
MAU23401: Advanced Classical Mechanics I

Homework 3 due 23/10/2020

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1

(a)

x = ρ cosφ ẋ = ρ̇ cosφ− ρφ̇ sinφ

y = ρ sinφ ẏ = ρ̇ sinφ+ ρφ̇ cosφ

z = z ż = ż

φ

z

ρ

x

y

z

L =
m

2

(
ρ̇2 cos2 φ+ ρ2φ̇2 sin2 φ− 2ρρ̇φ̇ cosφ sinφ+ ρ̇2 sin2 φ+ ρ2φ̇2 cos2 φ+ 2ρρ̇φ̇ cosφ sinφ+ ż2

)
+ β

(
ρ cosφ sin

z

κ
− ρ sinφ cos

z

κ

)
L =

m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
+ βρ

(
cosφ sin

z

κ
− sinφ cos

z

κ

)
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(b)

ρ→ ρ̃ = ρ+ ε =⇒
{
L(ρ, φ, z)→ L (ρ̃, φ, z)

ρ̇→ ˙̃ρ = ρ̇

L(ρ̃, φ, z) =
m

2

(
ρ̇2 + φ̇2

(
ρ2 + ε2 + 2ρε

)
+ ż2

)
+ β(ρ+ ε)

(
cosφ sin

z

κ
− sinφ cos

z

κ

)
= L(ρ, φ, z) +

mφ̇2

2

(
ε2 + 2ρε

)
+ βε

(
cosφ sin

z

κ
− sinφ cos

z

κ

)
L(ρ̃, φ, z) does not differ by a total time derivative, as it contains a φ̇2. Integrating this will result in a
φ̇ term, and thus will depend on φ̇. Thus ρ→ ρ̃ = ρ+ ε is not a continuous symmetry.

φ→ φ̃ = φ+ ε =⇒

{
L(ρ, φ, z)→ L

(
ρ, φ̃, z

)
φ̇→ ˙̃

φ = φ̇

L
(
ρ, φ̃, z

)
=
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
+ βρ

(
cos(φ+ ε) sin

z

κ
− sin(φ+ ε) cos

z

κ

)
=
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
+ βρ

(
(cosφ cos ε− sinφ sin ε) sin

z

κ
− (sinφ cos ε+ cosφ sin ε) cos

z

κ

)
=
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
+ βρ

(
cosφ sin

z

κ
− ε sinφ sin

z

κ
− sinφ cos

z

κ
− ε cosφ cos

z

κ

)
= L(ρ, φ, z)− εβρ

(
sinφ sin

z

κ
+ cosφ cos

z

κ

)
Let L′(ρ, φ, z) = ρ

(
sinφ sin

z

κ
+ cosφ cos

z

κ

)
d

dt

∂L′

∂ρ̇
=
∂L′

∂ρ

0 = sinφ sin
z

κ
+ cosφ cos

z

κ

=⇒ L
(
ρ, φ̃, z

)
= L(ρ, φ, z)

L is invariant under an infinitesimal change of φ, thus φ→ φ̃ = φ+ ε is a continuous symmetry.

z → z̃ = z + κε =⇒
{
L(ρ, φ, z)→ L (ρ, φ, z̃)

ż → ˙̃z = ż

L(ρ, φ, z̃) =
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
+ βρ

(
cosφ sin

( z
κ

+ ε
)
− sinφ cos

( z
κ

+ ε
))

=
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
+ βρ

(
cosφ

(
sin

z

κ
cos ε+ cos

z

κ
sin ε

)
− sinφ

(
cos

z

κ
cos ε− sin

z

κ
sin ε

))
=
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
+ βρ

(
cosφ sin

z

κ
+ ε cosφ cos

z

κ
− sinφ cos

z

κ
+ ε sinφ sin

z

κ

)
= L(ρ, φ, z) + εβρ

(
cosφ cos

z

κ
+ sinφ sin

z

κ

)
= L(ρ, φ, z) similarly from before.

