
MAU23401: Advanced Classical Mechanics II

Homework 8 due 02/04/2021

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1

(i)

H = pivi − L

= pivi +mc2
√
1− v2i

c2
− e

2c
εijkBixjvk

= ~p ·
c
(
~p− e

2c

(
~B × ~r

))
√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2 +
m2c3√

m2c2 +
(
~p− e

2c

(
~B × ~r

))2
− e

2c
εijkBixj

c√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2 (pk − e

2c
εklmBlxm

)

=
c√

m2c2 +
(
~p− e

2c

(
~B × ~r

))2
(
~p 2 − e

2c
~p ·
(
~B × ~r

)
+m2c2 − e

2c
~p ·
(
~B × ~r

)
+

e2

4c2
εijkBixjεklmBlxm

)

=
c√

m2c2 +
(
~p− e

2c

(
~B × ~r

))2
(
m2c2 + ~p 2 − 2~p ·

( e
2c

(
~B × ~r

))
+
( e
2c

(
~B × ~r

))2)

=
c√

m2c2 +
(
~p− e

2c

(
~B × ~r

))2
(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)

H = c

√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2
Hamiltonian has no explicit time dependence and so E = H.

~F = −∂U
∂~r

=
e

2c
~v × ~B ⊥ ~v =⇒ v2 = constant

1



(ii)

H = c

√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2

= mc2

√√√√
1 +

(
~p− e

2c

(
~B × ~r

))2
m2c2

~B × ~r =

∣∣∣∣∣∣
ı̂ ̂ k̂
0 0 B
qx qy qz

∣∣∣∣∣∣
= −Bqy ı̂+Bqx̂

~̇p = −∂H
∂~r

~̇p =
e
(
~p− e

2c

(
~B × ~r

))
× ~B

2mc

√
1 +

(~p− e
2c ( ~B×~r))

2

m2c2

=
Be

2mc

√
1 +

(px+Be
2c qy)

2
+(py−Be

2c qx)
2
+p2z

m2c2

((
py −

Be

2c
qx

)
ı̂+

(
−px −

Be

2c
qy

)
̂

)

~̇r =
∂H

∂~p

~̇r =
~p− e

2c

(
~B × ~r

)
m

√
1 +

(~p− e
2c ( ~B×~r))

2

m2c2

=
1

m

√
1 +

(px+Be
2c qy)

2
+(py−Be

2c qx)
2
+p2z

m2c2

((
px +

Be

2c
qy

)
ı̂+

(
py −

Be

2c
qx

)
̂+ pz k̂

)

2



(iii)

~̇p = ~F

=
e

2c
~v × ~B

=
Be

2c
(vy ı̂− vx̂)

=⇒ ~p =
Be

2c

(
(qy + cx) ı̂+ (−qx + cx) ̂+ cz k̂

)
≈ Be

2c

(
qy ı̂− qx̂+ ck̂

)
~̇r =

1

m

√
1 +

(px+Be
2c qy)

2
+(py−Be

2c qx)
2
+p2z

m2c2

((
px +

Be

2c
qy

)
ı̂+

(
py −

Be

2c
qx

)
̂+ pz k̂

)

=
1

m

√
1 + 1

m2c2

((
Be
c qy

)2
+
(
−Bec qx

)2
+ c2

) (Bec qy ı̂− Be

c
qx̂+ ck̂

)

=
(
Kqy ı̂−Kqx̂+ ck̂

)
=⇒ ~r =

(
κ sinφ ı̂+ κ cosφ ̂+ ct k̂

)
K =

Be

mc
√
1 + 1

m2c2

(
κ2 sin2 φ+ κ2 cos2 φ+ c2

)
= constant =⇒ κ = constant

~r = κ
(
sinφ ı̂+ cosφ ̂+ Ct k̂

)
If C = 0, then the motion is simply circular in the xy-plane. If C 6= 0, then the motion is a helix
travelling in the k̂ or −k̂ direction, depending on the sign of C.
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Problem 2
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Energy conservation =⇒ E1 + E0 = E + E2
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λ1 ≡ λ, λ2 ≡ λ′, E1 ≡ hν, E2 ≡ hν′, E ≡ T +mc2
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