
MAU23401: Advanced Classical Mechanics II

Homework 5 due 05/03/2021

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1.

(i)

x(ρ, φ, z) = ρ cosφ

y(ρ, φ, z) = ρ sinφ

z(ρ, φ, z) = z

r(ρ, φ, z) =
√

(z − a)2 + ρ2

L = K − U

L(x, y, z, r) =
m

2

(
ẋ2 + ẏ2 + ż2

)
− kqQ

r
−mgz

L(ρ, φ, z) =
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
− kqQ√

(z − a)2 + ρ2
−mgz

In[45]:= Clear[z, ξ, η, x, y, z, r, ρ, ϕ]

x[t_] = ρ[t] Cos[ϕ[t]];

y[t_] = ρ[t] Sin[ϕ[t]];

r[t] = z[t] - a2 + ρ[t]2 ;

L =
m

2
D[x[t], t]2 + D[y[t], t]2 + D[z[t], t]2 -

k q Q

r[t]
- m g z[t] // FullSimplify

Out[49]= -
k q Q

a - z[t]2 + ρ[t]2
+
1

2
m -2 g z[t] + z′[t]2 + ρ′[t]2 + ρ[t]2 ϕ′[t]2

In[50]:= (ξ + η)2 - ξ - η - 2 a2 // FullSimplify

Out[50]= 2 -(a + η) (a - ξ)

In[54]:= ρ[t_] = 2 ξ[t] - a η[t] + a ;

z[t_] = ξ[t] - η[t] - a;

L // FullSimplify

Out[56]= -
k q Q

η[t] + ξ[t]2
+
1

2
m 2 g a + η[t] - ξ[t] + η′[t] - ξ′[t]2 +

-a + ξ[t] η′[t] + a + η[t] ξ′[t]2

a + η[t] -a + ξ[t]
+ 4 a + η[t] -a + ξ[t] ϕ′[t]2

In[57]:= H = D[L, ξ′[t]] ξ′[t] + D[L, η′[t]] η′[t] + D[L, ϕ′[t]] ϕ′[t] - L // FullSimplify

Out[57]= -a g m +
k q Q

η[t] + ξ[t]2
+

m -a + ξ[t] 2 g a + η[t] η[t] - ξ[t] - η[t] + ξ[t] η′[t]2 - a + η[t]

η[t] + ξ[t] ξ′[t]2 - 4 a + η[t]2 a - ξ[t]2 ϕ′[t]2  2 a + η[t] a - ξ[t]

In[58]:= K =
1

2
m

η[t] + ξ[t] η′[t]2

a + η[t]
-
η[t] + ξ[t] ξ′[t]2

a - ξ[t]
- 4 a + η[t] a - ξ[t] ϕ′[t]2 ;

U = - g m a + η[t] - ξ[t] -
k q Q

η[t] + ξ[t]2
;

L - K + U // FullSimplify

H - K - U // FullSimplify

Out[60]= 0

Out[61]= 0

(ii)

ξ − η = z + a

z(ξ, η) = ξ − η − a
ξ + η = r√

(z − a)2 + ρ2 = ξ + η

ρ2 = (ξ + η)2 − (ξ − η − a− a)2

ρ(ξ, η) = 2
√

(ξ − a)(η + a)

1



In[45]:= Clear[z, ξ, η, x, y, z, r, ρ, ϕ]

x[t_] = ρ[t] Cos[ϕ[t]];

y[t_] = ρ[t] Sin[ϕ[t]];

r[t] = z[t] - a2 + ρ[t]2 ;

L =
m

2
D[x[t], t]2 + D[y[t], t]2 + D[z[t], t]2 -

k q Q

r[t]
- m g z[t] // FullSimplify

Out[49]= -
k q Q

a - z[t]2 + ρ[t]2
+
1

2
m -2 g z[t] + z′[t]2 + ρ′[t]2 + ρ[t]2 ϕ′[t]2

In[50]:= (ξ + η)2 - ξ - η - 2 a2 // FullSimplify

Out[50]= 2 -(a + η) (a - ξ)

