
MAU23401: Advanced Classical Mechanics II

Homework 7 due 26/03/2021

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1

v =
v′ + V

1 + V
c2 v
′

Say |v′| < c and |V | < c.

c− v = c− v′ + V

1 + V
c2 v
′ v − c = v′ + V

1 + V
c2 v
′ − c

=
c+ V

c v
′ − v′ − V

1 + V
c2 v
′ =

v′ + V − c− V
c v
′

1 + V
c2 v
′

=
c
(
c2 + V v′ − cv′ − cV

)
c2 + V v′

=
c
(
cv′ + cV − c2 − V v′

)
c2 + V v′

=
c(c− v′)(c− V )

c2 + V v′
=
−c(c− v′)(c− V )

c2 + V v′

> 0 < 0

=⇒ c > v =⇒ −c < v

Thus −c < v < c, i.e. |v| < c, and so if the speed of a particle is smaller than the light speed in one
inertial frame of reference then it is smaller than the light speed in any other inertial frame, provided
the inertial reference frames also travel slower than light.
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Problem 2

x0 = γ

(
x0′ +

V

c
x1′
)

x1 = γ

(
x1′ +

V

c
x0′
)

x2 = x2′ x3 = x3′

xi = Likx
k′ =⇒ Lij =


γ γV

c 0 0
γV
c γ 0 0
0 0 1 0
0 0 0 1


Li
j = ηikL

k
lη
lj

L0
0 = η0kL

k
lη
l0 = L0

0 = γ L0
1 = η0kL

k
lη
l1 = −L0

1 = −γV
c

L1
0 = η1kL

k
lη
l0 = −L0

1 = −γV
c

L1
1 = η1kL

k
lη
l1 = L1

1 = γ

L2
2 = η2kL

k
lη
l2 = L2

2 = 1 L3
3 = η3kL

k
lη
l3 = L3

3 = 1

Fij = Li
kLj

lF ′kl

F01 = Ex = L0
kL1

lF ′kl F32 = Bx = L3
kL2

lF ′kl

= L0
0L1

0F ′00 + L0
1L1

0F ′10 + L0
0L1

1F ′01 + L0
1L1

1F ′11 = L3
3L2

2F ′32

= 0 +

(
γV

c

)2

(−Ex′) + γ2Ex
′ + 0 Bx = Bx

′

Ex = Ex
′

F02 = Ey = L0
kL2

lF ′kl F13 = By = L1
kL3

lF ′kl

= L0
0L2

2F ′02 + L0
1L2

2F ′12 = L1
0L3

3F ′03 + L1
1L3

3F ′13

Ey = γEy
′ +

γV

c
Bz By = −γV

c
Ez + γBy

F03 = Ez = L0
kL3

lF ′kl F21 = Bz = L2
kL1

lF ′kl

= L0
0L3

3F ′03 + L0
1L3

3F ′13 = L2
2L1

0F ′20 + L2
2L1

1F ′21

Ez = γEz
′ − γV

c
By Bz =

γV

c
Ey + γBz
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Problem 3

(i)

S ≡
∫ t2

t1

L(x, v, t) dt

=⇒ L = −mc2
√

1− v2i
c2

+ e xiεi

pn =
∂L

∂vn

= −mc2
(
1− v2i

c2

)− 1
2
(
1

2

)(
−2viδin
c2

)
=

mvn√
1− v2i

c2

~p =
m~v√
1− v2i

c2

p3 =
mv3√
1− v2i

c2

p2i =
m2v2i

1− v2j
c2

=⇒ m2v2i = p2i −
p2i v

2
j

c2

v2i

(
m2 +

p2j
c2

)
= p2i

v2i
c2

=
p2i

m2c2 + p2j

=⇒ ~p =
m~v√

1− p2i
m2c2+p2j

=⇒ ~v =
~p

m

√
m2c2

m2c2 + p2i

~v = ~pc

√
1

m2c2 + p2i
v2 = p2c

√
1

m2c2 + p2i

(ii)

∂L

∂vn
= mvn

(
1− v2i

c2

)− 1
2

d

dt

∂L

∂vn
= mv̇nmvn

(
1− v2i

c2

)− 1
2

+mvn

(
1− v2i

c2

)− 3
2
(
−1

2

)(
−2vj v̇j
c2

)
=

mv̇n√
1− v2i

c2

+
mvnvj v̇j

c2
(
1− v2i

c2

) 3
2

∂L

∂xn
= e εn
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mv̇n√
1− v2i

c2

+
mvnvj v̇j

c2
(
1− v2i

c2

) 3
2

= e εn

(iii)

