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Problem 4∗

(a)

V (r) =
1

2

(
ε+

l2

r2

)(
1− 2GM

r

)
=

ε

2
− GMε

r
+

l2

2r2
− GMl2

r3

=⇒ dV (r)

dr
=

GMε

r2
− l2

r3
+

3GMl2

r4
(1)

Null geodesics =⇒ ε = 0

Circular orbit =⇒ dV (r)

dr
= 0

(1) =⇒ − l2

r3
+

3GMl2

r4
= 0

=⇒ r = 3GM

(b)

Timelike geodesics =⇒ ε = 1

Circular orbit =⇒ dV (r)

dr
= 0

(1) =⇒ GM

r2
− l2

r3
+

3GMl2

r4
= 0

=⇒ GMr2 − l2r + 3GMl2 = 0

=⇒ r± =
l2 ±

√
l4 − 12G2M2l2

2GM

No orbit =⇒ r± does not exist One orbit =⇒ r+ = r−

=⇒ l4 − 12G2M2l2 < 0 =⇒ l4 − 12G2M2l2 = 0

=⇒ l < 2
√
3GM =⇒ l = 2

√
3GM

1



(c)

r± =
l2 ±

√
l4 − 12G2M2l2

2GM

=
l2

2GM

(
1±

√
1− 12G2M2

l2

)

=
l2

2GM

[
1±

(
1− 6G2M2

l2
+O

(
l−4
))]

≈ l2

2GM
(1± 1)∓ 3GM

d2V (r)

dr2
= −2GM

r3
+

3l2

r4
− 12GMl2

r5

d2V (r)

dr2

∣∣∣∣
r+

≈ − 2GM(
l2

GM − 3GM
)3 +

3l2(
l2

GM − 3GM
)4 − 12GMl2(

l2

GM − 3GM
)5

=
3l2 − 2GM

(
l2

GM − 3GM
)

(
l2

GM − 3GM
)4 − 12GMl2(

l2

GM − 3GM
)5

=
l2(

l2

GM − 3GM
)4 +O

(
l−8
)

≳ 0 =⇒ r+ corresponds to a stable orbit

d2V (r)

dr2

∣∣∣∣
r−

≈ − 2

27G2M2
+

l2

27G4M4
− 4l2

81G4M4

= −
(

l2

81G4M4
+

2

27G2M2

)
< 0 =⇒ r− corresponds to an unstable orbit

Problem 5∗

(a)

Radial geodesics =⇒ dθ = dϕ = 0

Null geodesics =⇒ ds2 = 0

=⇒ −
(
1− 2GM

r

)
dt2 +

(
1− 2GM

r

)−1

dr2 = 0

=⇒ dt2 =

(
1− 2GM

r

)−2

dr2

=⇒ dt

dr
= ±

(
1− 2GM

r

)−1
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(b)

dt

dr
= ±

(
1− 2GM

r

)−1

= ±
(

r

r − 2GM

)
=⇒ t± = ±

∫
dr

(
r

r − 2GM

)
= ±

∫
dr′
(
r′ + 2GM

r′

)
(r′ = r − 2GM)

= ± (r′ + 2GM ln r′) + const.

= ± (r − 2GM + 2GM ln(r − 2GM)) + const.

= ±
(
r + 2GM ln

( r

2GM
− 1
)
+ 2GM ln(2GM)

)
+ const.

= ±
(
r + 2GM ln

( r

2GM
− 1
))

+ const.

t+ − r − 2GM ln
( r

2GM
− 1
)
= const. t− + r + 2GM ln

( r

2GM
− 1
)
= const.

≡ v0 ≡ u0

Thus the null geodesics are given by u = u0 = const. and v = v0 = const.

(c)

ds2 = −
(
1− 2GM

r

)
dt2 +

(
1− 2GM

r

)−1

dr2 + r2
(
dθ2 + sin2 θ dϕ2

)

du = dt+ dr + 2GM
( r

2GM
− 1
)−1 dr

2GM

= dt+

(
1 +

2GM

r − 2GM

)
dr

= dt+
r

r − 2GM
dr

= dt+

(
1− 2GM

r

)−1

dr

Similarly, dv = dt−
(
1− 2GM

r

)−1

dr

=⇒ du dv = dt2 −
(
1− 2GM

r

)−2

dr2

=⇒ −
(
1− 2GM

r

)
dt2 +

(
1− 2GM

r

)−1

dr2 = −
(
1− 2GM

r

)
du dv

=⇒ ds2 = −
(
1− 2GM

r

)
du dv + r2

(
dθ2 + sin2 θ dϕ2

)
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U = e
u

4GM =⇒ dU = e
u

4GM
du

4GM
V = −e−

v
4GM =⇒ dV = −e−

v
4GM

(−dv)

4GM

=⇒ du =
4GM

U
du =⇒ dv = −4GM

V
dV

=⇒ du dv = −(4GM)2
dU dV

UV

=⇒ ds2 =

(
1− 2GM

r

)
(4GM)2

dU dV

UV
+ r2

(
dθ2 + sin2 θ dϕ2

)

UV = −e
u−v
4GM

= − exp

[
1

4GM

(
2r + 4GM ln

( r

2GM
− 1
))]

= −
( r

2GM
− 1
)
e

r
2GM

=⇒ ds2 = −
(
1− 2GM

r

)
(4GM)2

( r

2GM
− 1
)−1

e−
r

2GM dU dV + r2
(
dθ2 + sin2 θ dϕ2

)
= −16G2M2 r − 2GM

r

2GM

r − 2GM
e−

r
2GM dU dV + r2

(
dθ2 + sin2 θ dϕ2

)
= −32G3M3

r
e−

r
2GM dU dV + r2

(
dθ2 + sin2 θ dϕ2

)

U = T +X =⇒ dU = dT + dX V = T −X =⇒ dV = dT − dX

=⇒ −dU dV = −dT 2 + dX2

=⇒ ds2 =
32G3M3

r
e−

r
2GM

(
−dT 2 + dX2

)
+ r2

(
dθ2 + sin2 θ dϕ2

)
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