In[54]:= ρ[t_] = 2 ξ[t] - a η[t] + a ;

z[t_] = ξ[t] - η[t] - a;

L // FullSimplify

Out[56]= -
k q Q

η[t] + ξ[t]2
+
1

2
m 2 g a + η[t] - ξ[t] + η′[t] - ξ′[t]2 +

-a + ξ[t] η′[t] + a + η[t] ξ′[t]2

a + η[t] -a + ξ[t]
+ 4 a + η[t] -a + ξ[t] ϕ′[t]2

In[57]:= H = D[L, ξ′[t]] ξ′[t] + D[L, η′[t]] η′[t] + D[L, ϕ′[t]] ϕ′[t] - L // FullSimplify

Out[57]= -a g m +
k q Q

η[t] + ξ[t]2
+

m -a + ξ[t] 2 g a + η[t] η[t] - ξ[t] - η[t] + ξ[t] η′[t]2 - a + η[t]

η[t] + ξ[t] ξ′[t]2 - 4 a + η[t]2 a - ξ[t]2 ϕ′[t]2  2 a + η[t] a - ξ[t]

In[58]:= K =
1

2
m

η[t] + ξ[t] η′[t]2

a + η[t]
-
η[t] + ξ[t] ξ′[t]2

a - ξ[t]
- 4 a + η[t] a - ξ[t] ϕ′[t]2 ;

U = - g m a + η[t] - ξ[t] -
k q Q

η[t] + ξ[t]2
;

L - K + U // FullSimplify

H - K - U // FullSimplify

Out[60]= 0

Out[61]= 0

(iii)

L(ρ, φ, z) =
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
− kqQ√

(z − a)2 + ρ2
−mgz

L(ξ, η, φ) =
m

2

(
ξ̇2(ξ + η)

ξ − a
+
η̇2(ξ + η)

η + a
+ 4φ̇2(ξ − a)(η + a)

)
− kqQ

ξ + η
−mg(ξ − η − a)

In[45]:= Clear[z, ξ, η, x, y, z, r, ρ, ϕ]

x[t_] = ρ[t] Cos[ϕ[t]];

y[t_] = ρ[t] Sin[ϕ[t]];

r[t] = z[t] - a2 + ρ[t]2 ;

L =
m

2
D[x[t], t]2 + D[y[t], t]2 + D[z[t], t]2 -

k q Q

r[t]
- m g z[t] // FullSimplify

Out[49]= -
k q Q

a - z[t]2 + ρ[t]2
+
1

2
m -2 g z[t] + z′[t]2 + ρ′[t]2 + ρ[t]2 ϕ′[t]2

In[50]:= (ξ + η)2 - ξ - η - 2 a2 // FullSimplify

Out[50]= 2 -(a + η) (a - ξ)

In[54]:= ρ[t_] = 2 ξ[t] - a η[t] + a ;

z[t_] = ξ[t] - η[t] - a;

L // FullSimplify

Out[56]= -
k q Q

η[t] + ξ[t]2
+
1

2
m 2 g a + η[t] - ξ[t] + η′[t] - ξ′[t]2 +

-a + ξ[t] η′[t] + a + η[t] ξ′[t]2

a + η[t] -a + ξ[t]
+ 4 a + η[t] -a + ξ[t] ϕ′[t]2

In[57]:= H = D[L, ξ′[t]] ξ′[t] + D[L, η′[t]] η′[t] + D[L, ϕ′[t]] ϕ′[t] - L // FullSimplify

Out[57]= -a g m +
k q Q

η[t] + ξ[t]2
+

m -a + ξ[t] 2 g a + η[t] η[t] - ξ[t] - η[t] + ξ[t] η′[t]2 - a + η[t]

η[t] + ξ[t] ξ′[t]2 - 4 a + η[t]2 a - ξ[t]2 ϕ′[t]2  2 a + η[t] a - ξ[t]