H = pivi − L

= p2i c

√
1

m2c2 + p2j
+mc2

√
1− v2i

c2
− e xiεi

= p2i c

√
1

m2c2 + p2j
+mc2

√
1− p2i

m2c2 + p2j
− e xiεi

= p2i c

√
1

m2c2 + p2j
+mc2

√
m2c2

m2c2 + p2j
− e xiεi

= p2i c

√
1

m2c2 + p2j
+m2c3

√
1

m2c2 + p2j
− e xiεi

=
(
m2c3 + p2i c

)√ 1

m2c2 + p2j
− e xiεi

=
(
m2c4 + p2i c

2
)√ 1

m2c4 + p2jc
2
− e xiεi

H =
√
m2c4 + p2i c

2 − e xiεi

ṗn = − ∂H
∂xn

ẋn =
∂H

∂pn

ṗn = e εn =
1

2

(
m2c4 + p2i c

2
)− 1

2
(
2pnc

2
)

ẋn =
pnc

2√
m2c4 + p2i c

2

(iv)

ṗx = e ε =⇒ px = e ε t ṗy = 0 =⇒ py = p0 ṗz = 0 =⇒ pz = 0

ẋ =
e ε t c2√

m2c4 + e2ε2t2c2 + p20c
2

ẏ =
p0c

2√
m2c4 + e2ε2t2c2 + p20c

2
ż = 0 =⇒ z = 0

Labelling E0 = m2c4 + p20c
2,

x(t) =

√
E2

0 + e2ε2c2t2 − E0

e ε
y(t) =

p0c

e ε
arcsinh

(
e ε c t

E0

)

y(x) =
p0c

e ε
arcsinh

(√
2E0e εx+ e2ε2x2

E0

)
∼ arcsinh

(√
x2 + 2x

)
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In[15]:= x[t_] =

Assuming{m > 0 && ϵ ≥ 0}, Integrate
e ϵ t0 C2

m2 C4 + p0
2 C2 + e2 ϵ2 t02 C2

, {t0, 0, t} // FullSimplify

y[t_] = Assuming{m > 0 && ϵ ≥ 0}, Integrate
p0 C

2

m2 C4 + p0
2 C2 + e2 ϵ2 t02 C2

, {t0, 0, t} //

FullSimplify

Out[15]=

C2 C2 m2 + p0
2 -1 + 1 + e2 t2 ϵ2

C2 m2+p0
2

e ϵ
if condition

Out[16]=

ArcSinh e t ϵ

C2 m2+p0
2
 p0 C2 C2 m2 + p0

2

e ϵ C2 m2 + p0
2

if condition

In[146]:= Clear[E0, e, ϵ, t, p];

Solve
E02 + e2 ϵ2 C2 t2 - E0

e ϵ
⩵ x, t

Out[147]= t → -
x 2 E0 + e x ϵ

C e ϵ
, t →

x 2 E0 + e x ϵ

C e ϵ


In[194]:= t =
x 2 E0 + e x ϵ

C e ϵ
;

Clear[E0, e, ϵ, p, x];

y[t_] =
p C

e ϵ
ArcSinh

e ϵ C t

E0


Out[196]=

C p ArcSinh e x ϵ 2 E0+e x ϵ

E0


e ϵ

In[188]:= E0 = e = ϵ = p = 1;

y[t_] =
p C

e ϵ
ArcSinh

e ϵ C t

E0


Out[189]= C ArcSinh x 2 + x 
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In[260]:= PlotArcSinh x2 + 2 x , {x, 0, 1000}

Out[260]=

200 400 600 800 1000

4

5

6

7

In[213]:= Clear[E0, e, ϵ, p, x, t];

Solve
p C

e ϵ
ArcSinh

e ϵ C t

E0
 ⩵ y, t

Out[214]= t →
E0 Sinh e y ϵ

C p


C e ϵ
if condition 

In[221]:= t =
E0 Sinh e y ϵ

C p


C e ϵ
;

x[t_] =
E02 + e2 ϵ2 C2 t2 - E0

e ϵ

Out[222]=

-E0 + E02 + E02 Sinh e y ϵ

C p

2

e ϵ

2     ACM 2 Homework 7.3.nb
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