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Ruaidhŕı Campion
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SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1

1.

A ⇐⇒ B:
A ↓ B → T F

T T F
F F T

A =⇒ B:
A ↓ B → T F

T T F
F T T

2.

¬ (A ∨B): if A or B are true, then A ∨B will be true, and so ¬ (A ∨B) will be false. If both A and B
are false, then A ∨B will be false, and so ¬ (A ∨B) will be true. Thus the truth table for ¬ (A ∨B) is

A ↓ B → T F
T F F
F F T

(¬A)∧ (¬B): if A is true, then ¬A will be false, and so (¬A)∧ (¬B) will be false. If B is true, then ¬B
will be false, and so (¬A) ∧ (¬B) will be false. If both A and B are false, then both ¬A and ¬B will be
true, and so (¬A) ∧ (¬B) will be true. Thus the truth table for (¬A) ∧ (¬B) is

A ↓ B → T F
T F F
F F T

These have the same truth tables, and so ¬ (A ∨B) ⇐⇒ (¬A) ∧ (¬B)

3.

If we label A = (∀m ∈ N ∀n ∈ N : m < n) and B = (∃x ∈ X : m < x ∧ x < n), we can construct a truth
table for the statement ∀m ∈ N ∀n ∈ N : m < n =⇒ (∃x ∈ X : m < x ∧ x < n) from part 1.

A ↓ B → T F
T T F
F T T

The negation to this statement corresponds to the following truth table

A ↓ B → T F
T F T
F F F

This is the truth table for A ∧ ¬B, and so the negation to the statement is

(∀m ∈ N ∀n ∈ N : m < n) ∧ ¬ (∃x ∈ X : m < x ∧ x < n)

which is equivalent to

(∀m ∈ N ∀n ∈ N : m < n) ∧ (@x ∈ X : m < x ∧ x < n)
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Problem 2

1.

Choose some x ∈ X1 =⇒ f({x}) ⊆ f(X1)

=⇒ x ∈ f−1(f({x})) ⊆ f−1(f(X1))(
x ∈ X1 =⇒ x ∈ f−1(f(X1))

)
=⇒ X1 ⊆ f−1(f(X1))

Assume f is injective. Choose some x ∈ f−1(f(X1)) =⇒ f(x) ∈ f(X1)

=⇒ ∃x′ ∈ X1 : f(x) = f(x′)

(f is injective) ∧ f(x) = f(x′) =⇒ x = x′ ∈ X1(
x ∈ f−1(f(X1)) =⇒ x ∈ X1

)
=⇒ f−1(f(X1)) ⊆ X1

f−1(f(X1)) ⊆ X1 ∧X1 ⊆ f−1(f(X1)) =⇒ X1 = f−1(f(X1))

∴ f is injective =⇒ X1 = f−1(f(X1)) ∀X1 ⊂ X

Assume f is not injective =⇒ ∃x, x′ ∈ X : f(x) = f(x′) ∧ x 6= x′

=⇒ ∃x, x′ ∈ X : {x, x′} ⊆ f−1(f({x}))
=⇒ ∃x ∈ X : {x} 6= f−1(f({x}))
=⇒ ∃X1 ⊂ X : X1 6= f−1(f(X1))

=⇒ ¬
(
X1 = f−1(f(X1)) ∀X1 ⊂ X

)
∴ f−1(f(X1)) = X1 ∀X1 ⊂ X =⇒ f is injective (by contraposition)

Thus f is injective ⇐⇒ X1 = f−1(f(X1)) ∀X1 ⊂ X

2.

Choose some y ∈ f(f−1(Y1)) =⇒ ∃x ∈ f−1(Y1) : y = f(x)

=⇒ ∃x ∈ X : f(x) ∈ Y1 ∧ y = f(x)

=⇒ y ∈ Y1(
y ∈ f(f−1(Y1)) =⇒ y ∈ Y1

)
=⇒ f(f−1(Y1)) ⊆ Y1

Assume f is surjective. Choose some y ∈ Y1 =⇒ ∃x ∈ X : y = f(x) ∧ y ∈ Y1

=⇒ ∃x ∈ X : f(x) ∈ Y1 ∧ y = f(x)

=⇒ ∃x ∈ f−1(Y1) : y = f(x)

=⇒ y ∈ f(f−1(Y1))(
y ∈ Y1 =⇒ y ∈ f(f−1(Y1))

)
=⇒ Y1 ⊆ f(f−1(Y1))