In[58]:= K =
1

2
m

η[t] + ξ[t] η′[t]2

a + η[t]
-
η[t] + ξ[t] ξ′[t]2

a - ξ[t]
- 4 a + η[t] a - ξ[t] ϕ′[t]2 ;

U = - g m a + η[t] - ξ[t] -
k q Q

η[t] + ξ[t]2
;

L - K + U // FullSimplify

H - K - U // FullSimplify

Out[60]= 0

Out[61]= 0

(iv)

H = piq̇
i − L

=
∂L

∂q̇i
q̇i − L

=
m

2

(
ξ̇2(ξ + η)

ξ − a
+
η̇2(ξ + η)

η + a
+ 4φ̇2(ξ − a)(η + a)

)
+

kqQ

ξ + η
+mg(ξ − η − a)

pξ =
∂L

∂ξ̇
=
mξ̇ (ξ + η)

ξ − a
=⇒ ξ̇2 (ξ + η)

ξ − a
=

p2ξ (ξ − a)

m2 (ξ + η)

pη =
∂L

∂η̇
=
mη̇ (ξ + η)

η + a
=⇒ η̇2 (ξ + η)

η + a
=

p2η (η + a)

m2 (ξ + η)

pφ =
∂L

∂φ̇
= 4mφ̇ (ξ − a) (η + a) =⇒ 4φ̇2 (ξ − a) (η + a) =

p2φ
4m2 (ξ − a) (η + a)

H(ξ, η, φ, pξ, pη, pφ) =
p2ξ (ξ − a)

2m (ξ + η)
+
p2η (η + a)

2m (ξ + η)
+

p2φ
8m (ξ − a) (η + a)

+
kqQ

ξ + η
+mg (ξ − η − a)
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In[45]:= Clear[z, ξ, η, x, y, z, r, ρ, ϕ]

x[t_] = ρ[t] Cos[ϕ[t]];

y[t_] = ρ[t] Sin[ϕ[t]];

r[t] = z[t] - a2 + ρ[t]2 ;

L =
m

2
D[x[t], t]2 + D[y[t], t]2 + D[z[t], t]2 -

k q Q

r[t]
- m g z[t] // FullSimplify

Out[49]= -
k q Q

a - z[t]2 + ρ[t]2
+
1

2
m -2 g z[t] + z′[t]2 + ρ′[t]2 + ρ[t]2 ϕ′[t]2

In[50]:= (ξ + η)2 - ξ - η - 2 a2 // FullSimplify

Out[50]= 2 -(a + η) (a - ξ)

In[54]:= ρ[t_] = 2 ξ[t] - a η[t] + a ;

z[t_] = ξ[t] - η[t] - a;

L // FullSimplify

Out[56]= -
k q Q

η[t] + ξ[t]2
+
1

2
m 2 g a + η[t] - ξ[t] + η′[t] - ξ′[t]2 +

-a + ξ[t] η′[t] + a + η[t] ξ′[t]2

a + η[t] -a + ξ[t]
+ 4 a + η[t] -a + ξ[t] ϕ′[t]2

In[57]:= H = D[L, ξ′[t]] ξ′[t] + D[L, η′[t]] η′[t] + D[L, ϕ′[t]] ϕ′[t] - L // FullSimplify

Out[57]= -a g m +
k q Q

η[t] + ξ[t]2
+

m -a + ξ[t] 2 g a + η[t] η[t] - ξ[t] - η[t] + ξ[t] η′[t]2 - a + η[t]

η[t] + ξ[t] ξ′[t]2 - 4 a + η[t]2 a - ξ[t]2 ϕ′[t]2  2 a + η[t] a - ξ[t]

In[58]:= K =
1

2
m

η[t] + ξ[t] η′[t]2

a + η[t]
-
η[t] + ξ[t] ξ′[t]2

a - ξ[t]
- 4 a + η[t] a - ξ[t] ϕ′[t]2 ;

