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Problem 2∗

(a)

T ′µν
λ =

∂x′µ

∂xα

∂x′ν

∂xβ

∂xγ

∂x′λT
αβ

γ (Tµν
λ transforms as a (2, 1) tensor)

=⇒ T ′µν
µ =

∂x′µ

∂xα

∂x′ν

∂xβ

∂xγ

∂x′µT
αβ

γ (λ → µ)

=⇒ T̂ ′ν =

(
∂x′µ

∂xα

∂xγ

∂x′µ

)
∂x′ν

∂xβ
Tαβ

γ (T̂ ′ν ≡ T ′µν
µ)

= δγα
∂x′ν

∂xβ
Tαβ

γ (∂x
α

∂yγ
∂yγ

∂xβ = ∂xα

∂xβ = δαβ )

=
∂x′ν

∂xβ
Tαβ

α (δγα ̸= 0 ⇔ γ = α)

=
∂x′ν

∂xβ
T̂ β (T̂ β ≡ Tαβ

α)

Thus T̂ ν transforms as a (1, 0) tensor.

(b)

FρµA
ρ + FµσA

σ = FρµA
ρ − FσµA

σ (Fµσ = −Fσµ)

= FσµA
σ − FσµA

σ (ρ → σ)

= 0

(c)

FµνT
µν =

1

2
(FµνT

µν + FµνT
µν)

=
1

2
(FµνT

µν − FνµT
µν) (Fµν = −Fνµ)

=
1

2
(FµνT

µν − FνµT
νµ) (Tµν = T νµ)

=
1

2
(FµνT

µν − FµνT
µν) (µ ↔ ν)

= 0
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Problem 4∗

D′
νV

′µ = ∂′
νV

′µ + Γ′µ
νλV

′λ

=
∂xβ

∂x′ν
∂

∂xβ

(
∂x′µ

∂xα
V α

)
+

∂x′µ

∂xα

∂xβ

∂x′ν
∂xσ

∂x′λΓ
α
βσV

′λ − ∂xβ

∂x′ν
∂xα

∂x′λ
∂2x′µ

∂xβ∂xα
V ′λ

=
∂xβ

∂x′ν
∂2x′µ

∂xβ∂xα
V α +

∂xβ

∂x′ν
∂x′µ

∂xα

∂V α

∂xβ
+

∂x′µ

∂xα

∂xβ

∂x′ν Γ
α
βσ

(
∂xσ

∂x′λV
′λ
)
− ∂xβ

∂x′ν
∂2x′µ

∂xβ∂xα

(
∂xα

∂x′λV
′λ
)

=
∂xβ

∂x′ν
∂2x′µ

∂xβ∂xα
V α +

∂x′µ

∂xα

∂xβ

∂x′ν

(
∂βV

α + Γα
βσV

σ
)
− ∂xβ

∂x′ν
∂2x′µ

∂xβ∂xα
V α

=
∂x′µ

∂xα

∂xβ

∂x′ν DβV
α =⇒ covariant derivatives of vectors are tensors

D′
νW

′
µ = ∂′

νW
′
µ − Γ′λ

νµW
′
λ

=
∂xα

∂x′ν
∂

∂xα

(
∂xβ

∂x′µWβ

)
− ∂x′λ

∂xσ

∂xα

∂x′ν
∂xβ

∂x′µΓ
σ
αβW

′
λ +

∂xα

∂x′ν
∂xβ

∂x′µ
∂2x′λ

∂xα∂xβ
W ′

λ

=
∂xα

∂x′ν
∂2xβ

∂xα∂x′µWβ +
∂xα

∂x′ν
∂xβ

∂x′µ
∂Wβ

∂xα
− ∂xα

∂x′ν
∂xβ

∂x′µΓ
σ
αβ

(
∂x′λ

∂xσ
W ′

λ

)
+

∂xα

∂x′ν W
′
λ

∂xβ

∂x′µ
∂

∂xβ

∂x′λ

∂xα

=
∂xα

∂x′ν Wβ
∂

∂x′µ
∂xβ

∂xα
+

∂xα

∂x′ν
∂xβ

∂x′µ

(
∂αWβ − Γσ

αβWσ

)
+

∂xα

∂x′ν W
′
λ

∂

∂x′µ
∂x′λ

∂xα

=
∂xα

∂x′ν Wβ
∂

∂x′µ δ
β
α +

∂xα

∂x′ν
∂xβ

∂x′µDαWβ +
∂xα

∂x′ν W
′
λ

∂

∂xα

∂x′λ

∂x′µ

= 0 +
∂xα

∂x′ν
∂xβ

∂x′µDαWβ +
∂xα

∂x′ν W
′
λ

∂

∂xα
δλµ

=
∂xα

∂x′ν
∂xβ

∂x′µDαWβ + 0 =⇒ covariant derivatives of covectors are tensors

Problem 6∗

Dρgµν = ∂ρgµν − Γσ
ρµgσν − Γσ

ρνgµσ = 0

Dµgνρ = ∂µgνρ − Γσ
µνgσρ − Γσ

µρgνσ = 0

Dνgρµ = ∂νgρµ − Γσ
νρgσµ − Γσ

νµgρσ = 0

0 = Dρgµν −Dµgνρ −Dνgρµ

= (∂ρgµν − ∂µgνρ − ∂νgρµ) +
(
Γσ
µνgσρ + Γσ

νµgρσ
)
+

(
Γσ
µρgνσ − Γσ

ρµgσν
)
+

(
Γσ
νρgσµ − Γσ

ρνgµσ
)

= ∂ρgµν − ∂µgνρ − ∂νgρµ + 2Γσ
µνgσρ + 0 + 0 (gαβ = gβα, torsion-free =⇒ Γα

βγ = Γα
γβ)

=⇒ Γσ
µνgσρ =

1

2
(∂µgνρ + ∂νgρµ − ∂ρgµν)

=⇒ Γσ
µνgσρg

λρ =
1

2
gλρ (∂µgνρ + ∂νgρµ − ∂ρgµν)

=⇒ Γλ
µν =

1

2
gλρ (∂µgνρ + ∂νgρµ − ∂ρgµν)
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