Y1 ⊆ f(f−1(Y1)) ∧ f(f−1(Y1)) ⊆ Y1 =⇒ Y1 = f(f−1(Y1))

∴ f is surjective =⇒ Y1 = f(f−1(Y1))

Assume f is not surjective =⇒ ∃y ∈ Y : (@x ∈ X : y = f(x))

=⇒ ∃y ∈ Y :
(
@x ∈ X : x = f−1(y)

)
=⇒ ∃y ∈ Y :

(
@x ∈ X : f(x) = f(f−1(y))

)
=⇒ ∃y ∈ Y : f(f−1({y})) = ∅
=⇒ ∃Y1 ⊂ Y : Y1 6= f(f−1(Y1))

=⇒ ¬
(
Y1 = f(f−1(Y1)) ∀Y1 ⊂ Y

)
∴ Y1 = f(f−1(Y1)) ∀Y1 ⊂ Y =⇒ f is surjective (by contraposition)

Thus f is surjective ⇐⇒ Y1 = f(f−1(Y1)) ∀Y1 ⊂ Y
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3.

(g ◦ f)(x) ≡ g(f(x)) ∀x ∈ X ⇐⇒ (g ◦ f)(X1) = g(f(X1)) ∀X1 ⊂ X

(g ◦ f) ◦ (f−1 ◦ g−1) = g ◦ ((f ◦ f−1) ◦ g−1)

= g ◦ (idY ◦ g−1)

= g ◦ g−1

= idZ

(f−1 ◦ g−1) ◦ (g ◦ f) = f−1 ◦ ((g−1 ◦ g) ◦ f)

= f−1 ◦ (idY ◦ f)

= f−1 ◦ f
= idX

=⇒ (g ◦ f)−1 = (f−1 ◦ g−1)

∴ (g ◦ f)−1(Y1) = (f−1 ◦ g−1)(Y1)

= f−1(g−1(Y1))

4.

f : X 7→ Y, g : Y 7→ Z

Assume f is not injective =⇒ ∃x, x′ ∈ X : f(x) = f(x′) ∧ x 6= x′

=⇒ ∃x, x′ ∈ X : g(f(x)) = g(f(x′)) ∧ x 6= x′

=⇒ ∃x, x′ ∈ X : (g ◦ f)(x) = (g ◦ f)(x′) ∧ x 6= x′

=⇒ (g ◦ f) is not injective

∴ (g ◦ f) is injective =⇒ f is injective (by contraposition)

Assume g is not surjective =⇒ ∃z ∈ Z : (@y ∈ Y : g(y) = z)

=⇒ ∃z ∈ Z : (@x ∈ X : g(f(x)) = z)

=⇒ ∃z ∈ Z : (@x ∈ X : (g ◦ f)(x) = z)

=⇒ (g ◦ f) is not surjective

∴ (g ◦ f) is surjective =⇒ g is surjective (by contraposition)

Problem 3

1.

a < b ∧ c > 0 =⇒ ac < bc

c < d ∧ b > 0 =⇒ bc < bd

(ac < bc) ∧ (bc < bd) =⇒ ac < bd ∀a, b, c, d ∈ F : 0 < a < b ∧ 0 < c < d
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2.

a2 + b2 = 0 ⇐⇒ a2 + b2 − b2 = 0− b2

⇐⇒ a2 = −b2(
a2 ≥ 0 ∧ −b2 ≤ 0

)
∧
(
a2 = −b2

)
=⇒ a2 = 0

=⇒ a = 0

a2 = −b2 =⇒ b2 = 0

=⇒ b = 0

a = 0 ∧ b = 0 =⇒ b = a

∴ a2 + b2 = 0 =⇒ a = 0 ∧ b = a

3.

(
a− b

2

)2

≥ 0 ∀a, b ∈ F ⇐⇒ a2

22
+

b2

22
− ab

2
≥ 0 ∀a, b ∈ F

⇐⇒ a2

22
+

b2

22
− ab

2
+ ab ≥ 0 + ab ∀a, b ∈ F

⇐⇒ a2

22
+

b2

22
+

ab

2
≥ ab ∀a, b ∈ F

⇐⇒
(
a + b

2

)2

≥ ab ∀a, b ∈ F

Problem 4

F is of characteristic p ⇐⇒ 1 + 1 + . . . + 1 = 0

⇐⇒ (p− 1) + 1 = 0

=⇒ ∃0 ≤ a ∈ F : a + 1 = 0

=⇒ F cannot be an ordered field
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