MAU23204: Introduction to Complex Analysis
Midterm Homework due 26/03/2021

Ruaidhri Campion
19333850
SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at

http://www.tcd.ie/calendar.

I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism /ready-steady-write.
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(2n+1)2 = 1,9,25,49,81,... = 4(0) + 1,4(2) 4+ 1,4(6) + 1,4(12) + 1,4(20) + 1,.. ., i.e. any odd
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number squared is always 1 plus some multiple of 4. Thus we can rewrite —zg = (—4 — qm),

for some g € N.
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Harmonic functions

V2(u-v) = (u-0)er + (u-v)y,
= (Up - VFU-Vg)p+ (Uy - VF+U-Vy)y
Uy = Vy, Uy = Vg = (Ug -V —U-Uy)g + (Uy -V F+U-Ug)y
= Ugg UV F Ug - Vg — Ug - Uy — U Uyg T Uyy -V Uy - Uy + Uy - Uz + U Ugy
Uy = Uy, Uy = —Vp == V- Ugg — Ug * Uy — Ug * Uy — U Uyg TV Uyy + Uy - Uy + Uy - Uy + U+ Ugy
=0+ (Ugz + Uyy) + 2(—Ug - Uy + Uy - Uz) + U (—Uyaz + Usy)
Since u is harmonic, it solves the Laplace equation, i.e. VZu = ugy + Uyy = 0, and so the first

term is 0. The second term is clearly 0. Since ugy = Uy, the third term is also 0. Thus we have
V2(u-v) = 0, and thus u - v is harmonic.
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This is true for any 0 < r < 1, and so the average of |u| on any circle of radius less than 1 centred
at (0, 0) is the same as the absolute value of the maximum. Since the function is continuous, the
value of u cannot instantaneously switch between positive and negative u(0,0), and so we have

1 27

3/ u(rcosf,rsind) dd = u(0,0),

i.e. the average about any circle smaller than the unit disc centred at (0,0) is the same as the
maximum. This can only be true if u is a constant on the unit disc.



Laurent series
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