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Problem 1

Label Ax = A ∩ (x − εx, x + εx), where εx is some ε > 0 such that A ∩ (x − ε, x + ε) is countable, for
some x. Consider the sets Axi

, for all xi ∈ A. For each of these sets, consider pi, qi ∈ Q such that
xi − εxi

6 pi 6 xi 6 qi 6 xi + εxi
. If Axi

contains xa ∈ A such that xa < xi, then restrict pi so that
xa < pi 6 xi. Likewise, if Axi contains xb such that xi < xb, then restrict qi so that xi 6 qi < xb.
These restrictions are reasonable, as each Axi is countable, and so there must exist a rational number in
between any two pair of elements in Axi

.
Now consider the map ψ : A→ Q×Q given by xk 7→ (pk, qk). Since each pair (pi, qi) is defined such

that the only element of A in this interval can be xi, then each pair (pi, qi) in the image of ψ either
corresponds to no elements of A or exactly one element of A. Thus, the map ψ must be injective, and
so |A| 6 |Q×Q| = |N|, i.e. A must be at most countable.

Problem 2

Since limn→∞
1
n = 0, then limn→∞

√
x2 + 1

n =
√
x2 = |x|, i.e. fn(x) converges to |x|. Say that fn(x)

does not uniformly converge to |x|. Thus, for some x, we have

∃ε > 0 s.t. @N : n > N =⇒ |fn(x)− f(x)| < ε

=⇒ ∃ε > 0 s.t. ∀N : n > N =⇒

∣∣∣∣∣
√
x2 +

1

n
− |x|

∣∣∣∣∣ > ε√
x2 +

1

n
> |x| > 0 =⇒ ∃ε > 0 s.t. ∀n :

√
x2 +

1

n
> ε+ |x|

=⇒ ∃ε > 0 s.t. ∀n : x2 +
1

n
> ε2 + x2 + 2ε|x|

=⇒ ∃ε > 0 s.t. ∀n :
1

n
> ε (ε+ 2|x|)

=⇒ ∃ε > 0 s.t. ∀n :
1

2

(
1

nε
− ε
)

> |x|

Pick n >
1

ε2
=⇒ 1

nε
< ε =⇒ ∃ε > 0 s.t. ∃n : 0 >

1

2

(
1

nε
− ε
)

> |x|

This is a contradiction, as we have that |x| < 0 for some x. Thus, fn(x) must uniformly converge to |x|.
The derivative of the function fn is f ′n(x) = 1

2

(
x2 + 1

n

)− 1
2 (2x) = x√

x2+ 1
n

→ x
|x| = f ′(x). If f ′n(x)

converges uniformly, then we must have that for any ε > 0 there is an N such that n > N implies that
|f ′n(x)− f ′(x)| < ε, for all x. If we let x = 0, then we have that f ′(x) is undefined. Thus, there is no ε
such that |f ′n(0)− f ′(0)| < ε, for any n, and so f ′n(x) does not uniformly converge.
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Problem 3

Consider the function fA : R→ R given by fA(x) =

{
1 if x ∈ A
0 if x /∈ A , for some A ⊆ R. The set of these

functions is a subset of all functions f : R → R, and so |{fAi
}| 6

∣∣RR
∣∣, for any {Ai}. Since each fA is

uniquely determined by the set A, we have that |{fAi
}| = |{Ai}|. Thus, if we prove that the cardinality

of the set of all possible subsets of R is larger than the cardinality of R itself, we can show that R and
RR do not have the same cardinality, i.e. |R| < |{Ai}| = |{fAi

}| 6
∣∣RR

∣∣.
Suppose there exists a surjection α : R→ {Ai}, where {Ai} is the set of all subsets of R. Let Γ be the

set of all real numbers that are not contained in their own image in α, i.e. Γ = {x ∈ R | x /∈ α(x)} ⊆ R.
Since α is surjective and Γ is a subset of R, then there must be some y ∈ R such that α(y) = Γ. If
y ∈ Γ, then y ∈ α(y) = Γ. If y /∈ Γ, then y ∈ α(y) = Γ. Thus we have y ∈ Γ ⇐⇒ y /∈ Γ, which
is a contradiction. Thus there is no surjection that maps from R to {Ai}. Now consider the map
β : R→ {Ai} given by β(x) = {x}. This mapping is clearly injective, as if β(x) = β(y) then {x} = {y},
and so x = y. Thus there exists an injection from R to {Ai}, but no surjection, and so we have that
|R| < {Ai}.

Therefore R and RR do not have the same cardinality.
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