L is invariant under an infinitesimal change of z, thus z → z̃ = z + ε is a continuous symmetry.

J =
∂L

∂q̇i
ζi − Λ
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Jφ =
∂L

∂ρ̇
ζ1 +

∂L

∂φ̇
ζ2 +

∂L

∂ż
ζ3 − Λ

=
∂L

∂φ̇
− constant

(
ζ1 = ζ3 = 0, ζ2 = 1, Λ = constant

)
=
m

2

(
0 + 2ρ̇2φ̇+ 0

)
+ 0− constant

= mρ̇2φ̇− constant

=⇒ mρ̇2φ̇ = angular momentum about z-axis is conserved.

Jz =
∂L

∂ρ̇
ζ1 +

∂L

∂φ̇
ζ2 +

∂L

∂ż
ζ3 − Λ

=
∂L

∂ż
− constant

(
ζ1 = ζ2 = 0, ζ3 = 1, Λ = constant

)
=
m

2
(0 + 0 + 2ż) + 0− constant

= mż − constant

=⇒ mż = vertical momentum is conserved.
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Problem 2

(a)

x = r sin θ cosϕ ẋ = ṙ sin θ cosϕ+ rθ̇ cos θ cosϕ− rϕ̇ sin θ sinϕ

y = r sin θ sinϕ ẏ = ṙ sin θ sinϕ+ rθ̇ cos θ sinϕ+ rϕ̇ sin θ cosϕ

z = r cos θ ż = ṙ cos θ − rθ̇ sin θ

ϕ

θ

r

x

y

z

L =
m

2

((
ṙ sin θ cosϕ+ rθ̇ cos θ cosϕ− rϕ̇ sin θ sinϕ

)2
+
(
ṙ sin θ sinϕ+ rθ̇ cos θ sinϕ+ rϕ̇ sin θ cosϕ

)2
+
(
ṙ cos θ − rθ̇ sin θ

)2)
− U(r)

L =
m

2

(
ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ

)
− U(r)

(b)

L depends on r and θ, but not explicitly on φ, and so φ is the only cyclic coordinate.

Jφ =
∂L

∂ρ̇
ζ1 +

∂L

∂φ̇
ζ2 +

∂L

∂ż
ζ3 − Λ

=
∂L

∂φ̇
− constant

(
ζ1 = ζ3 = 0, ζ2 = 1, Λ = constant

)
=
m

2

(
0 + 0 + 2r2φ̇ sin2 θ

)
− 0− constant

= mr2φ̇ sin2 θ − constant

=⇒ m (r sin θ)
2
φ̇ = angular momentum about z-axis is conserved.

φ→ φ̃ = φ+ ε is the corresponding continuous symmetry.
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Problem 3

(a)

xi → xi + εijxj =⇒ r2 → (xi + εijxj)
2

→ xi
2 + 2εijxixj + (εijxj)

2

→ xi
2 + (εijxixj − εjixjxi) +O

(
εij

2
)

→ xi
2

ẋi → ẋi + εij ẋj =⇒ v2 → (vi + εijvj)
2

→ vi
2 + 2εijvivj + (εijvj)

2

→ vi
2 + (εijvivj − εjivjvi) +O

(
εij

2
)

→ vi
2

L is a function of r2 and v2 which are both invariant under this infinitesimal rotation, and so L must
also be invariant.

xi→

 x2 + ε25x5, i = 2
x5 − ε25x2, i = 5
xi ∀ i 6= 2, 5

vi→

 v2 + ε25v5, i = 2
v5 − ε25v2, i = 5
vi ∀ i 6= 2, 5

pi =
∂L

∂vi

=
∂

∂vi

(
−mc2

(
1− v2

c2

) 1
2

)
− 0

= −mc2
(

1

2

)(
1− v2

c2

)− 1
2
(

0− 2vi
c2

)
=

mvi√
1− v2

c2

pi →
m(vi + εijvj)√

1− v2

c2

→ pi + εijpj

pi→

 p2 + ε25p5, i = 2
p5 − ε25p2, i = 5
pi ∀ i 6= 2, 5
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(b)

