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Problem 4∗

x1 = a sin θ1 =⇒ dx1 = a cos θ1 dθ1

xj = aαj cos θj , j = 2, 3, 4, 5 =⇒ dxj = a (cos θ1 dαj − αj sin θ1 dθ1)

a2 =

5∑
i=1

x2
i

= a2 sin2 θ1 +

5∑
j=2

a2α2
j cos

2 θ1

=⇒ 1 = sin2 θ1 + cos2 θ1

5∑
j=2

α2
j

=⇒
5∑

j=2

α2
j = 1

=⇒
5∑

j=2

αj dαj = 0

ds2 =

5∑
i=1

dx2
i

= a2 cos2 θ1 dθ
2
1 +

5∑
j=2

a2
(
cos2 θ1 dα

2
j + α2

j sin
2 θ1 dθ

2
1 − 2αj cos θ1 sin θ1 dαj dθ1

)

= a2

cos2 θ1 + sin2 θ1

5∑
j=2

α2
j

 dθ21 + cos2 θ1

5∑
j=2

dα2
j − 2 cos θ1 sin θ1 dθ1

5∑
j=2

αj dαj


= a2

dθ21 + cos2 θ1

5∑
j=2

dα2
j − 0



α2 = cos θ2 =⇒ dα2 = − sin θ2 dθ2

αk = βk sin θ2, k = 3, 4, 5 =⇒ dαk = sin θ2 dβk + βk cos θ2 dθ2
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1 =

5∑
j=2

α2
j

= cos2 θ2 + sin2 θ2

5∑
k=3

β2
k

=⇒
5∑

k=3

β2
k = 1

=⇒
5∑

k=3

βk dβk = 0

5∑
j=2

dα2
j = sin2 θ2 dθ

2
2 +

5∑
k=3

(
sin2 θ2 dβ

2
k + β2

k cos
2 θ2 dθ

2
2 + 2βk sin θ2 cos θ2 dβk dθ2

)
=

(
sin2 θ2 + cos2 θ2

5∑
k=3

β2
k

)
dθ22 + sin2 θ22

5∑
k=3

dβ2
k + 2 sin θ2 cos θ2 dθ2

5∑
k=3

βk dβk

= dθ22 + sin2 θ2

5∑
k=3

dβ2
k + 0

=⇒ ds2 = a2

[
dθ21 + cos θ21

(
dθ22 + sin2 θ2

5∑
k=3

dβ2
k

)]