U = - g m a + η[t] - ξ[t] -
k q Q

η[t] + ξ[t]2
;

L - K + U // FullSimplify

H - K - U // FullSimplify

Out[60]= 0

Out[61]= 0

In[32]:= D[L, ξ′[t]] // FullSimplify

D[L, η′[t]] // FullSimplify

D[L, ϕ′[t]] // FullSimplify

Out[32]= -
m η[t] + ξ[t] ξ′[t]

a - ξ[t]

Out[33]=

m η[t] + ξ[t] η′[t]

a + η[t]

Out[34]= 4 m a + η[t] -a + ξ[t] ϕ′[t]

In[62]:= H =
m

2

pξ
2 (ξ - a)

m2 (ξ + η)
+
pη

2 (η + a)

m2 (ξ + η)
+

pϕ
2

4 m2 (ξ - a) (η + a)
+
k q Q

ξ + η
+ m g (ξ - η - a) // FullSimplify

Out[62]= -g m (a + η - ξ) +
k q Q

η + ξ
+

4 (a+η) pη
2+4 (-a+ξ) pξ

2

η+ξ
+ pϕ

2

(a+η) (-a+ξ)

8 m

In[103]:= (ξ + η)
pξ

2 (ξ - a)

2 m (ξ + η)
+
pη

2 (η + a)

2 m (ξ + η)
+

αϕ
2

8 m (ξ - a) (η + a)
+
k q Q

ξ + η
+ m g (ξ - η - a) // Expand //

FullSimplify

Out[103]= k q Q - g m (a + η - ξ) (η + ξ) +
4 (a + η) pη

2 + 4 (-a + ξ) pξ
2 - (η+ξ) αϕ

2

(a+η) (a-ξ)

8 m

2     ACM 2 Homework 5.1.nb

(v)

Φ

(
q,
∂S

∂q

)
=
∂S

∂t
+H(ξ, η, φ, pξ, pη, pφ) = 0

ft

(
t,
∂S

∂t

)
=
∂S

∂t

=⇒ St = −Et

−E +H = 0

p2ξ (ξ − a)

2m (ξ + η)
+
p2η (η + a)

2m (ξ + η)
+

p2φ
8m (ξ − a) (η + a)

+
kqQ

ξ + η
+mg (ξ − η − a) = E

φ is cyclic =⇒ pφ = αφ, Sφ = αφφ

3



p2ξ (ξ − a)

2m (ξ + η)
+
p2η (η + a)

2m (ξ + η)
+

α2
φ

8m (ξ − a) (η + a)
+

kqQ

ξ + η
+mg (ξ − η − a) = E(

mgξ2 −mgaξ +
p2ξ (ξ − a)

2m
+

α2
φ

ξ − a
− Eξ

)
+

(
−mgη2 −mgaη +

p2η (η + a)

2m
+

α2
φ

η + a
− Eη + kqQ

)
= 0

fξ = mgξ2 −mgaξ +

(
∂S

∂ξ

)2
ξ − a
2m

+
α2
φ

ξ − a
− Eξ = αξ

∂S

∂ξ
=

√√√√ 2m

ξ − a

(
αξ −mgξ2 +mgaξ −

α2
φ

ξ − a
+ Eξ

)

