MAU23401: Advanced Classical Mechanics [
Homework 3 due 23/10/2020

Ruaidhri Campion
19333850
SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at

http://www.tcd.ie/calendar.

I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism /ready-steady-write.
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(b)
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L(p, ¢, z) does not differ by a total time derivative, as it contains a $2. Integrating this will result in a
gb term, and thus will depend on ¢. Thus p — p = p+ € is not a continuous symmetry.
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Let L'(p,¢,2) = p (sin¢sin 4 €08 ¢ cos E)
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L (p,é,z) = L(p, ¢, 2)

L is invariant under an infinitesimal change of ¢, thus ¢ — q~5 = ¢ + € is a continuous symmetry.

2= Z=z+ ke = { I./(p,(;;ﬁ,z).%L(p,gb,Z)
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(P + 2 + 2 ) + Bp (cosqbsin (%—&—e) — sin ¢ cos (% +e)>
(p +p ¢ +2 ) + Bp (COS¢(SiH§C086+cosZsine> —sinqb(cos%cose—sin%sine))

(p +p2¢2 + z ) + Bp (cosgbsinE +€COS¢COSE fsinqﬁcosf +esin¢sini)
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L(p, ¢, %) =
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(p,¢,2) + €Bp (cos ¢ cos z + sin ¢ sin E)
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(p, ¢, z) similarly from before.

L is invariant under an infinitesimal change of z, thus z — Z = z 4 € is a continuous symmetry.




oL ,  OL ,
A P

- (;; — constant (¢'=¢=0, ¢(* =1, A= constant)

oL
Jo = %Cl +

= % (0 + 2;’)2(;5 + O) + 0 — constant

= mp'zq.b — constant

— mp?¢ = angular momentum about z-axis is conserved.
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L= = == A
Je = 55 +8¢§ +5:¢

= gj — constant (Cl — <2 =0, 43 =1, A= Constant)
z

= % (0+0+22) + 0 — constant

= mz — constant

—> mZ = vertical momentum is conserved.



Problem 2
(a)
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(b)

L depends on r and 6, but not explicitly on ¢, and so ¢ is the only cyclic coordinate.
oL oL oL
Jy= —C 4+ =2+ =3 —A
6 6;34 +8¢C +5:¢

= ?TL — constant (¢'=¢=0, ¢ =1, A= constant)

m L
=3 (0 + 0+ 2r2¢ sin® 9) — 0 — constant
= mr%ﬁ sin®  — constant
= m(rsin 9)2 ¢ = angular momentum about z-axis is conserved.

¢ — qg = ¢ + € is the corresponding continuous symmetry.



Problem 3
(a)

Ty = T; + €T = r? = (.131 + Gijxj)Q
— $i2 + 2€ij.’L‘iCL‘j + (Gijl‘j)z
— l’i2 -+ (eij:ci:cj — Ejiwjxi) + @) (GijQ)

— .’131‘2

T; — T; + Eijjj’j — v? — (’Ul' + Eijvj)Q
— ’U,L'2 + 262‘3"01"0]' + (Ez’j’l}j)2
— ’UZ‘2 + (Gijvﬂjj - ejivjvi) +O (Gijg)
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L is a function of 72 and v? which are both invariant under this infinitesimal rotation, and so L must
also be invariant.
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Di— { D5 — €a5D2, © =5
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(c)
Jij = piwj — pjas, i,5 =1,2,...,D

Jij is a D x D anti-symmetric matrix, and so the diagonal contains only 0’s, and half of the remaining
terms are simply the same as the other half multiplied by —1. Thus there are 2 2; D independent terms
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(d)

Jij = pizj — pjvi, 4,5 =1,2,3
M =7 x 7
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Problem 4
(a)

To show that O(2,1) is a group under standard matrix multiplication, we must show that it satisfies

associativity, the identity property, the inverse property, and closure.

For the following, A, B,C € O(2,1)
Associativity: (AB)C = A(BC)
Identity: InIT =nI

="

Inverse: AnAT =1

n=A"ln (A7)

Closure: (AB)n(AB)" = ABnBT AT

= AnAT
="

(standard matrix multiplication)

= 1€0(2,1)

n exists = A~! exists

Thus O(2,1) is a group under standard matrix multiplication.

