
MAU23041: Advanced Classical Mechanics I

Homework 7 due 27/11/2020

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1

1.

1



2.

L =
m

2

((
dx

dt

)2

+

(
dy

dt

)2
)
− k∆2

2
, ∆ ≡ spring length

y = −ax2 + 2ax− a
= −a(x− 1)2

= −aq2, q = x− 1

dy

dt
= −2aqq̇

dx

dt
= q̇

∆ =
√
q2 + (y − l)2

=
√
q2 + (−aq2 − l)2

F = kl

=⇒ k =
F

l

=⇒ L =
m

2

(
q̇2 + (−2aqq̇)

2
)
− F

2l

(
q2 + (−aq2 − l)2

)
L =

1

2

(
mq̇2

(
1 + 4a2q2

)
− F

l

(
q2 + a2q4 + 2laq2 + l2

))
3.

U =
k

2

(
q2 + a2q4 + 2laq2 + l2

)
dU

dq
= k

(
q + 2a2q3 + 2laq

)
= 0

=⇒ q = 0, q = ±1

a

√
−2la− 1

2

d2U

dq2
= k

(
1 + 6a2q2 + 2la

)
d2U

dq2

∣∣∣∣
0

= k(1 + 2la)

> 0 if a > − 1

2l
d2U

dq2

∣∣∣∣
± 1
a

√
−2la−1

2

= k(−2− 4la)

> 0 if a < − 1

2l

Equilibrium is stable if dU
dq = 0 and d2U

dq2 > 0. Thus the stable equilibrium positions are q = 0 if a > − 1
2l

and q = ± 1
a

√
−2la−1

2 if a < − 1
2l .
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4.

q0 = 0 q0 = ±1

a

√
−2la− 1

2

L =
mq̇2

2
− Fq2

(
a+

1

2l

)
− Fl

2
L = −mq̇

2(4al + 1)

2
+ Fq2

(
2a+

1

l

)
+
F (4al + 1)

8a2l

ω =

√
F + 2aF l

lm
ω =

√
F + 2aF l

lm+ 4alm
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Problem 2

1.

ma+ kx =
F0

β
eγt

=⇒ ẍ+ ω2x− f eγt = 0, f ≡ F0

mβ

x(t) = ζ eγt

=⇒ ζ =
f

γ2 + ω2

t < 0 =⇒ x−(t) = I(x(t)), γ = α+ iβ

=
eαtF0

((
α2 − β2 + ω2

)
sin(βt)− 2αβ cos(βt)

)
mβ (α2 + (β − ω)2) (α2 + (β + ω)2)

x−(0) =
F0

mβ ((α+ iβ)2 + ω2)

ẋ−(0) =
F0(α+ iβ)

mβ ((α+ iβ)2 + ω2)

General solution: x(t) = A+e
iωt +A−e

−iωt + ζ eγt

t > 0 =⇒ x+(t) = x(t), ζ =
f

γ2 + ω2
, γ = −α+ iβ

= A+e
iωt +A−e

−iωt +
F0e

(−α+iβ)t

mβ (ω2 + (−α+ iβ)2)

x+(0) = A+ +A− +
F0

mβ (ω2 + (−α+ iβ)2)

ẋ+(0) = iωA+ − iωA− +
F0(−α+ iβ)

mβ (ω2 + (−α+ iβ)2)

x+(0) = x−(0)

v+(0) = v−(0)

=⇒ A+ = − iFα

mβω (α2 + (β − ω)2)

A− =
iFα

mβω (α2 + (β + ω)2)

x+(t) = I(x(t))

=
F0

(
e−αt

(
2αβ cos(βt) +

(
α2 − β2 + ω2

)
sin(βt)

)
− 4αβ cos(ωt)

)
mβ (α2 + (β − ω)2) (α2 + (β + ω)2)

=⇒ x(t) =

{
x−, t ≤ 0
x+, t > 0

=


eαtF0((α2−β2+ω2) sin(βt)−2αβ cos(βt))

mβ(α2+(β−ω)2)(α2+(β+ω)2) , t ≤ 0
F0(e−αt(2αβ cos(βt)+(α2−β2+ω2) sin(βt))−4αβ cos(ωt))

mβ(α2+(β−ω)2)(α2+(β+ω)2) , t > 0
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2.
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3.

Energy acquired by oscillator = Energy at infinity

x∞(t) = − 4F0α cos(ωt)

m (α2 + (β − ω)2) (α2 + (β + ω)2)

E∞ =
mẋ∞

2

2
+
mω2x∞

2

2

E∞ =
8F0

2α2ω2

m (α2 + (β − ω)2) (α2 + (β + ω)2)
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4.

lim
α→0

x−(t) = − F0 sin(βt)

mβ (β2 − ω2)
lim
β→0

x−(t) =
F0 e

αt
(
ω2t+ α(αt− 2)

)
m (α2 + ω2)

2

lim
α→0

x+(t) = − F0 sin(βt)

mβ (β2 − ω2)
lim
β→0

x+(t) =
F0 e

−αt (ω2t+ α(αt+ 2)
)
− 4F0α cos(ωt)

m (α2 + ω2)
2

lim
α→0

E∞ = 0 lim
β→0

E∞ =
8F0

2α2ω2

m (α2 + ω2)
4
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