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Exercise 1

To prove : 2n 6

(
2n
n

)
∀ n ∈ N

n = 0 : 2n = 20

= 1(
2n
n

)
=

(
0
0

)
= 1

=⇒ True for n = 0

Assume true for n = k,

i.e. 2k 6

(
2k
k

)
6

(2k)!

k!(2k − k)!

6
(2k)!

(k!)2

2k 6
(2k)(2k − 1) . . . (k + 1)

k!
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n = k + 1 : 2k+1 = 2
(
2k
)

6 2

(
2k
k

)
(

2k + 2
k + 1

)
=

(2k + 2)!

(k + 1)!(2k + 2− (k + 1))!)

=
(2k + 2)!

((k + 1)!)2

=
(2k + 2)(2k + 1) . . . (k + 2)

(k + 1)!

=
(2k + 2)(2k + 1)

(k + 1)(k + 1)
· (2k)(2k − 1) . . . (k + 1)

k!

=
(2k + 2)(2k + 1)

(k + 1)(k + 1)

(
2k
k

)
> 2

(
2k
k

)
if

(2k + 2)(2k + 1)

(k + 1)(k + 1)
> 2

4k2 + 6k + 2 > 2
(
k2 + 2k + 1

)
2k2 + 2k > 0

k(k + 1) > 0

k 6 −1 or k > 0

k ∈ N =⇒ k > 0

=⇒ 2k+1 6

(
2k + 2
k + 1

)
if 2k 6

(
2k
k

)
=⇒ True for n = k + 1 if true for n = k

True for n = 0

=⇒ True for n = 1

=⇒ True for n = 2

...

=⇒ True ∀ n ∈ N,

i.e. 2n 6

(
2n
n

)
∀ n ∈ N
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Exercise 2

d | n =⇒ n = ad, a ∈ Z
2n − 1 = 2ad − 1

=
(
2d
)a − 1

=
(
2d − 1

) ((
2d
)a−1

+
(
2d
)a−2

+ . . .+ 2d + 1
)

=
(
2d − 1

)
k

=⇒ 2d − 1 | 2n − 1

2p − 1 is prime =⇒ 2q − 1 - 2p − 1 ∀ q 6= p, 1

=⇒ q - p ∀ q 6= p, 1

=⇒ p is prime
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Exercise 3

To prove :

(
2
2

)
+

(
3
2

)
+ . . .+

(
n
2

)
=

(
n+ 1
3

)

n = 0 :

(
0
2

)
= 0(

1
3

)
= 0

=⇒ True for n = 0

Assume true for n = k,

i.e.

(
2
2

)
+

(
3
2

)
+ . . .+

(
k
2

)
=

(
k + 1
3

)

n = k + 1 :

(
2
2

)
+

(
3
2

)
+ . . .+

(
k
2

)
+

(
k + 1
2

)
=

(
k + 1
3

)
+

(
k + 1
2

)
=

(
k + 2
3

)
=⇒ True for n = k + 1 if true for n = k

True for n = 0

=⇒ True for n = 1

=⇒ True for n = 2

...

=⇒ True ∀ n ∈ N,

i.e.

(
2
2

)
+

(
3
2

)
+ . . .+

(
n
2

)
=

(
n+ 1
3

)
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