Sξ =

∫ ξ

ξ0

√√√√ 2m

ξ′ − a

(
αξ −mgξ′2 +mgaξ′ −

α2
φ

ξ′ − a
+ Eξ′

)
dξ′

fη = −mgη2 −mgaη +

(
∂S

∂η

)2
η + a

2m
+

α2
φ

η + a
− Eη + αξ + kqQ = αη

Similarly, Sη =

∫ η

η0

√√√√ 2m

η′ + a

(
αη +mgη′2 +mgaη′ −

α2
φ

η′ + a
+ Eη − αξ − kqQ

)
dη′

S(ξ, η, φ, t) = −Et+ aφφ+

∫ ξ

ξ0

√√√√ 2m

ξ′ − a

(
αξ −mgξ′2 +mgaξ′ −

α2
φ

ξ′ − a
+ Eξ′

)
dξ′

+

∫ η

η0

√√√√ 2m

η′ + a

(
αη +mgη′2 +mgaη′ −

α2
φ

η′ + a
+ Eη − αξ − kqQ

)
dη′

In[32]:= D[L, ξ′[t]] // FullSimplify

D[L, η′[t]] // FullSimplify

D[L, ϕ′[t]] // FullSimplify

Out[32]= -
m η[t] + ξ[t] ξ′[t]

a - ξ[t]

Out[33]=

m η[t] + ξ[t] η′[t]

a + η[t]

Out[34]= 4 m a + η[t] -a + ξ[t] ϕ′[t]

In[62]:= H =
m

2

pξ
2 (ξ - a)

m2 (ξ + η)
+
pη

2 (η + a)

m2 (ξ + η)
+

pϕ
2

4 m2 (ξ - a) (η + a)
+
k q Q

ξ + η
+ m g (ξ - η - a) // FullSimplify

Out[62]= -g m (a + η - ξ) +
k q Q

η + ξ
+

4 (a+η) pη
2+4 (-a+ξ) pξ

2

η+ξ
+ pϕ

2

(a+η) (-a+ξ)

8 m

In[103]:= (ξ + η)
pξ

2 (ξ - a)

2 m (ξ + η)
+
pη

2 (η + a)

2 m (ξ + η)
+

αϕ
2

8 m (ξ - a) (η + a)
+
k q Q

ξ + η
+ m g (ξ - η - a) // Expand //

FullSimplify

Out[103]= k q Q - g m (a + η - ξ) (η + ξ) +
4 (a + η) pη

2 + 4 (-a + ξ) pξ
2 - (η+ξ) αϕ

2

(a+η) (a-ξ)

8 m

2     ACM 2 Homework 5.1.nb

Problem 2.

(i)

x(ρ, φ, z) = ρ cosφ

y(ρ, φ, z) = ρ sinφ

z(ρ, φ, z) = z

r1(ρ, φ, z) =
√

(z + a)2 + ρ2

r2(ρ, φ, z) =
√

(z − a)2 + ρ2

L = K − U

L(x, y, z, r1, r2) =
m

2

(
ẋ2 + ẏ2 + ż2

)
+
A

r1
+
B

r2

L(ρ, φ, z) =
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
+

A√
(z + a)2 + ρ2

+
B√

(z − a)2 + ρ2

4



In[63]:= Clear[z, ξ, η, x, y, z, r, ρ, ϕ]

x[t_] = ρ[t] Cos[ϕ[t]];

y[t_] = ρ[t] Sin[ϕ[t]];

r1[t_] = z[t] + a2 + ρ[t]2 ;

r2[t_] = z[t] - a2 + ρ[t]2 ;

L =
m

2
D[x[t], t]2 + D[y[t], t]2 + D[z[t], t]2 +

A

r1[t]
+

B

r2[t]
// FullSimplify

Out[68]=
B

a - z[t]2 + ρ[t]2
+

A

a + z[t]2 + ρ[t]2
+
1

2
m z′[t]2 + ρ′[t]2 + ρ[t]2 ϕ′[t]2

In[69]:= Solveξ[t] ==
r1[t] + r2[t]

2
&& η[t] ==

r1[t] - r2[t]

2
, {ρ[t], z[t]}

Out[69]= ρ[t] → -
ⅈ a2 - η[t]2 a2 - ξ[t]2

a
, z[t] →

η[t] × ξ[t]

a
,

ρ[t] →
ⅈ a2 - η[t]2 a2 - ξ[t]2

a
, z[t] →

η[t] × ξ[t]

a


In[70]:= ρ[t_] =
ξ[t]2 - a2 a2 - η[t]2

a
;

z[t_] =
ξ[t] × η[t]

a
;

