
MAU23401: Advanced Classical Mechanics I

Homework 8 due 04/12/2020

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1

1.

L =
m

2
~v2 − U(r)

=
m

2

(
x′(t)2 + y′(t)2 + z′(t)2

)
−mg z(t)

z(t) =
k

2

(
x2 + y2

)
=⇒ L =

m

2

(
x′(t)2 + y′(t)2 + k2 (x(t)x′(t) + y(t)y′(t))

2 − gk
(
x(t)2 + y(t)2

))
Since swapping x and y results in no change to the Lagrangian, we can solve the equations of motion in
terms of x only, and simply swap x for y to get our answer in terms of y.

eom: 0 =
d

dt

∂L

∂x′(t)
− ∂L

∂x(t)
+ η x′(t)

=⇒ x′′(t) = −
η x′(t) + kmx(t)

(
g + k

(
x′(t)2 + y′(t)2 + y(t)y′′(t)

))
m+ k2mx(t)2

=⇒ y′′(t) = −
η y′(t) + kmy(t)

(
g + k

(
x′(t)2 + y′(t)2 + x(t)x′′(t)

))
m+ k2my(t)2
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2.

Like before, we will only do this question with regards to x, and then write a similar answer for y based
on this.

If we are only considering small oscillations then all quadratic terms will be approximately 0 compared
to the linear terms.

x′′(t) ≈ −η x
′(t) + gkmx(t)

m

ansatz: x(t) = <
(
Aert

)
=⇒ r2 = −ηr + gkm

m

=⇒ r± =
1

2

(
− η

m
±
√
η2 − 4gkm2

m

)
x(t) = <

(
A+e

r+t +A−e
r−t
)

= e−
ηt
2m<

(
A+e

t
2m

√
η2−4gkm2

+A−e
− t

2m

√
η2−4gkm2

)

Case 1: η2 < 4gkm2

=⇒ x(t) = e−
ηt
2m<

(
A+e

it
2m

√
4gkm2−η2 +A−e

− it
2m

√
4gkm2−η2

)
= e−

ηt
2m<

(
A+ cos

(
t

2m

√
4gkm2 − η2

)
+A− cos

(
− t

2m

√
4gkm2 − η2

))
= αe−

ηt
2m cos

(
t

2m

√
4gkm2 − η2

)
, α ≡ < (A+ +A−)

Case 2: η2 > 4gkm2

=⇒ x(t) = e−
ηt
2m<

(
A+e

t
2m

√
η2−4gkm2

+A−e
− t

2m

√
η2−4gkm2

)
= e−

ηt
2m

(
α+e

t
2m

√
η2−4gkm2

+ α−e
− t

2m

√
η2−4gkm2

)
, α± ≡ < (A±)

Case 3: η2 = 4gkm2

=⇒ x(t) = e−
ηt
2m< (A+ +A−)

= αe−
ηt
2m , α ≡ < (A+ +A−)

We can similarly define y, by letting x→ y, A→ B, α→ β.

Underdamped: x(t) = αe−
ηt
2m cos

(
t

2m

√
4gkm2 − η2

)
and y(t) = βe−

ηt
2m cos

(
t

2m

√
4gkm2 − η2

)
Overdamped: x(t) = e−

ηt
2m

(
α+e

t
2m

√
η2−4gkm2

+ α−e
− t

2m

√
η2−4gkm2

)
and y(t) = e−

ηt
2m

(
β+e

t
2m

√
η2−4gkm2

+ β−e
− t

2m

√
η2−4gkm2

)
Critically damped: x(t) = αe−

ηt
2m

and y(t) = βe−
ηt
2m
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Problem 2

1.

eomhomo: 0 = x′′homo(t) + 2λx′homo(t) + ω0
2xhomo(t)

=⇒ xhomo(t) = e(−λ−
√
λ2−ω0

2)tc1 + e(−λ+
√
λ2−ω0

2)tc2

eom: 0 = x′′(t) + 2λx′(t) + ω0
2x(t)− f0e−α|t|, f0 =

F0

m

t < 0 : ansatz: x(t) = <
(
Aeαt

)
=⇒ A =

f0
α2 + 2αλ+ ω0

2

x−(t) = xhomo(t) + x(t)

= e(−λ−
√
λ2−ω0

2)tc1 + e(−λ+
√
λ2−ω0

2)tc2 + <
(

f0
α2 + 2αλ+ ω0

2
eαt
)

If t = −∞ then x =∞ and thus E 6= 0, thus c1, c2 = 0.

