1 (z-basis = |0),|1)),
Bob’s state |¢) is unchanged. This is due to the fact that Bob’s target state is no longer entangled with
any other state, and so only measurements on Bob’s state can affect it.

(f)

(1) (il @ 1) (10) (0] @1+ 1) (1] @ T) [(@[0) + B]1)) @[] = (1) (il © 1) (|0) @ ) + B11) & T )

ali|0)li) @ [9) + B[ 1) i) © U [)
(1000 @ 1+ 1) 1] @ ) [(x (i 0) + B (i | 1)) i) @ )]
a(i[0) (014)[0) @ [9) + 5 (1] 1) (1] ) 1) & U )

Thus in both cases the probability of measuring |0) and |1) is |a|? and |B]? respectively, and so the
circuits are equivalent.

In the circuit in (e), the final two gates are controlled unitary gates, with Alice’s qubit and the ancilla
qubit acting as the controls. Therefore Alice measuring her qubit or the ancilla qubit at the end of the
circuit is equivalent to measuring them before the last two gates. Before these two gates, the system is
in the state

(10y 0 @ 2+ 1) (1 @ ) (1) (il @ 1) [([0) + B]1)) @ [4)]

0 (0) + 1) @ (0) @ [0) + 1) © 1)) + 22 (10) ~ [1)) @ (1) @ [0) + [0} & 1)

[100) (0 [0) 4+ 91 [1)) 4 101) (oo [1) + 1 [0)) + [10) (40 [0) — 91 [1)) + [11) (0 [1) — 41 |0))] -

w\»—*

Therefore Bob’s state collapses into one of four states once Alice measures one of |00), |01), [10), |11). If
Alice communicates the results of measuring her qubit and the ancilla qubit to Bob, then Bob can apply
the appropriate gate to his qubit to obtain |¢). In particular,

Alice measuring |00) — 1 |0) + 1 |1) Bob applying 1 — 1o [0) + 11 |1) = |¢)
Alice measuring [01) — g [1) + 1 |0) Bob applying X — 4o [0) + 1 |1) = [¢)
Alice measuring |10) — g [0) — 1y |1) Bob applying Z — 1 |0) + 1 [1) = [4)
Alice measuring |11) — tg |1) — 1)1 |0) Bob applying ZX — 10 [0) 4 ¢y |1) = [)

Thus Alice’s qubit |[¢)) can be teleported to Bob by replacing the last two gates in the circuit with
measurements on Alice’s qubit and the ancilla qubit, classical communication of these measurements to
Bob, and a gate on Bob’s qubit depending on the result of these measurements.
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