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Problem 3∗

(a)

D(µϵν) = 0

=⇒ ∂(µϵν) − Γλ
(µν)ϵλ = 0 (Γα

βγ = 0)

=⇒ ∂µϵν + ∂νϵµ = 0

=⇒ ∂ρ∂µϵν + ∂ν∂ρϵµ = 0 (1)

=⇒ ∂µ∂νϵρ + ∂ρ∂µϵν = 0 (2)

=⇒ ∂ν∂ρϵµ + ∂µ∂νϵρ = 0 (3)

(1)− (2)− (3) =⇒ −2∂µ∂νϵρ = 0

=⇒ ∂µ∂νϵρ = 0

(b)

∂ρ∂µϵν = 0

=⇒ ∂µϵν = Mµν (with Mµν independent of x)

=⇒ ϵν = Mµνx
µ + Pν (with Pν independent of x)

Since we have D(µϵν) = ∂(µϵν) = 0 and ∂µϵν = Mµν we have M(µν) = 0. Thus Mµν is independent of x
and antisymmetric, and Pν is independent of x.

(c)

Pν corresponds to translations and Mµν to rotations and Lorentz boosts. For example, translations in
the x-direction are given by

(Pν) =


ε
0
0
0

 ,

boosts in the x-direction are given by

(Mµν) =


−γ γβ 0 0
−γβ γ 0 0
0 0 1 0
0 0 0 1

 ,
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and rotations about the x-axis are given by

(Mµν) =


1 0 0 0
0 1 0 0
0 0 cos θ − sin θ
0 0 sin θ cos θ

 .

(d)

Pν has four independent components (translation in each direction), and Mµν has 6 independent com-
ponents (rotation and boost in each spatial direction). Thus there are ten linearly independent Killing

vectors. From Problem 1, a 4-dimensional space can have a maximum of 4(4+1)
2 = 10 independent Killing

vectors, and so Minkowski space is maximally symmetric.

Problem 4∗

(a)

From Homework 2 Problem 3,

ĝµν = Ω2gµν =⇒ Γ̂λ
µν = Γλ

µν + δλν ∂µ ln |Ω|+ δλµ∂ν ln |Ω| − gµν∂
λ ln |Ω|

Thus in the context of this question, with

Ω → eΦ =⇒ ∂α ln |Ω| → ∂αΦ,

gµν → ηµν =⇒ Γλ
µν → (η)Γλ

µν = 0,

ĝµν → gµν =⇒ Γ̂λ
µν → (g)Γλ

µν ≡ Γλ
µν ,

we have

Γλ
µν = δλν ∂µΦ+ δλµ∂νΦ− ηµν∂

λΦ.

R ≡ gµνRµλν
λ

= e−2Φηµν
(
∂λΓ

λ
µν − ∂µΓ

λ
λν + Γσ

µνΓ
λ
λσ − Γσ

λνΓ
λ
µσ

)
(4)

∂λΓ
λ
µν = ∂λ

(
δλν ∂µΦ+ δλµ∂νΦ− ηµν∂

λΦ
)

= ∂ν∂µΦ+ ∂µ∂νΦ− ηµν∂λ∂
λΦ

=⇒ ηµν∂λΓ
λ
µν = ∂ν∂

νΦ+ ∂µ∂
µΦ− 4∂λ∂

λΦ

= −2∂µ∂
µΦ (5)

∂µΓ
λ
λν = ∂µ(∂νΦ+ 4∂νΦ− ∂νΦ)

= 4∂µ∂νΦ

=⇒ ηµν∂µΓ
λ
λν = 4∂µ∂

µΦ (6)

Γσ
µν = δσν ∂µΦ+ δσµ∂νΦ− ηµν∂

σΦ Γλ
λσ = ∂σΦ+ 4∂σΦ− ∂σΦ

=⇒ ηµνΓσ
µν = ∂σΦ+ ∂σΦ− 4∂σΦ = 4∂σΦ

= −2∂σΦ

=⇒ ηµνΓσ
µνΓ

λ
λσ = (−2∂σ) (4∂σΦ)

= −8∂σΦ∂
σΦ (7)
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Γσ
λν = δσν ∂λΦ+ δσλ∂νΦ− ηµν∂

