
MAU23401: Advanced Classical Mechanics I

Homework 2 due 16/10/20

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General
Regulations of the University Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady,
Write’, located at http://tcd-ie.libguides.com/plagiarism/ready-steady-write.

Problem 1

(a)

This surface is the top half of a two-sheeted hyperboloid.
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(b)

LA = TA − UA

=
1

2
mv2 −mgz

=
1

2
m
(
ẋ2 + ẏ2 + ż2

)
−mgz

x = r cosφ ẋ = ṙ cosφ− rφ̇ sinφ
y = r sinφ ẏ = ṙ sinφ+ rφ̇ cosφ

z = k
√
x2 + y2 + c2

= k

√
r2 cos2 φ+ r2 sin2 φ+ c2

= k
√
r2 + c2 ż =

krṙ√
r2 + c2

L =
m

2

(
ṙ2 cos2 φ+ r2φ̇2 sin2 φ− 2rṙφ̇ cosφ sinφ+ ṙ2 sin2 φ+ r2φ̇2 cos2 φ+ 2rṙφ̇ cosφ sinφ+

k2r2ṙ2

r2 + c2

)
−mgk

√
r2 + c2

L =
m

2

(
ṙ2 + r2φ̇2 +

k2r2ṙ2

r2 + c2

)
−mgk

√
r2 + c2
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(c)

d

dt

∂L

∂q̇i
=
∂L

∂q

∂L

∂ṙ
=
m

2

(
2ṙ + 0 +

2k2r2ṙ

r2 + c2

)
− 0

= m

(
ṙ +

k2r2ṙ

r2 + c2

)
d

dt

∂L

∂ṙ
= m

(
r̈ + k2

d

dt

(
r2ṙ

r2 + c2

))
= m

(
r̈ + k2

(
2rṙ

r2 + c2
− 2r3ṙ

(r2 + c2)2

))

∂L

∂r
=
m

2

(
0 + 2rφ̇2 + k2ṙ2

(
2r

r2 + c2
− 2r3

(r2 + c2)2

))
− mgkr√

r2 + c2

= m

(
rφ̇2 +

k2rṙ2

r2 + c2
− k2r3ṙ2

(r2 + c2)2
− gkr√

r2 + c2

)

=⇒ r̈ +
k2r2r̈

r2 + c2
+

2k2rṙ2

r2 + c2
− 2k2r2ṙ2

(r2 + c2)2
= rφ̇2 +

k2rṙ2

r2 + c2
− k2r3ṙ2

(r2 + c2)2
− gkr√

r2 + c2

r̈ +
k2r2r̈

r2 + c2
+

k2rṙ2

r2 + c2
+

gkr√
r2 + c2

= rφ̇2 +
k2r2ṙ2

(r2 + c2)2

∂L

∂φ̇
= mr2φ̇

∂L

∂φ
= 0

=⇒ d

dt

(
mr2φ̇

)
= 0

=⇒ r2φ̇ = constant
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Problem 2

(a)

This surface is a spheroid.
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(b)

x = r sin θ cosφ

y = r sin θ sinφ

z = r cos θ

φ

θ

r

x

y

z
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(c)

x = aρ sin θ cosφ ẋ = aρ
(
θ̇ cos θ cosφ− φ̇ sin θ sinφ

)
y = aρ sin θ sinφ ẏ = aρ

(
θ̇ cos θ sinφ+ φ̇ sin θ cosφ

)
z = cρ cos θ ż = −cρθ̇ sin θ

x2

a2
+
y2

a2
+
z2

c2
= 1

ρ2 sin2 θ cos2 φ+ ρ2 sin2 θ sin2 φ+ ρ2 cos2 θ = 1

ρ2 sin2 θ + ρ2 cos2 θ = 1

=⇒ ρ = 1

x = a sin θ cosφ ẋ = a
(
θ̇ cos θ cosφ− φ̇ sin θ sinφ

)
y = a sin θ sinφ ẏ = a

(
θ̇ cos θ sinφ+ φ̇ sin θ cosφ

)
z = c cos θ ż = −c θ̇ sin θ

L = T − U

=
m

2

(
ẋ2 + ẏ2 + ż2

)
−mgz

=
m

2

(
a2
(
θ̇2 cos2 θ cos2 φ+ φ̇2 sin2 θ sin2 φ− 2θ̇φ̇ cos θ sin θ cosφ sinφ+ θ̇2 cos2 θ sin2 θ