~p =
m~v√
1− v2

c2

p4 =
mv4√
1− v2

c2

v2 =
p2

m2

(
1− v2

c2

)
v2
(

1 +
p2

m2c2

)
=

p2

m2

v2 =
p2

m2 + p2

c2

~v =
~p√

m2 + p2

c2

v2 =
p2√

m2 + p2

c2

(c)

Jij = pixj − pjxi, i, j = 1, 2, . . . , D

Jij is a D ×D anti-symmetric matrix, and so the diagonal contains only 0’s, and half of the remaining

terms are simply the same as the other half multiplied by −1. Thus there are D2−D
2 independent terms

in Jij .

(d)

Jij = pixj − pjxi, i, j = 1, 2, 3

~M = ~r × ~p
Jij = −εijkMk

Mi = − 1

2
εijkJjk

(e)

E =
∂L

∂vi
vi − L

E =
mv2√
1− v2

c2

+mc2
√

1− v2

c2
+
α

r2
e−βr

2

=
p2√

m2 + p2

c2

+mc2

√√√√1− p2

c2
(
m2 + p2

c2

) +
α

r2
e−βr

2

E =
p2√

m2 + p2

c2

+mc2

√
1− p2

m2c2 + p2
+
α

r2
e−βr

2
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Problem 4

(a)

To show that O(2, 1) is a group under standard matrix multiplication, we must show that it satisfies
associativity, the identity property, the inverse property, and closure.

For the following, A,B,C ∈ O(2, 1)

Associativity: (AB)C = A(BC) (standard matrix multiplication)

Identity: IηIT = ηI

= η =⇒ I ∈ O(2, 1)

Inverse: AηAT = η

η = A−1η
(
AT
)−1

η exists =⇒ A−1 exists

Closure: (AB)η(AB)T = ABηBTAT

= AηAT

= η =⇒ AB ∈ O(2, 1)

Thus O(2, 1) is a group under standard matrix multiplication.

(b)

Aij = δij + εij

AikηknAjn = ηij

(δik + εik)ηkn(δjn + εjn) = ηij

(δikδjnηkn + δikεjnηkn + δjnεikηkn + εikεjnηkn) = ηij

ηij + εjnηin + εikηkj + 0 = ηij

εjnηin + εikηkj = 0

i = 0, j = 0 =⇒ ε00η00 + ε00η00 = 0 =⇒ ε00 = 0

i = 0, j = 1 =⇒ ε10η00 + ε01η11 = 0 =⇒ ε01 = ε10

i = 0, j = 2 =⇒ ε20η00 + ε02η22 = 0 =⇒ ε02 = ε20

i = 1, j = 1 =⇒ ε11η11 + ε11η11 = 0 =⇒ ε11 = 0

i = 1, j = 2 =⇒ ε21η11 + ε12η22 = 0 =⇒ ε12 = −ε21
i = 2, j = 2 =⇒ ε22η22 + ε22η22 = 0 =⇒ ε22 = 0
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(c)

xi → Aijxj = xi + εijxj =⇒ xi
2 → (xi + εijxj)

2

→ xi
2 + 2εijxixj + (εijxj)

2

→ xi
2 + (εijxixj − εjixjxi) +O

(
εij

2
)

→ xi
2 fixed i = 0, 1, 2

vi → Aijvj = vi + εijvj =⇒ vi
2 → (vi + εijvj)

2

→ vi
2 + 2εijvivj + (εijvj)

2

→ vi
2 + (εijvivj − εjivjvi) +O

(
εij

2
)

→ vi
2 fixed i = 0, 1, 2

L is a function of xi
2 and vi

2, fixed i = 0, 1, 2 which are both invariant under this infinitesimal rotation,
and so L must also be invariant.