L // FullSimplify

Out[72]=
B

η[t] - ξ[t]2
+

A

η[t] + ξ[t]2
-

m η[t]2 - ξ[t]2 a2 - ξ[t]2 η′[t]2 + -a2 + η[t]2 ξ′[t]2

2 a2 - η[t]2 a2 - ξ[t]2
-
m a2 - η[t]2 a2 - ξ[t]2 ϕ′[t]2

2 a2

In[73]:= H = D[L, ξ′[t]] ξ′[t] + D[L, η′[t]] η′[t] + D[L, ϕ′[t]] ϕ′[t] - L // FullSimplify

Out[73]=
1

4
-

4 B

η[t] - ξ[t]2
-

4 A

η[t] + ξ[t]2
+
2 m -η[t]2 + ξ[t]2 η′[t]2

a2 - η[t]2
+

2 a2 m η[t]2 - ξ[t]2 ξ′[t]2 - m a2 - η[t]2 a2 - ξ[t]22 ϕ′[t]2

a4 - a2 ξ[t]2

(ii)

ξ + η = r1 ξ − η = r2

z(ξ, η) =
ξη

a
ρ(ξ, η) =

√
(ξ2 − a2) (a2 − η2)

a
ξ ∈ [a,∞) η ∈ [−a, a]

In[63]:= Clear[z, ξ, η, x, y, z, r, ρ, ϕ]

x[t_] = ρ[t] Cos[ϕ[t]];

y[t_] = ρ[t] Sin[ϕ[t]];

r1[t_] = z[t] + a2 + ρ[t]2 ;

r2[t_] = z[t] - a2 + ρ[t]2 ;

L =
m

2
D[x[t], t]2 + D[y[t], t]2 + D[z[t], t]2 +

A

r1[t]
+

B

r2[t]
// FullSimplify

Out[68]=
B

a - z[t]2 + ρ[t]2
+

A

a + z[t]2 + ρ[t]2
+
1

2
m z′[t]2 + ρ′[t]2 + ρ[t]2 ϕ′[t]2

In[69]:= Solveξ[t] ==
r1[t] + r2[t]

2
&& η[t] ==

r1[t] - r2[t]

2
, {ρ[t], z[t]}

Out[69]= ρ[t] → -
ⅈ a2 - η[t]2 a2 - ξ[t]2

a
, z[t] →

η[t] × ξ[t]

a
,

ρ[t] →
ⅈ a2 - η[t]2 a2 - ξ[t]2

a
, z[t] →

η[t] × ξ[t]

a


In[70]:= ρ[t_] =
ξ[t]2 - a2 a2 - η[t]2

a
;

z[t_] =
ξ[t] × η[t]

a
;

L // FullSimplify

Out[72]=
B

η[t] - ξ[t]2
+

A

η[t] + ξ[t]2
-

m η[t]2 - ξ[t]2 a2 - ξ[t]2 η′[t]2 + -a2 + η[t]2 ξ′[t]2

2 a2 - η[t]2 a2 - ξ[t]2
-
m a2 - η[t]2 a2 - ξ[t]2 ϕ′[t]2

2 a2

In[73]:= H = D[L, ξ′[t]] ξ′[t] + D[L, η′[t]] η′[t] + D[L, ϕ′[t]] ϕ′[t] - L // FullSimplify

Out[73]=
1

4
-

4 B

η[t] - ξ[t]2
-

4 A

η[t] + ξ[t]2
+
2 m -η[t]2 + ξ[t]2 η′[t]2

a2 - η[t]2
+

2 a2 m η[t]2 - ξ[t]2 ξ′[t]2 - m a2 - η[t]2 a2 - ξ[t]22 ϕ′[t]2

a4 - a2 ξ[t]2

(iii)