β3 = sin θ3 cos θ4 =⇒ dβ3 = cos θ3 cos θ4 dθ3 − sin θ3 sin θ4 dθ4

β4 = sin θ3 sin θ4 =⇒ dβ4 = cos θ3 sin θ4 dθ3 + sin θ3 cos θ4 dθ4

β5 = cos θ3 =⇒ dβ5 = − sin θ3 dθ3

5∑
k=3

β2
k = sin2 θ3 cos

2 θ4 + sin2 θ3 sin
2 θ4 + cos2 θ3

= sin2 θ3
(
cos2 θ4 + sin2 θ4

)
+ cos2 θ3

= 1 =⇒ coordinate changes meets the constraint

5∑
k=3

dβ2
k = cos2 θ3 cos

2 θ4 dθ
2
3 + sin2 θ3 sin

2 θ4 dθ
2
4 − 2 cos θ3 cos θ4 sin θ3 sin θ4 dθ3 dθ4

+ cos2 θ3 sin
2 θ4 dθ

2
3 + sin2 θ3 cos

2 θ4 dθ
2
4 + 2 cos θ3 sin θ4 sin θ3 cos θ4 dθ3 dθ4

+ sin2 θ3 dθ
2
3

=
[
cos2 θ3

(
cos2 θ4 + sin2 θ4

)
+ sin2 θ3

]
dθ23 + sin2 θ3

(
cos2 θ4 + sin2 θ4

)
dθ24 + 0

= dθ23 + sin2 θ3 dθ
2
4

=⇒ ds2 = a2
{
dθ21 + cos2 θ1

[
dθ22 + sin2 θ2

(
dθ23 + sin2 θ3 dθ

2
4

)]}
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Problem 5∗

x5 = ix0 =⇒ ds2 = −dx2
0 +

4∑
i=1

dx2
i , a2 = −x2

0 +

4∑
i=1

x2
i

x0 =
√
a2 − r2 sinh t =⇒ dx0 =

√
a2 − r2 cosh t dt− r√

a2 − r2
sinh t dr

x1 =
√
a2 − r2 cosh t =⇒ dx1 =

√
a2 − r2 sinh t dt− r√

a2 − r2
cosh t dr

−dx2
0 + dx2

1 = −
(
a2 + r2

)
cosh2 t dt2 − r2

a2 − r2
sinh2 t dr2 + 2r sinh t cosh t dt dr

+
(
a2 + r2

)
sinh2 t dt2 +

r2

a2 − r2
cosh2 t dr2 − 2r sinh t cosh t dt dr

= −
(
a2 − r2

)
dt2 +

r2

a2 − r2
dr2 (1)

−x2
0 + x2

1 = −
(
a2 − r2

)
sinh2 t+

(
a2 − r2

)
cosh2 t

= a2 − r2

=⇒ a2 = a2 − r2 +

4∑
j=2

x2
j

=⇒ r2 =

4∑
j=2

x2
j

x2 = r sin θ cosϕ =⇒ dx2 = sin θ cosϕdr + r cos θ cosϕdθ − r sin θ sinϕdϕ

x3 = r sin θ sinϕ =⇒ dx3 = sin θ sinϕdr + r cos θ sinϕdθ + r sin θ cosϕdϕ

x4 = r cos θ =⇒ dx4 = cos θ dr − r sin θ dθ

4∑
j=2

x2
j = r2 sin2 θ cos2 ϕ+ r2 sin2 θ sin2 ϕ+ r2 cos2 θ

= r2
[
sin2 θ

(
cos2 ϕ+ sin2 ϕ

)
+ cos2 θ

]
= r2 =⇒ coordinate change meets the constraint

4∑
i=2

dx2
i = sin2 θ cos2 ϕdr2 + r2 cos2 θ cos2 ϕdθ2 + r2 sin2 θ sin2 ϕdϕ2

+ 2r sin θ cos θ cos2 ϕdr dθ − 2r sin2 θ cosϕ sinϕdr dϕ− 2r2 cos θ sin θ cosϕ sinϕdθ dϕ

+ sin2 θ sin2 ϕdr2 + r2 cos2 θ sin2 ϕdθ2 + r2 sin2 θ cos2 ϕdϕ2

+ 2r sin θ cos θ sin2 ϕdr dθ + 2r sin2 θ sinϕ cosϕdr dϕ+ 2r2 cos θ sin θ sinϕ cosϕdθ dϕ

+ cos2 θ dr2 + r2 sin2 θ dθ2 − 2r cos θ sin θ dr dθ

=
[
sin2 θ

(
cos2 ϕ+ sin2 ϕ

)
+ cos2 θ

]
dr2 + r2

[
cos2 θ

(
cos2 ϕ+ sin2 ϕ

)
+ sin2 θ

]
dθ2

+ r2 sin2 θ
(
sin2 ϕ+ cos2 ϕ

)
dϕ2 + 2r sin θ cos θ

(
cos2 ϕ+ sin2 ϕ− 1

)
dr dθ + 0 + 0

= dr2 + r2 dθ2 + r2 sin2 θ dϕ2 (2)

(1), (2) =⇒ ds2 = −
(
a2 − r2

)
dt2 +

r2

a2 − r2
dr2 + dr2 + r2 dθ2 + r2 sin2 θ dϕ2

= −
(
a2 − r2

)
dt2 +

a2

a2 − r2
dr2 + r2dΩ2
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