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SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1

Assume R\Q = A 6= R =⇒ ∃ closed set A ⊂ R : R\Q ⊆ A
=⇒ ∃ open set Ac ⊂ R : Ac ⊆ Q
=⇒ ∃ε > 0 : (x− ε, x+ ε) ⊆ Ac ⊆ Q ∀x ∈ Ac

For a given x : if ε is rational =⇒
[
x− ε√

2
, x+

ε√
2

]
⊂ (x− ε, x+ ε) ⊆ Ac ⊆ Q

=⇒ x+
ε√
2
∈ Q

x ∈ Ac ⊆ Q =⇒ x is rational ∧ ε is rational =⇒ x+
ε√
2

is irrational

x+
ε√
2
∈ Q ∧ x+

ε√
2

is irrational =⇒ contradiction

=⇒ ε cannot be rational

if ε is irrational =⇒
[
x− ε

2
, x+

ε

2

]
⊂ (x− ε, x+ ε) ⊆ Ac ⊆ Q

=⇒ x+
ε

2
∈ Q

x ∈ Ac ⊆ Q =⇒ x is rational ∧ ε is irrational =⇒ x+
ε

2
is irrational

x+
ε

2
∈ Q ∧ x+

ε

2
is irrational =⇒ contradiction

=⇒ ε cannot be irrational

ε is neither rational nor irrational =⇒ contradiction

=⇒ A = R

∴ R\Q = R
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Problem 2

inf{xn} ≤ xn ≤ sup{xn} ∀n ∈ N =⇒ xn ∈ [inf{xn}, sup{xn}] ∀n ∈ N
xn → x =⇒ inf{xn} ≤ x ≤ sup{xn}

=⇒ x ∈ [inf{xn}, sup{xn}]

xn ∈ (0, 1) ∀n ∈ N =⇒ 0 ≤ inf{xn} ∧ sup{xn} ≤ 1

Assume inf{xn} = 0 =⇒ x = 0 ∨ ∃xn = 0

(x = 0 ∨ ∃xn = 0) ∧ (x ∈ (0, 1) ∧ xn ∈ (0, 1)) =⇒ contradiction

=⇒ inf{xn} > 0

Assume sup{xn} = 1 =⇒ x = 1 ∨ ∃xn = 1

(x = 1 ∨ ∃xn = 1) ∧ (x ∈ (0, 1) ∧ xn ∈ (0, 1)) =⇒ contradiction

=⇒ sup{xn} < 1

inf{xn} > 0 ∧ sup{xn} < 1 =⇒ [inf{xn}, sup{xn}] ⊂ (0, 1)

∴ ∃a, b ∈ R : xn ∈ [a, b] ∧ x ∈ [a, b] ∧ [a, b] ⊂ (0, 1) (e.g. a = inf{xn}, b = sup{xn})

Problem 3

Let A = Q and B = R\Q

A ∩B = Q ∩ (R\Q) A = Q B = R\Q
= ∅ = R = R

A ∩B = ∅ A ∩B = R ∩ R
= ∅ as ∅ is closed = R

A ∩B = ∅ 6= R = A ∩B
∴ A ∩B 6= A ∩B
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Problem 4

(a)

∃Ai : f |Ai
is not continuous at x =⇒ ∃ nbhd U of f(x) ∈ B : @ nbhd V of x ∈ Ai : f(V ) ⊆ U

x ∈ Ai ⊆ A =⇒ x ∈ A
=⇒ ∃ nbhd U of f(x) ∈ B : @ nbhd V of x ∈ A : f(V ) ⊆ U
=⇒ f is not continuous at x

=⇒ f is not continuous

f is continuous =⇒ each f |Ai
is continuous (by contraposition)

f |Ai
is continuous at x =⇒ ∀ nbhds U of f(x) ∈ B ∃ nbhd V of x ∈ Ai : f(V ) ⊆ U
f |Ai

is continuous =⇒ f |Ai
is continuous at x ∀x ∈ Ai

=⇒ ∀ nbhds U of f(x) ∈ B ∃ nbhd V of x ∈ Ai : f(V ) ⊆ U ∀x ∈ Ai

Each f |Ai
is continuous =⇒ f |Ai

is continuous at x ∀x ∈ Ai ∀Ai ⊆ A
=⇒ ∀ nbhds U of f(x) ∈ B ∃ nbhd V of x ∈ Ai : f(V ) ⊆ U ∀x ∈ Ai ∀Ai ⊆ A
=⇒ ∀ nbhds U of f(x) ∈ B ∃ nbhd V of x ∈ A : f(V ) ⊆ U ∀x ∈ A
=⇒ f is continuous at x ∀x ∈ A
=⇒ f is continuous

∴ f is continuous ⇐⇒ each f |Ai
is continuous

(b)

The proofs above do not assume if A is a finite or an infinite union of subsets Ai, and all assumptions
made apply for both a finite and infinite union of subsets. Thus, the same is true if we allow for an
infinite number of Ai’s.
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