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1 Linear Vector Spaces & Operators
1.1)

For a given Hermitian operator A we have

A:<a00 001>:< a+f; Bac_i/@y>
aip Qi Bz +iBy a—pf. '

This is equivalent to

ago = a + f3, (1)
a1 = o — fs, (2)
aop1 = Pz — By, (3)
aio = /8;8 + Zﬁy (4)
These can be rearranged to obtain expressions for o« and 5 as
1
+:>a:§(aoo+a11), (5)
1
—:>5z=§(a00—a11)7 (6)
1
+$5m=§(a01+@10)» (7)
i
7:>ﬂy:§(a0170,10). (8)

If A= 0, i.e. agy = ag1 = aip = a11 = 0, then we also have o = 8, = By = B2 = 0, and so the
elements of {1,6;} are linearly independent.
For general 121, from AT = A we have

ago = a0 = ago € R, (9)
aj; =an = an €R, (10)
apr — CLTO. (11)

Combining these constraints with the expressions for «, E gives

®). (@), (10) = a€R
@©@. @, @) = B <R
@ @) = B;=8. = B €R
@®).11) = ;=8 = B,€R

Thus {i, &i} spans the space of Hermitian operators, and so any A can be expressed in the desired form
A=oal + ﬁ .G



1.2)

= 2)\2 . . A2
(B-5) = (Bata + By, + Bosr2)
= (Bi6464 + 8366, + 26.6=)
(Z oo+ D o0+ E on60)
= 9 Oz,0x 9 Oy, 0y 9 02,0z

+ BeBy {02,0y} + Buf-{02,0:} + ByB:{5y,5.}
= (B2+6+82)1+0 (from {6;,6;} = 26;;1)

1.3)



1.4)

B.@.@ 6 = a=E 8= =Re(K), f,==—F5—==—Im(K), B =0
( z‘flot>
oxp| ———
= eXp(—Z;Z (ai+5-3)>
() o 7.5)
o\ S (—it)F N
= Xp(_iil)’;)( ﬁ') (5_0)
. oo [(_it\2 el
= eXp(—?i)r; _((2:2))! (5.5)2 L ((2;;1—1)' (5'5)2 +1]
- eo(-51) 3 _(_lf;fﬁ)% sy 1 C BT sy (5 ;;)]
i 2n
wo | (=1 ( £/Re(5)? + (~ Im(K))*
=exp(_?i)§ <h 2n)! > 1

1Et | K|t
exp(—hl) |:COS( W )1—|K sin

(20 + 1)!y/Re(K)? + (~ Im(K))*

(“yﬁa+ﬂaﬂ
g ( o

(_1yl(évﬁﬂiﬁﬁg+(—lnﬂk3f)2n+l( )]
- Butrs + By6,




1.5)

Ozdet(ﬁo—/\i)

|E-) K

= Kk EBE—2

=(E—-)\)?—|K|
= A =FE+|K|

Ho o) = At [vs) = <[§* g)(cbb)(jzg*tbg;)<Z§gi||§||§)

= aF +bK =a(F £ |K]|), aK*+bE =b(E £ |K|)
= b= ia% = j:aﬁ;| = |vy)=ua (|O> + % |1>>
1= (s |vx)
K2
o o )
1
= |a]* = 5
— o) = = (102 K)o e
We can express Hy as a matrix in the standard basis or the eigenbasis, i.e.
Ho = E(10) 0] + 1) (1]) + K [0) (1] + K™ [1) (0] Ho = Ay |og) (o |+ A= o) (v |
([ E K ([ E+|K] 0
_<K* E )|o>,1) _( 0 E_|K| >|vi)

