MAU23401: Advanced Classical Mechanics [
Homework 8 due 04/12/2020

Ruaidhri Campion
19333850
SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at

http://www.tcd.ie/calendar.

I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism /ready-steady-write.

Problem 1
1.
L= 542 - U(r)
:=%(fm2+yuf+zﬁf)—mgdﬂ
k

2(t) = 5 (2° +y°)
— L= (/0 +y/ (O + K ()2’ (1) + y(0)y (1) — gk (2()* +y(1)?))

Since swapping x and y results in no change to the Lagrangian, we can solve the equations of motion in
terms of x only, and simply swap x for y to get our answer in terms of y.

d 0L oL

eom: 0 = @90 0a(l) +na'(t)
() = _na'(t) +kma(t) (9 + & (') +y' () +y()y" (1))
m+ k2m x(t)?
) = Yy () +kmy(t) (9 +k (/1) + ¢/ (1)* + 2()2" (1))

m+ k2my(t)?
L= (x’[t]2+y'[t]2+z'[t]2) -mgz[t];
2
k 2 2
2t 1= (x[t1?+y[t]1%);
L // FullSimplify

1
oM (-gk (X[E]2+y[E]%) + X [£]%+y [£]% + Kk* (x[€] X [€] +y[t] y'[t])?)

EOMx = D[D[L, x"[t]], t] -D[L, x[t]] +nx'[t];
Solve[EOMx == @, x""[t]] // FullSimplify

7 k k ’ 2 ’ 2 ’
{{X,,[t]%_nx[th mx[t] (g+ (Xz[t] +3/[t] +yltly [t]))H
m+k mx[t]



2.

Like before, we will only do this question with regards to x, and then write a similar answer for y based
on this.
If we are only considering small oscillations then all quadratic terms will be approximately 0 compared

to the linear terms.

!/
.Z'H(lf) ~ _nx (t) + gkma(t)
m
ansatz: z(t) = R (Ae™)
2" + gkm

—— =
m
1 2 — 4gkm?
. ri:<_ﬁiv”9m>
2 m m

z(t) =R (Ape™" + A_e"™ ")
= 6_%% (.AJreﬁ\/m + Afe_ﬁ\/m)

Case 1: n? < 4gkm?

= (1) :e_%%(AJrez%\/m_,_Aie—%\/m)
t t ¢
=e R | Ap cos [ =—/Agkm? — 2 ) + A_ cos [ ——/4gkm? — 12
2m 2m
nt t
:ae‘zmcos( 4gkm2_n2>’ a=RAL+A)

2m

Case 2: n? > 4gkm?

_at t 2 2 __t 2_ 2
= z(t) =e mRN (A+62m mP=Aghm® 4 A_ e mm V1P —dgkm )
_at t 2 2 _t . [p2_ 2
=e 2m <a+e2m AghmE o T mm VN Agkm ), ar =R(AL)

Case 3: n? = 4gkm?
— 2(t)=e T R(Ay +A)
—ae T, o= R(AL+A)

We can similarly define y, by letting x —» y, A - B, a — 5.
_ ot i
Underdamped: z(t) = ae™ 27 cos (2 VAagkm? — 7]2>
m
-3 ¢ 2 _ 2
and y(t) = Be” 2m cos %\/4gkm -7
Overdamped: z(t) = e~ 3 (oureﬁ Vi—Agkm? 4 eV "2_457’””2)
and y(t) = ¢ (B, VIR 4 oo

nt

Critically damped: z(t) = ae™ 27
and y(t) = B(f%







Problem 2
1.

eoMpomo: 0 = i o (1) + 2027010 (1) + W0 Thomo (1)
- mhomo(t) = 6(7)\7 )\27w02)t61 + e(i)\Jr )\27w02)t02
F
eom: 0= 2" (t) + 22’ () + wo’x(t) — foemot fo = =
m
t < 0:ansatz: z(t) =R (Ae™)
fo
o2+ 2a) + wo?
Z_(t) = Thomo(t) + z(t)

— (VIR (V) Jo pot
o2+ 2a + wo?

:}A:

If t = —o00 then = oo and thus E # 0, thus ¢1,cy = 0.

_ f() at
e x_(t)§R<a2+2aA+w02€ >

_ fO eat
o? 4+ 2a)\ + wp?
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(0= 0
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fo
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fo

24(0) =dy +ds + PRy w1 Z2ah + wg?