L(ρ, φ, z) =
m

2

(
ρ̇2 + ρ2φ̇2 + ż2

)
+

A√
(z + a)2 + ρ2

+
B√

(z − a)2 + ρ2

L(ξ, η, φ) =
m

2

(
ξ̇2
(
ξ2 − η2

)
ξ2 − a2

+
η̇2
(
ξ2 − η2

)
a2 − η2

+
φ̇2
(
ξ2 − a2

) (
a2 − η2

)
a2

)
+

A

ξ + η
+

B

ξ − η

In[63]:= Clear[z, ξ, η, x, y, z, r, ρ, ϕ]

x[t_] = ρ[t] Cos[ϕ[t]];

y[t_] = ρ[t] Sin[ϕ[t]];

r1[t_] = z[t] + a2 + ρ[t]2 ;

r2[t_] = z[t] - a2 + ρ[t]2 ;

L =
m

2
D[x[t], t]2 + D[y[t], t]2 + D[z[t], t]2 +

A

r1[t]
+

B

r2[t]
// FullSimplify

Out[68]=
B

a - z[t]2 + ρ[t]2
+

A

a + z[t]2 + ρ[t]2
+
1

2
m z′[t]2 + ρ′[t]2 + ρ[t]2 ϕ′[t]2

In[69]:= Solveξ[t] ==
r1[t] + r2[t]

2
&& η[t] ==

r1[t] - r2[t]

2
, {ρ[t], z[t]}

Out[69]= ρ[t] → -
ⅈ a2 - η[t]2 a2 - ξ[t]2

a
, z[t] →

η[t] × ξ[t]

a
,

ρ[t] →
ⅈ a2 - η[t]2 a2 - ξ[t]2

a
, z[t] →

η[t] × ξ[t]

a


In[70]:= ρ[t_] =
ξ[t]2 - a2 a2 - η[t]2

a
;

z[t_] =
ξ[t] × η[t]

a
;

L // FullSimplify

Out[72]=
B

η[t] - ξ[t]2
+

A

η[t] + ξ[t]2
-

m η[t]2 - ξ[t]2 a2 - ξ[t]2 η′[t]2 + -a2 + η[t]2 ξ′[t]2

2 a2 - η[t]2 a2 - ξ[t]2
-
m a2 - η[t]2 a2 - ξ[t]2 ϕ′[t]2

2 a2

In[73]:= H = D[L, ξ′[t]] ξ′[t] + D[L, η′[t]] η′[t] + D[L, ϕ′[t]] ϕ′[t] - L // FullSimplify

Out[73]=
1

4
-

4 B

η[t] - ξ[t]2
-

4 A

η[t] + ξ[t]2
+
2 m -η[t]2 + ξ[t]2 η′[t]2

a2 - η[t]2
+

2 a2 m η[t]2 - ξ[t]2 ξ′[t]2 - m a2 - η[t]2 a2 - ξ[t]22 ϕ′[t]2

a4 - a2 ξ[t]2
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(iv)

H =
∂L

∂q̇i
q̇i − L

=
m

2

(
ξ̇2
(
ξ2 − η2

)
ξ2 − a2

+
η̇2
(
ξ2 − η2

)
a2 − η2

+
φ̇2
(
ξ2 − a2

) (
a2 − η2

)
a2

)
− A

ξ + η
− B

ξ − η

pξ =
∂L

∂ξ̇
=
mξ̇
(
ξ2 − η2

)
ξ2 − a2

=⇒
ξ̇2
(
ξ2 − η2

)
ξ2 − a2

=
p2ξ
(
ξ2 − a2

)
m2 (ξ2 − η2)

pη =
∂L

∂η̇
=
mη̇
(
ξ2 − η2

)
a2 − η2

=⇒
η̇2
(
ξ2 − η2

)
a2 − η2

=
p2η
(
a2 − η2

)
m2 (ξ2 − η2)

pφ =
∂L

∂φ̇
=
mφ̇

(
ξ2 − a2

) (
a2 − η2

)
a2

=⇒
φ̇2
(
ξ2 − a2

) (
a2 − η2

)
a2

=
p2φa

2

m2 (ξ2 − a2) (a2 − η2)