The corresponding form of U (t) as a matrix in the eigenbasis is thus given by
.  Hot
Ut) = exp(—Z 4 )
h
it .
=exp| - diag(E + K|, E — |K]),,,
A . it it
00) = diog (exp (5 (B + 1K) ) x5 (B - |KD) )
lvs)

exp<_7;: (E + |K|)) 0




2 Projection Operators

2.1)
P2 = (Ii) (1) (i) P = (i) (i)'
= i) (i) G = (')
= i) 1(i = i) (i
=P =P
i) not normalised = P? = (i |i) P; # P,
— first condition P? = P; is not satisfied
2.2)
(B B = (it + ) D) i1+ 13) G
= 18) (314) 4il + 18) (61.3) G +13) G 19) 431+ 19) 43 19) 4
= Ii) (il + 0+ 0+15) (j
=P+ D
N\ T
(P+B) = () il +1) G
= (i) D'+ () G
- ]3;[ + PJT
Pz‘ + pj
2.3)

dim H ) dim H . dim H
§jﬁmab§j@M(ZBm&@0

i=1 i=1 j=1
dim H
= Y (Gl A|B)) (B, | Cy)
Q=1
dimH /dimH ~
-3 (3 wicoa) am)
i=1
dim H

= Z (B;| A|B;)



2.4)

dim H
Tr[PZ-A} = 3 (B,| PA|By)
j=1
dim H )
= Y (Bj|B) (Bi|A|By)
j=1
dim H

= > 0 (Bi| A|B;)
j=1

= (B;| A|B;)
2.5)
dim H
Tr[Aids) = 3 (Bil Avds |By)
=1
dim H ) ~
- Z (B;| Aj1A5|B;)
i=1
dimH dim H
=1
dim H ) .
= > (BilA1|B)) (B;| A2 |B))
i,j=1
dimH ~ .
= Y (Bj| A2 |B;) (Bi| A1 |B;)
i,5=1
dimH . dimH R
= Y (Bl A, ( > 1B <Bz’|> A1 |Bj)
j=1 i=1
dim H R R
= Y (Bl A:1A1|By)
j=1
dimH o
= Y (Bjl A2A1|By)
j=1
2.6)
|D;) =1|D;)
dim H
= Z |D;) (D | D;)
dim H
= Y (D;|Dy)|Dy)
j=1

dimH
also |D;) = Z 0;i |D;) = (Dj|D;) =0;; = |D;) are orthonormal



3 Translation Operators

3.1)
N N f A
(Hm) H = 1---UNU]J(,--~U1T
i=1 j=1
= U1"'UN71iﬁJTV,1'“UlJr
= A1"'ﬁN—1UL_1~--UlT
7.7t
=U,U]
=1
N t N -1
— (H UZ> = (H UZ) = unitary
i=1 i=1
3.2)

(00 +0:) (00 + )’

L+ ) (07 +09)

UlUir + ﬁlﬁg + UQUIT + UQU;

i+U1U§ —|—U2U1T +1

Thus the sum is only unitary if Uy UQT + 0201T = —1, which is not generally true for arbitrary unitary

Ul, 027 e.g.
665" + 6,6 = 6,6, + 6,64
=20,;1# -1
UUt+ 00t =21 £ -1
3.3)

(Z wia) (il | | D o) (ay

)

j=—00

o0
= ) fwia) (@ @) (]
1,j=—00

oo
= Y |wis1)dijor (x5
1,j=—00

oo
= D zj2) ()]

Jj=—00



3.4)

We can prove this by induction, i.e. prove for £ = 1, and then prove for k = n + 1 assuming true for

k=n.

~\ 1 ~
(T1> =T, — truefork=1

Now assume this is true for k = n.

3.5)

From

3.4)

()" =)'

(Z |Zi—n) (ml) D lw) (]

j=—o00

Il
5
|
3
~
=
8
<

|

_
~
=
ndi

i,j=—00
oo
= > ziin) i1 (z]
1,j=—00
oo
= Y |zj—m) (5]
Jj=—00

= An+1 — truefor k=n-+1

True for k =1 = true for k =2
— true for k =3
— truefor k€ Z*

v <Z |$i—1><xi> > o) (w5

i=—00 Jj=—00

<Z |33z‘—1><f'3¢> > lag) (@

1=—00 Jj=—00

oo

= > e (@il ay) (@]
1,j=—00
= > wioa) iy (]
1,j=—00
= >z (aa
Jj=—00
= > o) (al
k=—o0

= AlT :T1_1 — T} is unitary

. Nk
Ty = (Tl) , and so is a product of k unitary operators. From

unitary operator, and thus T, must also be unitary.