+ φ̇2 sin2 θ cos2 φ+ 2θ̇φ̇ cos θ sin θ cosφ sinφ
)
+ c2θ̇2 sin2 θ

)
−mgc cos θ

L =
m

2

(
a2
(
θ̇2 cos2 θ + φ̇2 sin2 θ

)
+ c2θ̇2 sin2 θ

)
−mgc cos θ
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(d)

∂L

∂θ̇
=
m

2

(
a2
(
2θ̇ cos2 θ + 0

)
+ 2c2θ̇ sin2 θ

)
− 0

= mθ̇
(
a2 cos2 θ + c2 sin2 θ

)
d

dt

∂L

∂θ̇
= m

(
θ̈
(
a2 cos2 θ + c2 sin2 θ

)
+ θ̇

(
a2 (2 cos θ)

(
−θ̇ sin θ

)
+ c2 (2 sin θ)

(
θ̇ cos θ

)))
= m

(
θ̈
(
a2 cos2 θ + c2 sin2 θ

)
+ 2θ̇2 cos θ sin θ

(
c2 − a2

))
∂L

∂θ
=
m

2

(
a2
(
−2θ̇2 cos θ sin θ + 2φ̇2 cos θ sin θ

)
+ 2c2θ̇2 cos θ sin θ

)
+mgc sin θ

= m
(
a2 cos θ sin θ

(
φ̇2 − θ̇2

)
+ c2θ̇2 cos θ sin θ + gc sin θ

)

θ̈
(
a2 cos2 θ + c2 sin2 θ

)
+ 2θ̇2 cos θ sin θ

(
c2 − a2

)
= a2 cos θ sin θ

(
φ̇2 − θ̇2

)
+ c2θ̇2 cos θ sin θ + gc sin θ

θ̈
(
a2 cos2 θ + c2 sin2 θ

)
+ c2θ̇2 cos θ sin θ = a2φ̇2 cos θ sin θ + a2θ̇2 cos θ sin θ + gc sin θ

θ̈
(
a2 cos2 θ + c2 sin2 θ

)
+ c2θ̇2 cos θ sin θ = a2 cos θ sin θ

(
θ̇2 + φ̇2

)
+ gc sin θ

∂L

∂φ̇
=
m

2

(
a2
(
0 + 2φ̇ sin2 θ

)
+ 0
)
− 0

= ma2φ̇ sin2 θ

∂L

∂φ
= 0

=⇒ d

dt

(
ma2φ̇ sin2 θ

)
= 0

=⇒ φ̇ sin2 θ = constant
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Problem 3

(a)

LA = TA − UA

=
1

2
m1v1

2 +
1

2
m2v2

2 −m1gz1 −m2gz2

=
m1

2

(
ẋ1

2 + ż1
2
)
+
m2

2

(
ẋ2

2 + ż2
2
)
−m1gz1 −m2gz2

=
m1q̇

2

2

(
f ′2 + h′2

)
+
m2

2

(
ẋ2

2 + ż2
2
)
−m1gz1 −m2gz2

l ≡ distance between masses

=
√
(x22 − x12) + (z22 − z12)

x2 = f + l sinφ ẋ2 = q̇f ′ + lφ̇ cosφ

z2 = h− l cosφ ż2 = q̇h′ + lφ̇ sinφ

L =
m1q̇

2

2

(
f ′2 + h′2

)
+
m2

2

(
q̇2f ′2 + l2φ̇2 cos2 φ+ 2f ′q̇lφ̇ cosφ+ q̇2h′2 + l2φ̇2 sin2 φ+ 2h′q̇lφ̇ sinφ

)
−m1gh−m2g(h− l cosφ)

L =
m1q̇

2

2

(
f ′2 + h′2

)
+
m2

2

(
q̇2
(
f ′2 + h′2

)
+ l2φ̇2 + 2q̇lφ̇ (f ′ cosφ+ h′ sinφ)

)
−m1gh−m2g(h− l cosφ)
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(b)

q → s =⇒

 q̇2
(
f ′2(q) + h′2(q)