(d)

xi → Aijxj = xi + εijxj is a continuous symmetry, as it does not change L.

L is invariant under rotation =⇒ angular momentum ~M = m~r × ~v is conserved.
L does not explicitly depend on t =⇒ energy E = m

2

(
−v02 + v1

2 + v2
2
)

is conserved.
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(e)

−x02 + x1
2 + x2

2 + a2 = 0

−r2 cosh2 ζ + r2 cos2 φ sinh2 ζ + r2 sin2 φ sinh2 ζ = −a2

−r2 cosh2 ζ + r2 sinh2 ζ = −a2

r = a

x0 = a cosh ζ v0 = aζ̇ sinh ζ

x1 = a cosφ sinh ζ v1 = −aφ̇ sinφ sinh ζ + aζ̇ cosφ cosh ζ

x2 = a sinφ sinh ζ v2 = aφ̇ cosφ sinh ζ + aζ̇ sinφ cosh ζ

L =
m

2

(
−a2ζ̇2 sinh2 ζ + a2φ̇2 sin2 φ sinh2 ζ + a2ζ̇2 cos2 φ cosh2 ζ − 2a2φ̇ζ̇ sinφ cosφ sinh ζ cosh ζ

+ a2φ̇2 cos2 φ sinh2 ζ + a2ζ̇2 sin2 φ cosh2 ζ + 2a2φ̇ζ̇ sinφ cosφ sinh ζ cosh ζ
)

+ λ
(
−r2 cosh2 ζ + r2 cos2 φ sinh2 ζ + r2 sin2 φ sinh2 ζ + a2

)
=
m

2

(
a2ζ̇2

(
cosh2 ζ

(
cos2 φ+ sin2 φ

)
− sinh2 ζ

)
+ a2φ̇2 sinh2 ζ

(
cos2 φ+ sin2 φ

))
+ λ

(
a2 − r2

)
L =

m

2

(
a2ζ̇2 + a2φ̇2 sinh2 ζ

)
+ λ

(
a2 − r2

)
Mi = mεijkrjvk

M0 = m(x1v2 − x2v1)

= m
(
a2φ̇ cos2 φ sinh2 ζ + a2ζ̇ cosφ sinφ cosh ζ sinh ζ + a2φ̇ sin2 φ sinh2 ζ − a2ζ̇ cosφ sinφ cosh ζ sinh ζ

)
= ma2φ̇ sinh2 ζ

M1 = m(x2v0 − x0v2)

= m
(
a2ζ̇ sinφ sinh2 ζ − a2φ̇ cosφ cosh ζ sinh ζ − a2ζ̇ sinφ cosh2 ζ

)
= ma2

(
−ζ̇ sinφ− φ̇ cosφ cosh ζ sinh ζ

)

M2 = m(x0v1 − x1v0)

= m
(
−a2φ̇ sinφ cosh ζ sinh ζ + a2ζ̇ cosφ cosh2 ζ − a2ζ̇ cosφ sinh2 ζ

)
= ma2

(
ζ̇ cosφ− φ̇ sinφ cosh ζ sinh ζ

)

=⇒ ~M = ma2

 φ̇ sinh2 ζ

−ζ̇ sinφ− φ̇ cosφ cosh ζ sinh ζ

ζ̇ cosφ− φ̇ sinφ cosh ζ sinh ζ


E =

m

2

(
a2ζ̇2 + a2φ̇2 sinh2 ζ

)
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(f)

(g)

pφ =
∂L

∂φ̇

=
m

2

(
0 + 2a2φ̇ sinh2 ζ

)
= ma2φ̇ sinh2 ζ

pζ =
∂L

∂ζ̇

=
m

2

(
2a2ζ̇

)
= ma2ζ̇

~M =

 pφ
−pζ sinφ− pφ cosφ coth ζ
pζ cosφ− pφ sinφ coth ζ


E =

1

2ma2

(
pζ

2 +
pφ

2

sinh2 ζ

)

10