T

this product is also a



3.6)

T,XT) = ( > |wip) (:ml) > wjlag) (al (Z |Tk—p) (Tk|

1=—00 j=—o00 k=—o0
= D wylmiy) (s ag) (2 | we) (2ay
i,j,k=—00
= D jalwip) 60 (k]
i,j,k=—00
= Z jalzj—p) (@j—pl
j=—00
= > (l+p)alw) (]
l=—00
= > lalz) (wl+ > palw) (@]
l=—00 l=—o00
o0 o0
= Z @y @) (] + pa Z 1) (1]
l=—00 l=—00
=X +pai
3.7)
R h2 -
Hy = 5 (11 + 1 - 21)
h2 -
" 2ma? (T1+T1 _21)
= — R ex @ + ex —@ -21
2ma? P h P h
r k k
o (8) s = CF) an o
= T 2ma? Z k! P Jrz k! pr—21
L k=0 k=0
r k
h? = (%) K k\ Hk
=5 Z i (z +(—2))P —-21
Lk=0
2 .~ a . a?
= T+ DI+ 2G-DP+ 2 (—1-1
o [ DA+ S =) Pt o (1 1)
Rl a? 52 3
= =5 _21+O——2P +O(a)—21]
pz
=—+40
5 T O(a)
.~ P?
= =5,

j



3.8)

116y = [ D lop) (a5 (Z e'’* |xk>>
j=—o0 k=—oc
Y @) (g |2

Jk=—o00

[ee}

= Y elaa)

Jik=—00

o0

= Z eiGj |£Ej_1>
j=—00

(oo}

_ Z 6i9(l+1) |Il> (l _ ] - 1)

l=—0c0

00
:eze Z ez@l |(El>

I=—o0
= |9)
Thus |) are eigenstates of T} with eigenvalues e, 6 € [—m, ).
7 (T1 |9>) = Tfe?|9) = 7T} |6)
also (Tfﬁ) 0) =116)
— T7|0) = e |0)

Thus |#) are also eigenstates of Tf with eigenvalues e~%.

2
Hy|6) = —5— (T1 10) + 75 ) — 21 \a>)
hz 10 10
=5 (e’ +e7 " —2)16)

Thus |6) are eigenstates of Hy with eigenvalues — 2:;2&2 (e +e 0 —2) = %22 (1 —cosf) = 352 sin® &.

3.9)
. BT . . L . A ;
= =5 [f+ 0 + o (T2 - 20 + 1) + o (T]2 - 21] + 1) - 21]
ma
h? N . . . .
=5 [(a+a* —2)1+(1—2a)T1+(1—2a*)T1T+aT12+a*T1TQ}
ma
R h2 ) . . N )
= H.|0) = g3 {(a +af —2)+(1-2a)e + (1 —2a%) e + aTye® + a*TlTe_“g] 16)
ma
2 . .
=3 h 5 [(a +a* —2)+ (1 -2a)e + (1 —2a") e 4 ae? + a*e_z’e] |6)
ma
2 . .
=3 k 5 [(ew +e 0 — 2) +a (e%‘g —2¢" 4 1) +af (6_219 — 270 4 1)] 16)
ma
2 . . .
_ _QH 5 [(ew _|_e—i9 _ 2) —|—0¢ei0 (eié) +e—19 _ 2) —‘1-0&*6_19 (ezé) +€—u9 _ 2)] |0>
ma
72 . , , ,
=5 (ae® +a*e ™™ +1) (e +e7 —2)|0)

(aeie + a*efi(i + 1) (62'0 +67i9 o 2)

Thus |) is an eigenstate of H; with eigenvalues f%
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