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Problem 1
1.
AlB— |T F
A < B T T F
F F T
AlB—|T F
A = B T T F
F T T
2.

- (AV B): if A or B are true, then AV B will be true, and so = (4 V B) will be false. If both A and B
are false, then A vV B will be false, and so — (A V B) will be true. Thus the truth table for —= (A V B) is

ALB—|T F
T F F
F F T

(mA) A (—B): if A is true, then —A will be false, and so (—A) A (—B) will be false. If B is true, then - B
will be false, and so (=A4) A (=B) will be false. If both A and B are false, then both =4 and —B will be
true, and so (—A) A (-B) will be true. Thus the truth table for (—A) A (=B) is
AlB— |T F
T F F
F F T
These have the same truth tables, and so = (AV B) <= (=A) A (-B)

3.

If we label A= (Ym eNVneN:m<n)and B=(3z € X : m <z Az <n), we can construct a truth
table for the statement Ym e Nvn e N:m <n = (Jr € X : m <z Az <n) from part 1.

AlB— | T F
T T F
F T T
The negation to this statement corresponds to the following truth table
AlB— | T F
T F T
F F F

This is the truth table for A A =B, and so the negation to the statement is

(VmeNVneN:m<n)A-BreX m<zAz<n)

which is equivalent to

(YmeNVneN:m<n)APreX:m<zAz<n)



Problem 2
1.

Choose some z € X; = f({z}) C f(X1)
= z € [ (f{=}) € F(fF(X))
(zeX) = zef(f(X1) = X1 CFHF(X)

Assume f is injective. Choose some z € f~H(f(X1)) = f(z) € f(X1)
= 2’ € X1 : f(z) = f(a')

(f is injective) A f(z) = f(2') = z=12" € X,
(zef(f(X1) = zeXy) = [ (f(Xl)) X3
FHAX) S XA Xy C (X)) = Xa= fH(f(X0)
o, f is injective = X1 = f1(f(X1)

)

Assume f is not injective = Jx, 2’ € X : f(z) = f(2') Az #£ 2
= 3,2’ € X : {x,2'} C 1 (f{z}))
— Jz e X:{z} # [ (f{z})
= 3X; C X : X1 # fHf(X1))
- (X1 = (X)) VX € X)
S fHf(X))) = X1 VX, € X = f is injective (by contraposition)
Thus f is injective <= X1 = f~!(f(X1)) VX1 € X

2.

Choose some y € f(f~' (V1)) = Fr e f'(V1):y= f(x)
— TreX:fla)eViny=f(z)
= yey

(ye f(f'(V1) = yeYy) = f(f M)W

JreX:y=f(x)Ahyen
JreX: flx)eYiny=f(z)
e fN) iy = fx)
ye f(f71 ()
YiC [t )
(
(

Assume f is surjective. Choose some y € Y

(yeYr = ye f(f (1))
iCrfT MDA () CY

.. f is surjective

=f(f7'(M))
')

Assume f is not surjective = Jy €Y :(Jr € X :y = f(x))

— JyeY:(foeX:ax=f" (y))
= JyeY:(freX:flz ) FH W)
= JyeY: f(f{y)) =
— W CY Y # f(f*l(Yl))
— (Vi = F(FUY)) WY C Y)

Y1 =f(f'(V1)) VY1 CY = f is surjective (by contraposition)

Thus f is surjective <= Y; = f(f~1(Y1)) VV1 CY

Frerrly

)VX1CX



(go f)x) =g(f(z)) Vo e X = (g0 f)(X1) =g(f(X1)) VX1 C X

(gof)o(ftog )y=go((fofog™)
:go(idyogil)
:‘90971
—id,

(ftog Holgof)=Ffto(lg7tog)of)
=f"to(idyof)
=flof
=idy

= (9o /)T =(Tog™)
cge NI M) = (fTTegTH(M)
=g ()

4.
f:X—Y g:Y—Z

Assume f is not injective = Jz, 2’ € X : f(x) = f(z') ANz # 2
= dr,2' € X : g(f(z)) = g(f(2')) Nz # 2
= dr, 2’ € X : (go f)(x) = (go f)(@') Nz # 2
= (go f) is not injective
. (go f) is injective = f is injective (by contraposition)

Assume g is not surjective = 32 € Z: (Py €Y : g(y) = 2)
= ReZ:(JreX: g(f(r) =
= 2eZ:(JreX:(gof)(z)=2)
= (go f) is not surjective

. (go f) is surjective = g is surjective (by contraposition)

Problem 3
1.

a<bAc>0 = ac<bc
c<dAb>0 = bc<bd
(ac < be) A (be < bd) = ac < bd Va,b,c,d€ F:0<a<bA0<c<d



A+ =0 <
— a® = —p?
(a220/\—b2§0)/\(a2:—b2) = a’=0
— a=0
a? = = =0
— b=0
a=0ANb=0 = b=a
a2+ =0 = a=0Ab=a
3.
2 2 2
a—2b a b ab
( 7 ) >0Va,be F <— 2—2+?—§20Va7beF
a2 b ab
A > F
<:>22+22 2+ab_0+abVa,be
a2 b ab
g F
— 22+22+ 5 > ab Va,b e
2
— <“;b> > abVa,be F
Problem 4

F is of characteristicp <— 1+1+4+...+1=0
— (p—1)+1=0
= 0<acF:a+1=0
= F cannot be an ordered field



