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Problem 3∗

Γ̂λ
µν =

1

2
ĝλρ (∂µĝρν + ∂ν ĝρµ − ∂ρĝµν)

=
1

2Ω2
gλρ

[
∂µ

(
Ω2gρν

)
+ ∂ν

(
Ω2gµρ

)
− ∂ρ

(
Ω2gµν

)]
(ĝαβ ĝ

βγ = δγα =⇒ ĝαβ = 1
Ω2 g

αβ)

=
1

2Ω2
gλρ

(
gρν∂µΩ

2 +Ω2∂µgρν + gµρ∂νΩ
2 +Ω2∂νgµρ − gµν∂ρΩ

2 − Ω2∂ρgµν
)

=
1

2
gλρ (∂µgρν + ∂νgµρ − ∂ρgµν) +
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2Ω2
gλρ (2Ωgρν∂µΩ+ 2Ωgµρ∂νΩ− 2Ωgµν∂ρΩ)

= Γλ
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1

Ω

(
δλν ∂µΩ+ δλµ∂νΩ− gµν∂

λΩ
)

= Γλ
µν + δλν ∂µ ln |Ω|+ δλµ∂ν ln |Ω| − gµν∂

λ ln |Ω|

Problem 5∗

Dµ

(
Rµν − 1

2
gµνR

)
= gµλDλ

(
Rµν − 1

2
gµνR

)
= gµλDλRµν − 1

2
DνR (gµλDλgµνR = Dλg

µλgµνR = DνR)

DνR = Dνg
µλRµλ

= gµλDνRµρλ
ρ

= gµλ (−DµRρνλ
ρ −DρRνµλ

ρ) (D[νRµρ]λ
ρ = 0 =⇒ DνRµρλ

ρ = −DµRρνλ
ρ −DρRνµλ

ρ)

= gµλ (DµRνρλ
ρ −DρRνµλ

ρ) (Rρνλ
ρ = −Rνρλ

ρ)

= gµλ (DµRνρλ
ρ − gσρDρRνµλσ)

= gµλ (DµRνρλ
ρ − gσρDρRλσνµ) (Rνµλσ = Rλσνµ)

= gµλDµRνρλ
ρ − gσρDρRλσν

λ

= gµλDµRνρλ
ρ + gσρDρRσλν

λ (Rλσν
λ = −Rσλν

λ)

= gµλDµRνλ + gσρDρRσν (Rαβ ≡ Rαγβ
γ)

= gλµDµRλν + gσρDρRσν (gµλ = gλµ, Rνλ = Rλν)

= gµλDλRµν + gµλDλRµν (relabelling dummy indices)

= 2gµλDλRµν

=⇒ Dµ

(
Rµν − 1

2
gµνR

)
= gµλDλRµν − 1

2

(
2gµλDλRµν

)
= 0
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Problem 7∗

ds2 = 2 du dv +H(x, y) du2 + dx2 + dy2

=⇒ (gµν) =


H(x, y) 1 0 0

1 0 0 0
0 0 1 0
0 0 0 1

 , (gµν) =


0 1 0 0
1 −H(x, y) 0 0
0 0 1 0
0 0 0 1



Γν
µλ ≡ 1

2
gνρ (∂µgρλ + ∂λgµρ − ∂ρgµλ)

=
1

2
gνρ

[
δuρ δ

u
λ

(
δxµ∂xH + δyµ∂yH

)
+ δuρ δ

u
µ (δxλ∂xH + δyλ∂yH)− δuµδ

u
λ

(
δxρ∂xH + δyρ∂yH

)]
(∂αgβγ = δuβδ

u
γ (δxα∂xH + δyα∂yH))

=
1

2

{
gνu

[
δuλ

(
δxµ∂xH + δyµ∂yH

)
+ δuµ (δxλ∂xH + δyλ∂yH)

]
− δuµδ

u
λ (gνx∂xH + gνy∂yH)

}
=

1

2

{
δνv

[
δuλ

(
δxµ∂xH + δyµ∂yH

)
+ δuµ (δxλ∂xH + δyλ∂yH)

]
− δuµδ

u
λ

(
δνx∂xH + δνy∂yH

)}
(gνu = δνv , g

νx = δνx, g
νy = δνy )

Rµνλ
α ≡ ∂νΓ

α
µλ − ∂µΓ

α
νλ + Γβ

µλΓ
α
νβ − Γβ

νλΓ
α
µβ

Rµλ ≡ Rµνλ
ν

= ∂νΓ
ν
µλ − ∂µΓ

ν
νλ + Γβ

µλΓ
ν
νβ − Γβ

νλΓ
ν
µβ

From inspection, the only non-vanishing Γν
µλ are Γv

xu, Γ
v
yu, Γ

v
ux, Γ

v
uy, Γ

x
uu, Γ

y
uu. Thus Γν

νλ = Γν
νβ = 0,

and so we have

Rµλ = ∂νΓ
ν
µλ − 0 + 0− Γβ

νλΓ
ν
µβ .

As the only non-vanishing partial derivatives of Γν
µλ are those with respect to x or y, the sum over

ν = u, v, x, y in the first term reduces to a sum over ν = x, y, and so

Rµλ = ∂xΓ
x
µλ + ∂yΓ

y
µλ − Γβ

νλΓ
ν
µβ .

Since Γu
ρσ = Γρ

vσ = 0, the sums over β, ν = u, v, x, y in the last term reduce to sums over β, ν = x, y.
However, we also have that Γx

xλ = Γx
yλ = Γy

xλ = Γy
yλ = 0, and so the last term vanishes, resulting in

Rµλ = ∂xΓ
x
µλ + ∂yΓ

y
µλ.

As the only non-vanishing Γν
µλ for ν = x, y are Γx

uu and Γy
uu, we have that Rµλ = 0 if (µ, λ) ̸= (u, u).

Γx
uu = −1

2
∂xH Γy

uu = −1

2
∂yH

=⇒ Ruu = −1

2

(
∂2
x + ∂2

y

)
H

If H(x, y) satisfies
(
∂2
x + ∂2

y

)
H(x, y) = 0, then Rµλ = 0, and so R ≡ gµλR

µλ = 0, and thus Einstein’s
equations reduce to Tµλ = 0, i.e. the vacuum equations.
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