)
= ẋ2 + ż2 → ṡ2

q̇f ′(q)→ ṡf ′(s)
q̇h′(q)→ ṡh′(s)

=⇒ L =
m1ṡ

2

2
+
m2

2

(
ṡ2 + l2φ̇2 + 2ṡlφ̇ (f ′ cosφ+ h′ sinφ)

)
−m1gh−m2g(h− l cosφ)

∂L

∂ṡ
= m1ṡ+

m2

2

(
2ṡ+ 0 + 2lφ̇ (f ′ cosφ+ h′ sinφ)

)
− 0− 0

= m1ṡ+m2

(
ṡ+ lφ̇ (f ′ cosφ+ h′ sinφ)

)
d

dt

∂L

∂ṡ
= m1s̈+m2

(
s̈+ lφ̈ (f ′ cosφ+ h′ sinφ) + lφ̇

(
ṡf ′′ cosφ− φ̇f ′ sinφ+ ṡh′′ sinφ+ φ̇h′ cosφ

))
∂L

∂s
= 0 +

m2

2

(
0 + 0 + 2ṡlφ̇ (f ′′ cosφ+ h′′ sinφ)

)
−m1gh

′ −m2gh
′

= m2ṡlφ̇ (f
′′ cosφ+ h′′ sinφ)− gh′(m1 +m2)

m1s̈+m2

(
s̈+ lφ̈ (f ′ cosφ+ h′ sinφ) + lφ̇

(
ṡf ′′ cosφ− φ̇f ′ sinφ+ ṡh′′ sinφ+ φ̇h′ cosφ

))
= m2ṡlφ̇ (f

′′ cosφ+ h′′ sinφ)− gh′(m1 +m2)

m1s̈+m2

(
s̈+ lφ̈ (f ′ cosφ+ h′ sinφ) + lφ̇2 (h′ cosφ− f ′ sinφ)

)
+ gh′(m1 +m2) = 0

∂L

∂φ̇
= 0 +

m2

2

(
0 + 2l2φ̇+ 2ṡl (f ′ cosφ+ h′ sinφ)

)
− 0− 0

= m2l
(
lφ̇+ ṡ (f ′ cosφ+ h′ sinφ)

)
d

dt

∂L

∂φ̇
= m2l

(
lφ̈+ s̈ (f ′ cosφ+ h′ sinφ) + ṡ

(
ṡf ′′ cosφ− φ̇f ′ sinφ+ ṡh′′ sinφ+ φ̇h′ cosφ

))

∂L

∂φ
= 0 +

m2

2

(
0 + 0 + 2ṡlφ̇ (−f ′ sinφ+ h′ cosφ)

)
− 0−m2g(0 + l sinφ)

= m2l
(
ṡφ̇ (−f ′ sinφ+ h′ cosφ)− g sinφ

)

lφ̈+ s̈ (f ′ cosφ+ h′ sinφ) + ṡ
(
ṡf ′′ cosφ− φ̇f ′ sinφ+ ṡh′′ sinφ+ φ̇h′ cosφ

)
= ṡφ̇ (−f ′ sinφ+ h′ cosφ)

− g sinφ
lφ̈+ s̈ (f ′ cosφ+ h′ sinφ) + ṡ2 (f ′′ cosφ+ h′′ sinφ) + g sinφ = 0
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(c)

x = a cosβ z = c sinβ

x2

a2
+
z2

c2
= cos2 β + sin2 β

= 1

q → β =⇒


x = f(q)→ x = f(β) = a cosβ
z = h(q)→ z = h(β) = c sinβ

q̇ → β̇
f ′(q)→ f ′(β) = −a sinβ
h′(q)→ h′(β) = c cosβ

L =
m1β̇

2

2

(
a2 sin2 β + c2 cos2 β

)
+
m2

2

(
β̇2
(
a2 sin2 β + c2 cos2 β

)
+ l2φ̇2

+2β̇lφ̇ (−a sinβ cosφ+ c cosβ sinφ)
)
−m1gc sinβ −m2g (c sinβ − l cosφ)

s(β) =

∫ β2

β1

√(
dx

dβ

)2

+

(
dz

dβ

)2

d β

=

∫ β2

β1

√
a2 sin2 β + c2 cos2 β dβ
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