220 = di (-3 = VR w?) -y (A4 VR w?) - 2B
z-(0) = 24.(0)
2_'(0) = 21'(0)
g afo(0 4w+ 2 (A + VR —w?))
' VAZ — w2 (a(a = 2)) + wo?) (a (a + 2)) + w?)
afy (a2 +wo? = 2X (A + VAT — wo?))
and Gy = o (o (o — 20) + wo?) (@ (o £ 2V) + wo?)
foe—at afoe(_’\_‘/m)t (02 + wo? 42X (=X + VA2 — w?))
= = O e e VP ot (a (0 - 2 T wo?) (a1 23) + n?)
. afy (0 +wp? — 20 (A + VA2 —w?))

VAZ —wp? (a (a0 —2X) + wo?) (a (a+ 2X) + wp?)



x+(t), t>0
t
] ] (12+2(x&+w02 e” ) t< 0
- foe *t Oéfoe(_k_ AZ_Woz)t(Ozzero2+2>\(*>\+\/>\2ﬂuoz)) Oéfo(a2+w0272>\()\+\/>\2*‘“02)) t>0
a?—2aXtwo? VAZ—wo?(a(a—2X)+wo?) (a(a+2))+wo?) A2 —wo? (a(a—2X\)+wo?)(a(a+2X)+wo?)’ =

Clear[x];

$Assumptions =m > 0& & fp > 0 && a > 0;
EOML = X' [t] + 2 A X [t] + we” X[t];
DSolve[EOM1 == @, x[t], t]

[, [R2 2 [, [y2 2
t | -A-4/2%-wg | Tt A+ A5-wy |
{{x[t} Set T ) ¢cq+ @ AT ) ﬁ:z}}

Clear[A];

f[t_] = Piecewise[{{foe*", t <0}, {foe ™', t 2 0}}]
EOM2 = X" [t] + 24X [t] +we” X[t] - F[t];

X[t ]=Ae”";

Assuming[t < @, Solve [EOM2 == @, A]]

et fo t <o
e t“fo t=>0
) True

et fo t<o
e " et fp t=0

%) True
{{a- 3
a2+2ak+wé




x[t ]=Ae"";
fo .
a2+2al+w§,

Xhomo [T_1] = et (_l_ Az—w%) Cy + et (_)& “lz_w%) T2,

X_[T_] = Xnomo [t] + X[T]

A=

E't I::—/'\— f\;‘l Power[«2>>]+Times[<«<2>>] )

. (A= 4/ [«<2> .
... Set: Tag Plus in (et (A= Plus{«<2] Cq+ @2)[t_] is Protected.
to { i | { > 9
et fo £ (oo 32-.2 £ (e 3202
b et VAT oy et IR ) [

oa® + 2o+ wg

x_[t 1 =x[t]

et fo

a® +20 A+ w}

X_[t ] =Re[x_[t]]

et fo

a® + 20+ wh

Re




X_g = X_[0]

fo
:

Rel >
o + 20 A+ Wy

V_g = Re [x—r [B] ]

foo
ot
o + 20+ wy

(xt>0x)
Clear[x, B, cq, C5]1;

X[t ] = ot (—l—qflz—w%) C + ot (—.1+ 1/:@—:0%) C, +B et

EOM3 = X" [t] + 2A X [t] + we® x[t] - F[t];
Assuming[{t =2 @}, EOM3 // FullSimplify]

e ™ (-fe+Ba (a-221) +Bwp)

Assuming[{t = @}, Solve[EOM3 == @0, B]]

et fo t<o
e " et fp t=0

(%] True
{{e- 3
a2—2al+wé

J



fo

Bz —m;
a®-2al+w
X, [t_ ] =x[t]
N vy e 202 “to
et C1+et\5k\‘u 8¢, Ze fo .
ot - 2a A+ wy
x+0=x+[a]
e
Ci +Co +

a? - 20+ wh

Vie = X-r’ [a]

fo
v (—A— 22 - w2
a-2a A+ wg

fo fo

+cp -2+ 22— )

Solve[{c1 +Cy +
a?-2ax+wk
foa

a2—2al+m%

——+C1(—.A.— A.z—wg)'f(:z(—).'l' Az—m§)==

f@a(a2+wé+2/\(—k+ Az—wg))

2
a?+2a+w]

foa . .
—}, {c1, Cz}] // Fullsimplify
a®+2ar+ mg

o o (ahwg_u(mmz_wg))

{{C1—> -
foa (a2+wg+zz (-A+ w}f-wg))

A -wp (a(a-22) +wg) (@ (a+22) +wp)

)

A -wg (a(oa-224) +wg) (e (a+22) +wp)

Cqy = - .
' A% - w2 (e (@-22) +w3) (a(a+2]t)+w§),
-Faa(a2+m§-zx(x+ 1/12-(,;%))

Cy = .