H(ξ, η, φ, pξ, pη, pφ) =
p2ξ
(
ξ2 − a2

)
m2 (ξ2 − η2)

+
p2η
(
a2 − η2

)
m2 (ξ2 − η2)

+
p2φa

2

m2 (ξ2 − a2) (a2 − η2)
− A

ξ + η
− B

ξ − η

In[63]:= Clear[z, ξ, η, x, y, z, r, ρ, ϕ]

x[t_] = ρ[t] Cos[ϕ[t]];

y[t_] = ρ[t] Sin[ϕ[t]];

r1[t_] = z[t] + a2 + ρ[t]2 ;

r2[t_] = z[t] - a2 + ρ[t]2 ;

L =
m

2
D[x[t], t]2 + D[y[t], t]2 + D[z[t], t]2 +

A

r1[t]
+

B

r2[t]
// FullSimplify

Out[68]=
B

a - z[t]2 + ρ[t]2
+

A

a + z[t]2 + ρ[t]2
+
1

2
m z′[t]2 + ρ′[t]2 + ρ[t]2 ϕ′[t]2

In[69]:= Solveξ[t] ==
r1[t] + r2[t]

2
&& η[t] ==

r1[t] - r2[t]

2
, {ρ[t], z[t]}

Out[69]= ρ[t] → -
ⅈ a2 - η[t]2 a2 - ξ[t]2

a
, z[t] →

η[t] × ξ[t]

a
,

ρ[t] →
ⅈ a2 - η[t]2 a2 - ξ[t]2

a
, z[t] →

η[t] × ξ[t]

a


In[70]:= ρ[t_] =
ξ[t]2 - a2 a2 - η[t]2

a
;

z[t_] =
ξ[t] × η[t]

a
;

L // FullSimplify

Out[72]=
B

η[t] - ξ[t]2
+

A

η[t] + ξ[t]2
-

m η[t]2 - ξ[t]2 a2 - ξ[t]2 η′[t]2 + -a2 + η[t]2 ξ′[t]2

2 a2 - η[t]2 a2 - ξ[t]2
-
m a2 - η[t]2 a2 - ξ[t]2 ϕ′[t]2

2 a2

In[73]:= H = D[L, ξ′[t]] ξ′[t] + D[L, η′[t]] η′[t] + D[L, ϕ′[t]] ϕ′[t] - L // FullSimplify

Out[73]=
1

4
-

4 B

η[t] - ξ[t]2
-

4 A

η[t] + ξ[t]2
+
2 m -η[t]2 + ξ[t]2 η′[t]2

a2 - η[t]2
+

2 a2 m η[t]2 - ξ[t]2 ξ′[t]2 - m a2 - η[t]2 a2 - ξ[t]22 ϕ′[t]2

a4 - a2 ξ[t]2
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In[74]:= K = -
m η[t]2 - ξ[t]2 a2 - ξ[t]2 η′[t]2 + -a2 + η[t]2 ξ′[t]2

2 a2 - η[t]2 a2 - ξ[t]2
-

m a2 - η[t]2 a2 - ξ[t]2 ϕ′[t]2

2 a2
;

U = -
B

η[t] - ξ[t]2
+

A

η[t] + ξ[t]2
;

L - K + U // FullSimplify

H - K - U // FullSimplify

Out[76]= 0

Out[77]= 0

In[81]:= D[L, ξ′[t]] // FullSimplify

D[L, η′[t]] // FullSimplify

D[L, ϕ′[t]] // FullSimplify

Out[81]=

m η[t]2 - ξ[t]2 ξ′[t]

a2 - ξ[t]2

Out[82]=

m -η[t]2 + ξ[t]2 η′[t]

a2 - η[t]2

Out[83]=

m a2 - η[t]2 -a2 + ξ[t]2 ϕ′[t]

a2

In[102]:=

In[101]:=

In[100]:=

2     ACM 2 Homework 5.2.nb
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