(b)

1=0,
1 =0,
1 =0,
i =1,
i=1,

(6ik5jn77kn + 5ik€jnnkn + 5jn6ik77kn + eikejnnkn)

j=0
j=1
j=2
j=1
j=2
j=2

FErvel

Aij = bij
AikMinAjn = 55

(0ik + €i)Men (Ojn + €jn) = Mij

Nij + €jnNin + €xNij + 0 =14

€00700 + €00700 = 0
€10M00 + €01m11 = 0
€20700 + €027j22 = 0
€117m1 + €11711 =0
€21711 + €12722 = 0

€227)22 + €22722 = 0

€inNin + €ixMej = 0

FErvel

= AB <€ 0(2,1)

+ €5

€00 — 0
€01 = €10
€02 = €20
€11 — 0
€12 = —€21
€99 = 0



(c)
r; = Az = x; + €T, = ;2 — (z; + Eijxj)Q
— 2% + 2eimim; + (e525)°
— .’L‘Z‘Q + (Qj%ﬂl‘j — Ejil'jl'i) + 0O (EijQ)
— ;2 fixed i =0,1,2

2 2
V; — Aijvj =v; + €0, — v~ — (Ui + eijvj)

— ’l)i2 + 261'3'1}1'1)]‘ —+ (eijvj)Q
— Ui2 + (Eij’l}i’l}j — ejivjvi) + O (Eijz)
— ;2 fixed i = 0,1,2

L is a function of z;2 and v;2, fixed i = 0, 1,2 which are both invariant under this infinitesimal rotation,
and so L must also be invariant.

(d)

x; — Aijjx; = i + €575 is a continuous symmetry, as it does not change L.
L is invariant under rotation = angular momentum M = m7 X ¥ is conserved.
L does not explicitly depend on t = energy F = 7% (—v02 + 12+ 1122) is conserved.



(e)

—zol + 1P+ a2 +a?> =0

—r? cosh? ¢ 4 72 cos? ¢ sinh? ¢ + r? sin® ¢ sinh? ¢ = —a?
—r? cosh? ¢ 4 12 sinh? ¢ = —a?
r=a
o = acosh ¢ vy = alsinh ¢
x1 = acos¢sinh ¢ v = —aésinq&sinh( + aé cos ¢ cosh ¢
T9 = asin ¢ sinh Vg = agﬁ cos ¢ sinh ¢ + aé sin ¢ cosh ¢

L= % (—aQéz sinh? ¢ + a2¢.>2 sin? ¢sinh? ¢ + a2é2 cos? ¢ cosh? ¢ — 2a2q5é sin ¢ cos ¢ sinh ¢ cosh ¢

+ a2¢2 cos? ¢sinh? ¢ + aQ('Q sin? ¢ cosh? ¢ + 2a2q'5§' sin ¢ cos ¢ sinh ¢ cosh C)
+ A (—7"2 cosh? ¢ + 12 cos? ¢ sinh? ¢ + r? sin? ¢ sinh? ¢ + a2)

= % (azé2 (cosh2 ¢ ((3082 ¢ + sin? ¢) — sinh? C) + a2q52 sinh? ¢ (0052 ¢ + sin? qS)) + A (a2 — r2)
L= % ( 262 + a¢? sinh? C) + A (a2 — 7"2)

Mi = mé‘ijk’l’j’l}k

Mo = m(xlvg — 1’21}1)

=m (a%ﬁ cos? psinh? ¢ + azé cos ¢ sin ¢ cosh ( sinh { + a®¢sin® ¢ sinh? ¢— aQé cos ¢ sin ¢ cosh ( sinh C)

= mazé sinh? ¢

My = m(zovg — Tov2)
=m (azé sin ¢ sinh? ¢ — a2q'bcos ¢ cosh ( sinh ¢ — aQé sin ¢ cosh? ()
= ma? (fC sing — (;.Scosgbcosh(sinh C)

M2 = m(ZIZ()’Ul — 1’1?)0)
=m (—a2¢'>sin ¢ cosh ( sinh ¢ + a2€ cos ¢ cosh? ¢ — a2€ cos ¢ sinh? C)

= ma? (( cos ¢ — (bsin ¢ cosh ( sinh ()

. . (;5 sinh? ¢
— M =ma® | —(sing — ¢cosgcosh(sinh ¢
C cos ¢ — ésin ¢ cosh ( sinh ¢

E = % (aQC.2 + a2¢32 sinh? C)
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