’ A2 - w2 (@ (@-22) +w}) (a (a+22) +wf) ’
X, [t]
X, =Re[x,[t]]

e te g . g foa (az +wi+ 22 (—A+ A Az—wé)) etl’hw/}\zms} foa (az +wg-22 (A+ )\z—wé))
- +

a?-2a 2+ Wl

£ (22205 2., .2
etofp e | "Fea(a +wg+2A

VA2 - wg (a (@ -22) +wg) (o (a+22) +w))

2 -wg (e (a-22) +wg) (o (a+22) +wh)
(—A+ x/zszg)) e () o (az+w§—2) (A+ 1/127%)) .
+

Re -
az—Za)Hué

VA2 - wg (o (@-22) +wg) (o (a+22) +wj)

2 -wg (@ (a-22) +wg) (o (a+22) +wp)

X[t ] = Piecewise[{{x_[t], t <O}, {x,[t], t= @}}]

to
—e—fo_ t<o
l-a%+2ax

( \ [~ 5 \
t (-a-+-1+22) (4.2 1.521) t (-a--1202 (4.2 vy

~to e |\ I foo [1+0%+2 X [-2+ -1+ | ) e |\ I fBa [1+a“-2 2 [A++/-1+27 ||

[ fe _ L \ A \ | Il t:-0
102 242 (Leo (=22 ) -1:22 (1so (a+2 1)) (1+o (0=22)) V-1:22 (1:a (a:22))
%} True

The first plot is overdamped motion as A > wg. The second plot is underdamped motion as A < wg.



2.
1 1
Plot[{X[t] /. {wa 51, A->1.01, f0 > 10, o —}, X[t] /. {wa—h 1, 1> 1.01, f0 - 10, a » —},
1000 32
1 1
X[t] /. {w9—> 1, A 1.01, f0 - 10, a - E}’ X[t] /. {me—)l, A-1.01, 0510, a - 5}’

1 1
X[t] /. {m941,1->1.91, £0 > 10, a - Z},X[t] /. {wo-u, A>1.01, 010, a - E}’

X[t] /. {wg—1, A»1.01, f8 > 10, a - 1}, X[t] /. {we > 1, A » 1.01, 0 » 10, a - 2},
X[t] /. {we— 1, X1 1.01, f@ - 10, a->4}}, (t, -10, za}]

=

5 10 15 20

A\

1 1
Plot[{X[t] /. {wg—)l, 1-0.01, f0 > 10, o » —}, X[t] /. {me—) 1, A 0.01, f8 - 10, a —» —},
1000 32
1 1
X[t] /- {m9—> 1, 1> 0.01, f0 5 10, a - E}’ X[t] /. {me—rl, 150.01, 0 > 10, a - 5},

1 1
X[t] /. {mg—»l,l—»a.al, £0 5 10, a - Z},X[t] /. {mg-u, 150.01, f0 > 10, a » E}’

X[t] /. {wg—1, A > @.01, 0 > 10, a » 1}, X[t] /. {we > 1, A »0.01, f0 » 10, a - 2},
X[t] /. {we— 1, A > 0.01, fo > 10, a—;4}}, (t, -10, 291]




Problem 3

1.

$Assumptions =m>08& &k >08& g > 0;
2
k k , B s,

Plot[{U[x] /. {k—»6, g1}, U[x] /. {k>4, g1}, U[x] /. {k=2, g->1}},
{x, -3.5, 3.5}]

-3 -2 -1
2.
oUu
oz 0
— =0, £ E
g
o*U
W>O
= x#£0

k
= Tgtable = T4/ —
g

U(xstable) =0
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Sol
ve[U [x]
== 9
> X]

o

50}, {x

LY
, {xﬁ

'
[x]
/. {{x—»@}
, {x->

[—k
, 2k, 2k
}

U[x]
/.{{x—> .
). e

{0, 0}



(t) = 8(t) +

9
10U

P 0=a"(t) + ———
eom x()-i—max

0= §"(z) + % (2k 5(t) + 3/ gk 5(t)2 + gé(t)3)
EOM=mx"[t] + (U [x] /. x> Xx[t])

~kx[t] +gx[t]®+mx"[t]

| =

x[t ]=06[t] +

>
g
EOM

EOMeom = — // FullSimplify // Expand
m m

2k50t] 3.gkolt]? got)?
m m m

+ 6" [t]
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12 Q,> 8 Qp

w=A° (- ] // FullSimplify

W
— // FullSimplify
Qo
3A%g
2 \E vk m

3A%g
4 k
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