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I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at
http://www.tcd.ie/calendar.

I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism /ready-steady-write.
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(b)
We can diagonalise the inertia tensor without having to find the diagonalising matrix by simply finding
the eigenvalues, and forming a diagonal matrix with these eigenvalues such that Iz < Iz < .
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(d)
Let ¥ point in the direction of the axis. Small oscillations of this ball about the given axis is effectively
a compound pendulum.
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Problem 2

The tensor of inertia [ ka ) of G defined with respect to its centre of mass Og satisfies the additivity
property
G A) o B) /=
1) = 130 @a) + 13 (@),
where Ii(,?) (da) is the inertia tensor Ii(,:l) of A defined with respect to O¢, and @4 is the vector from Og

to O 4, and similarly for B.

The tensors Ii(,f) (da) and Ii(,f) (dp) are given by

Ly (@) = Li + m (@04, — asay,)
and therefore

Ii(kG) = Ii(,f) + Ii(;gB) +ma (a%0ik — aniaar) + mp (aBdin — apiapy)

== Iz(lf) = IZ(,?) — Iz(lf) —ma (ai&k — aAiaAk;) —mp (02351k - aBiaBk:)



Problem 3
(a)




A
15"

=1 — 1) — ma (a%6i — aniaar) — mp (a%0% — apiapy)

mp = prr’H

ma

ap

aA

7@

ik

ma (%0 — aiaar) =

mg (aB6i — apiapy) =

SI‘%:

=mg —mp
= prnH (R2 — 7’2)
=a
_ mg(0) = ma(a)
mag —mp
ar?
_RQ 2
/ dareag dz p (6zkx2 - xzxk)
% areag
%H37rR2p+ 1HTR*p 0 0
1—12H37TR2p + %HWR‘lp 0
0 %Hﬂ'R4p
El
/ dareap dz p ((L'kxi — xixk)
% areap
%Hdﬂr p+ iHmAp 0 0
0 %H37r7’2p+ iHmAp 0
0 0 %HmAp
2 4
Tt 00
0 0 0
2 4
0 0 “FEIRf
a’Hrrip 0 0
0 0 0
0 0 a’Hnrip
Hrp (H2 (R2 — 7“2)2 +3 (R6 4+ 70 — RZpt — 2 (R4 + 4a2R2)))
12(R? —r?)

Ig:

Igz

S HTp(R—r) (R+7) (H? 43 (R” +12))
Hmp (RG + 76 — R2pt — 2 (R4 + 2a2R2))

2 (R2— 12)



$Assumptions =R >@&&H > @& & r >08 % p>08 % a>08&  as<R-r&&r«<R;

ige = Integrate -Integr'ate[p (v*+2%), {x, y} eDisk[{@, 2}, R]], {z, _2—H, E}

. - 2 2 . -H H-;
igy = Integrate|Integrate[o (x*+2°), {x, y} eDisk[{@, @}, R]], {z, P —}

. [ 2.2 . -H Hy;
is., = Integrate|Integrate[p (x*+y*?), {x, y} eDisk[{@, @}, R]], {z, P —}

" _H Hn-
icxy = Integrate|Integrate[p (-xy), {X, y} € Disk[{e, @}, R]], {z, ?, —}

_ -H H--
igy, = Integrate|Integrate[p (-xz), {Xx, y} € Disk[{®, @}, R]], {z, ?, —}

- _H H -
iy, = Integrate|Integrate[o (-y z), {X, y} e Disk[{@, @}, R]], {z, —, —}
L 2 i
1 1
AH7TR’p+ —H 7R’ p+ “HaR*p
12 4
1 1
—H3}'TR2,O+—H}'TR4,O
12 4

1
—H}Tde
2

10



igy = Integrate
ig,y = Integrate
ig,, = Integrate
igy = Integrate
ip,, = Integrate

ig,, = Integrate

[Integrate[o (-xy), {X, y} € Disk[{®, @}, r]],

{ 0

2
_ . -H H--
Integrate[p (-xz), {x, y} € Disk[{e, @}, r]], {z, ?, —}

Integrate[p (-y z), {x, y} e Disk[(®, @}, r]1],

_ -H H--
_Integr‘ate[p (y*+2%), {x, y} eDisk[{e, @}, r]], {z, P ;}
-Integr'a'l:e[,o (x* +2%?), {x, y} eDisk[{0, @}, r]], {z, j, 2}
- _H H -
_Integr‘ate[p (x* +y?), {x, y} eDisk[{@, @}, r]], {z, P —}_

-H H--
z, -}

H Hy;
2 2,1
2 27

1 1
—H3}'TI"2,O+—H}'TI"4,O
12 4

1 1
—H3}'TI"2,O+—H}'TI"4,O
12 4

1

—H}Tr‘dp

2

(%]

7]

7]

11



Qux = P7TH (Rz—r'z)

Qyy =P 7H (R2

a,; =pmH (R2

Qy = P7H (R2
a,; = pmH (R2
ayz = Pp7H (R2

azH;'Tr‘d,o

—r? +R?

azH;'Tr‘dp

-r?+R?

%)

1 1 1 1
{{— H37rR29+ —HT(R4p— (— Hszrr'zp+ —H7rr‘4p] -
12 4 12 4
1 1
{a, — W aRp+-HRR*p-
12 4

1 4 1 4
{e, 0, - HxR p—(—Hnr p]—
2 2

([ ap® )
(\R*-r?)
2
rz) (( aprc )
2 2
\\R"-r")
(({ ar? )
2
r‘) 2 2
\\R"-r")
r’) (e -e)
r’) (e -e)
r’) (e -e)

alHrr?p

-r? + R?

Ho (K2 (r2-R?)2.3 (r®-r? R2:R8-r2 (422R%:R%))) 0

12 (r2-R?)

2]

0

a@Hnrr*p

-r?2 + R?

Bux = PP H (a° - @)
Byy = p7r2H (az—az)
Bz = prr’H (a’-o)
By =P H (0-0)
Bxz=p7 P H (0 -8)
Byz=p7mr’H (@-0)

azH?Tr‘zp
%]
azH?Tr‘zp

%)

%)

J - (a®Hnr?p), o, e},

1 3 2 1 4
[—H nrlp+ Hxr p)— (@) - (a),a},
12 4

] - (.’:12 Hrr? o) }} // FullSimplify // MatrixForm

0 0
1 2 2 2
- HT(r-R) (r+R) (H+3(r+R))p 2]
o _H7 (r8-r®R%4RO-r2 (282 RZ4RY)) o

12

2 (r2_R2)
\ I



(b)
The xz-plane is considered as the horizontal plane. Small oscillations of this cylinder about the given

axis is effectively a compound pendulum. o = 8= 5, v = 0.

9 mgl

~ ml2 + Iz cos? a + Iy cos? B+ I; cos? y

2 _ .2
w:\/ prH (R? —r?) gl

prH (R?2 —r2)12 4+ I;

ar? ar?
e b= pp e
—\/2“97"2 _¢ 2agR?
OV R a2 “B=\ R4 1 2a2R?
2 2 ar?
prH (R?-r?) g (Rz_rz)
Wg = // FullSimplify
H (RZ r_z) ( ar? )2 Hr (r8-r? R24R®-r? (222 R24R%)) o
b - -
P R?-r? 2 (r2-r?)
2r / ag
\/—Za2 r-r* R4
2 2 ar?
prH (R —r‘)g(RZ_r‘2 )
Wg = // Fullsimplify
TH (RZ r_z) ( ar? a)z Hr (r®-r?R2+R®-_r? (222 R2:R%)) o
- + -
° R2-r2 2 (r2-g?%)

13



