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Exercise 1
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2
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0

f(x) dx

=
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2π

∫ 2π

0

(π − t)2 dt

=
1

π

∫ 2π

0

(
π2 − 2πt+ t2
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∫ l

0

f(x) cos

(
2πnx
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=
2
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(
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0
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)
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+
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∣∣∣∣2π
0

−
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bn =
2

l

∫ l

0

f(x) sin

(
2πnx

l

)
dx

=
2

2π

∫ 2π

0

(π − t)2 sin

(
2πnt

2π

)
dt

=
1
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∫ 2π

0

(π − t)2 sin(nt) dt

=
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(
−(π − t)2 cos(nt)

n

∣∣∣∣2π
0

−
∫ 2π

0

2(π − t)cos(nt)

n
dt

)
u = (π − t)2, dv = sin(nt) dt

=
1

π

(
−(π − t)2 cos(nt)
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∣∣∣∣2π
0
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(
(π − t) sin(nt)
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0

+

∫ 2π

0

sin(nt)

n
dt
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u = π − t, dv = cos(nt) dt

=
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−(π − t)2 cos(nt)

n

∣∣∣∣2π
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)
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3
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4 cos(nt)

n2

f(π) =
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3
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∞∑
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∞∑
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∞∑
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Exercise 2

1.

a0 =
2

l

∫ l
2

− l
2

f(x) dx

=
2

2π

(∫ 0

−π
0 +

∫ π

0

sinx dx

)
= − 1

π
cosx

∣∣∣∣π
0

=
2

π

an =
2

l

∫ l
2

− l
2
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(
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l

)
dx

=
2

2π

(∫ 0

−π
0 +

∫ π

0

sinx cos(nx) dx

)
=

1

π

∫ π

0

sinx cos(nx) dx (1)

=
1

π

(
− cosx cos(nx)|π0 −

∫ π

0

n sin(nx) cosx dx

)
u = cos(nx), dv = sinx dx

= − 1

π

(
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(
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∫ π

0
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))
u = sin(nx), dv = cosx dx

= − 1

π

(
cosx cos(nx)|π0 + n sinx sin(nx)|π0 − n
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∫ π

0

sinx cos(nx) dx

)
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Let Ia =

∫ π

0

sinx cos(nx) dx

an =
1

π
Ia = − 1
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(
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2Ia
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∣∣∣∣π
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=
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=
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bn =
2

l

∫ l
2

− l
2

f(x) sin

(
2πnx

l

)
dx

=
2

2π

(∫ 0

−π
0 +

∫ π

0

sinx sin(nx) dx

)
=

1

π

∫ π

0

sinx sin(nx) dx (3)

=
1

π

(
− cosx sin(nx)|π0 +

∫ π

0

n cosx cos(nx) dx

)
u = sin(nx), dv = sinx dx

=
1

π

(
− cosx sin(nx)|π0 + n

(
sinx cos(nx)|π0 +

∫ π

0

n sinx sin(nx) dx

))
=
n2

π

∫ π

0

sinx sin(nx) dx (4)

Let Ib =

∫ π

0

sinx sin(nx) dx

bn =
1

π
Ib =

n2

π
Ib

Ib = n2Ib

=⇒ Ib = 0 ∀ n > 2

=⇒ bn = 0 ∀ n > 2

b1 =
1

π

∫ π

0

sin2 x dx

=
1

2π

(
x− sin(2x)

2

)∣∣∣∣π
0

=
1

2

f(x) =
a0
2

+

∞∑
n=1

an cos

(
2πn

l
x

)
+

∞∑
n=1

bn sin

(
2πn

l
x

)

f(x) =
1

π
− 1

π

∞∑
n=2

(−1)n + 1

n2 − 1
cos(nx) +

sinx

2

The f(x) we are given is defined in terms of a single sinx, and so it makes sense that the Fourier series
only has one sinx and no other sin, i.e. that bn = 0 for any n > 1.

2.

f(0) =
1

π
− 1

π

∞∑
n=2

(−1)n + 1

n2 − 1
= 0

∞∑
n=2

(−1)n + 1

n2 − 1
= 1

2

22 − 1
+ 0 +

2

42 − 1
+ 0 +

2

62 − 1
+ . . . = 1

1

22 − 1
+

1

42 − 1
+

1

62 − 1
+ . . . =

1

2
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Exercise 3

1.

F (x) =

{
f(−x), −l < x < 0
f(x), 0 < x < l

F (t) =

 −t, −
π

2
< t < 0

t, 0 < t <
π

2

a0 =
2

l

∫ l

0

f(x) dx

=
2
π
2

∫ π
2

0

t dt

=
4

π

t2

2

∣∣∣∣π2
0

=
π

2

an =
2
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∫ l
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f(x) cos
(nπx

l

)
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=
2
π
2

∫ π
2
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t cos

(
nπt
π
2

)
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=
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π

∫ π
2

0

t cos(2nt) dt

=
4

π

(
t sin(2nt)

2n

∣∣∣∣π2
0

−
∫ π

2

0

sin(2nt)

2n
dt

)

=
4

π

(
0 +

cos(2nt)

(2n)2

∣∣∣∣π2
0

)

=
4

π

cos(nπ)− 1

4n2

=
(−1)n − 1

πn2

F (x) =
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2

+

∞∑
n=1

an cos
(nπ
l
x
)

F (t) =
π

4
+

1

π

∞∑
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(−1)n − 1

n2
cos(2nt)
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2.