σΦ Γλ
µσ = δλσ∂µΦ+ δλµ∂σΦ− ηµσ∂

λΦ

=⇒ ηµνΓσ
λν = ηµσ∂λΦ+ δσλ∂

µΦ− δµλ∂
σ

=⇒ ηµνΓσ
λνΓ

λ
µσ = (ηµσ∂λΦ+ δσλ∂

µΦ− δµλ∂
σ)

(
δλσ∂µΦ+ δλµ∂σΦ− ηµσ∂

λΦ
)

= ∂λΦ∂
λΦ+ ∂λΦ∂

λΦ− 4∂λΦ∂
λΦ

+ 4∂µΦ∂
µΦ+ ∂µΦ∂

µΦ− ∂µΦ∂
µΦ

− ∂µΦ∂
µΦ− 4∂σΦ∂

σΦ+ ∂µΦ∂
µΦ

= − 2∂µΦ∂
µΦ (8)

(4), (5), (6), (7), (8) =⇒ R = e−2Φ (−2∂µ∂
µΦ− 4∂µ∂

µΦ− 8∂σΦ∂
σΦ+ 2∂µΦ∂

µΦ)

= −6e−2Φ (∂µ∂
µΦ+ ∂µΦ∂

µϕ)

(b)

gµν = e2Φηµν

≈ ηµν + 2Φηµν

= ηµν + hµν

=⇒ hµν = 2Φηµν

Γµ
νρ =

1

2
ηµσ (∂νhσρ + ∂ρhσν − ∂σhνρ)

= ηµσ (ησρ∂νΦ+ ησν∂ρΦ− ηνρ∂σΦ)

Γ0
00 = 0

Γi
00 = ηii (ηi0∂0Φ+ ηi0∂0Φ− η00∂iΦ)

= ∂iΦ

Thus, similarly to the lecture notes, we have d2xi

dt2 = −∂iΦ, and so the Φ in this question is the gravita-
tional potential. For a slow moving particle we have

Tµν =

{
ρ, µ = ν = 0
0 otherwise

.

R = κ2g00T00 R = −6e−2Φ (∂µ∂
µΦ+ ∂µΦ∂

µΦ)

= −e−2Φκ2ρ ≈ −6e−2Φ∂µ∂
µΦ

=⇒ □Φ =
1

6
κ2ρ

=⇒ 1

r2
∂

∂r

(
r2

∂Φ

∂r

)
=

1

6
κ2ρ

For a spherically symmetric mass we have

ρ(r) =

{
ρ0, r ⩾ R
0, r < R

.

r2
∂Φ(out)

∂r
= A

1

r2
∂

∂r

(
r2

∂Φ(in)

∂r

)
=

1

6
κ2ρ0

=⇒ Φ(out)(r) = −A

r
+B Φ(in)(r) =

1

36
κ2ρ0r

2
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We need Φ(r) and its derivative to be continuous at r = R.

∂Φ(out)

∂r

∣∣∣∣
r=R

=
∂Φ(in)

∂r

∣∣∣∣
r=R

=⇒ A

R2
=

1

18
κ2ρ0R

=⇒ A =
1

18
κ2ρ0R

3

=⇒ Φ(out)(r) = − 1

18
κ2ρ0

R3

r
+ const

= −GM

r
+ const

=⇒ 1

18
κ2 M

4
3πR

3
R3 = GM

=⇒ κ2 = 24πG

(c)

ẍµ + Γµ
αβ ẋ

αẋβ = 0

=⇒ ẍµ +
(
δµβ∂αΦ+ δµα∂βΦ− ηαβ∂

µΦ
)
ẋαẋβ = 0

=⇒ ẍµ + ẋµẋα∂αΦ+ ẋµẋβ∂βΦ− ηαβ ẋ
αẋβ∂µΦ = 0

=⇒ ẍµ + 2 (ẋν∂νΦ) ẋ
µ = 0 (Null geodesics =⇒ last term = 0)

=⇒ ẍµ = −2 (ẋν∂νΦ) ẋ
µ

As the equation for ẍµ is linear in ẋµ, then the corresponding path of the geodesic is a straight line, and
so is not deflected by the presence of any mass.
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