=⇒ x−(t) = <
(

f0
α2 + 2αλ+ ω0

2
eαt
)

=
f0

α2 + 2αλ+ ω0
2
eαt

x−(0) =
f0

α2 + 2αλ+ ω0
2

x−
′(t) =

αf0
α2 + 2αλ+ ω0

2

t > 0 : x(t) = e(−λ−
√
λ2−ω0

2)td1 + e(−λ+
√
λ2−ω0

2)td2 +Be−αt

eom: 0 = x′′(t) + 2λx′(t) + ω0
2x(t)− f0e−α|t|

=⇒ B =
f0

α2 − 2αλ+ ω0
2

x+(t) = x(t)

= e(−λ−
√
λ2−ω0

2)td1 + e(−λ+
√
λ2−ω0

2)td2 +
f0

α2 − 2αλ+ ω0
2
e−αt

x+(0) = d1 + d2 +
f0

α2 − 2αλ+ ω0
2

x+
′(t) = d1

(
−λ−

√
λ2 − ω0

2
)

+ d2

(
−λ+

√
λ2 − ω0

2
)
− αf0
α2 − 2αλ+ ω0

2

x−(0) = x+(0)

x−
′(0) = x+

′(0)

=⇒ d1 = −
αf0

(
α2 + ω0

2 + 2λ
(
−λ+

√
λ2 − ω0

2
))

√
λ2 − ω0

2 (α (α− 2λ) + ω0
2) (α (α+ 2λ) + ω0

2)

and d2 =
αf0

(
α2 + ω0

2 − 2λ
(
λ+
√
λ2 − ω0

2
))

√
λ2 − ω0

2 (α (α− 2λ) + ω0
2) (α (α+ 2λ) + ω0

2)

=⇒ x+(t) =
f0e
−αt

α2 − 2αλ+ ω0
2
−
αf0e

(−λ−
√
λ2−ω0

2)t (α2 + ω0
2 + 2λ

(
−λ+

√
λ2 − ω0

2
))

√
λ2 − ω0

2 (α (α− 2λ) + ω0
2) (α (α+ 2λ) + ω0

2)

+
αf0

(
α2 + ω0

2 − 2λ
(
λ+
√
λ2 − ω0

2
))

√
λ2 − ω0

2 (α (α− 2λ) + ω0
2) (α (α+ 2λ) + ω0

2)
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x(t) =

{
x−(t), t ≤ 0
x+(t), t > 0

=


f0

α2+2αλ+ω0
2 e
αt, t ≤ 0

f0e
−αt

α2−2αλ+ω0
2 −

αf0e
(−λ−

√
λ2−ω0

2)t(α2+ω0
2+2λ(−λ+

√
λ2−ω0

2))√
λ2−ω0

2(α(α−2λ)+ω0
2)(α(α+2λ)+ω0

2)
+

αf0(α2+ω0
2−2λ(λ+

√
λ2−ω0

2))√
λ2−ω0

2(α(α−2λ)+ω0
2)(α(α+2λ)+ω0

2)
, t > 0
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The first plot is overdamped motion as λ > ω0. The second plot is underdamped motion as λ < ω0.
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Problem 3

1.

2.

∂U

∂x
= 0

=⇒ x = 0, ±

√
k

g

∂2U

∂x2
> 0

=⇒ x 6= 0

=⇒ xstable = ±

√
k

g

U(xstable) = 0
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3.

x(t) = δ(t) +

√
k

g

eom: 0 = x′′(t) +
1

m

∂U

∂x

0 = δ′′(x) +
1

m

(
2k δ(t) + 3

√
gk δ(t)2 + g δ(t)3

)

4.

ω0 =

√
2k

m

ε1 =
3
√
gk

m

ε2 =
g

m

ω = A2

(
− 5ε1

2

12ω0
3

+
3ε2
8ω0

)
ω = − 3A2g

2
√

2km

ω

ω0
= −3A2g

4k
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