F (0) = 0 =
π

4
+

1

π

∞∑
n=1

(−1)n − 1

n2

π2

4
=

∞∑
n=1

1− (−1)n

n2

=
2
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+ 0 +

2
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+ 0 +

2
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+ . . .

π2

8
=
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+
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+
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+ . . .
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8
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Exercise 4

1.

cn =
1

l

∫ l
2

− l
2

f(x)e
−i2πnx

l dx

=
1

2π

(∫ −a
−π

0 +

∫ a

−a
e−inxdx+

∫ π

a

0

)
=

1

2π

e−inx

−in

∣∣∣∣a
−a

=
1

πn

eina − e−ina

2i

=
sin(na)

πn
, n 6= 0

c0 =
1

l

∫ l
2

− l
2

f(x) dx

=
1

2π

∫ a

−a
dx

=
a

π

f(x) =

+∞∑
n=−∞

cne
i2πnx
l

=
a

π
+

1

π

+∞∑
n=−∞
n 6=0

sin(na)

n
einx

=
a

π
+

1

π

( −1∑
n=−∞

sin(na)

n
einx +

∞∑
n=1

sin(na)

n
einx

)

=
a

π
+

1

π

( ∞∑
n=1

sin(na)

n
e−inx +

∞∑
n=1

sin(na)

n
einx

)

=
a

π
+

2

π

∞∑
n=1

sin(na)

n

(
einx + e−inx

2

)

f(x) =
a

π
+

2

π

∞∑
n=1

sin(na) cos(nx)

n
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2.

1

π2 − e3ix
=

1

π2

1

1− e3ix

π2

=
1

π2

a

1− r
a = 1, r =

e3ix

π2

=
1

π2

∞∑
n=1

arn−1 geometric series

=
1

π2

∞∑
n=1

(
e3ix

π2

)n−1
1

π2 − e3ix
=

1

π2

∞∑
n=0

1

π2n
e3inx

Exercise 5

f(−x) = −x
= −f(x)

=⇒ f(x) = odd

=⇒ an = 0 ∀ n ∈ N

bn =
2

l

∫ l
2

− l
2

f(x) sin

(
2πnx

l

)
dx

=
2

2π

∫ π

−π
x sin

(
2πnx

2π

)
dx

=
1

π

∫ π

−π
x sin(nx) dx

=
1

π

(
−x cos(nx)

n

∣∣∣∣π
−π

+

∫ π

−π

cos(nx)

n

)

=
1

π

(
−x cos(nx)

n

∣∣∣∣π
−π

+
sin(nx)

n2

∣∣∣∣π
−π

)

=
1

nπ
(−2π cos(nπ) + 0)

= −2(−1)n

n

bn
2 =

4

n2

1

l

∫ l
2

− l
2

|f(x)|2 dx =
a0

2

4
+

∞∑
n=1

an
2 + bn

2

2

1

2π

∫ π

−π
x2 dx = 0 +

∞∑
n=1

2

n2

∞∑
n=1

1

n2
=

1

4π

x3

3

∣∣∣∣π
−π

ζ(2) =
π2

6
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Exercise 6

1.

cn =
1

l

∫ l
2

− l
2

f(x)e
−i2πnx

l dx

=
1

2π

∫ π

−π
eαxe

−i2πnx
2π dx

=
1

2π

∫ π

−π
ex(α−in)dx

=
1

2π

ex(α−in)

α− in

∣∣∣∣π
−π

=
1

π(α− in)

eπ(α−in) − e−π(α−in)

2

=
sinh(πα− πin)

π(α− in)

=
α+ in

π(α2 + n2)
(sinh(πα) cosh(−iπn) + cosh(πα) sinh(−iπn))

=
α+ in

π(α2 + n2)
(−i sin(iπα) cos(πn) + cos(iπα)(−i sin(πn)))

cn =
sinh(πα)(−1)n(α+ in)

π(α2 + n2)

2.

f(x) =

+∞∑
n=−∞

cne
i2πnx
l

eαx =
sinh(πα)

π

+∞∑
n=−∞

(−1)n(α+ in)

α2 + n2
einx

e0 =
sinh(πα)

π

+∞∑
n=−∞

(−1)n(α+ in)

α2 + n2
= 1

α

+∞∑
n=−∞

(−1)n

α2 + n2
+ i

+∞∑
n=−∞

n(−1)n

α2 + n2
=

π

sinh(πα)

α

+∞∑
n=−∞

(−1)n

α2 + n2
+

(
0 + i

∞∑
n=1

(
n(−1)n

α2 + n2
− n(−1)n

α2 + n2

))
=

π

sinh(πα)

1

α2
+ 2

∞∑
n=1

(−1)n

α2 + n2
=

π

α sinh(πα)

∞∑
n=1

(−1)n

α2 + n2
=

1

2

(
π

α sinh(πα)
− 1

α2

)
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