
MAU23401: Advanced Classical Mechanics II

Homework 4 due 26/02/2021

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1.

(i)

{P,Q} = ∂P

∂p

∂Q

∂q
− ∂P

∂q

∂Q

∂p

= β − δ + (α− γ) e(q+p)
2

= 1

(α− γ) e(p+q)
2

= 0 β − δ = 1

=⇒ α = γ =⇒ β = δ + 1

In[7]:= P[q_, p_] = p + q;

Q[q_, p_] = q α E(q+p)
2

+ β + p γ E(q+p)
2

+ δ;

D[P[q, p], p] × D[Q[q, p], q] - D[P[q, p], q] × D[Q[q, p], p] // FullSimplify

Out[9]= β + ⅇ(p+q)2 (α - γ) - δ

In[1]:=

In[2]:=

In[10]:= P[q_, p_] = qα pβ;

Q[q_, p_] = Logpγ qδ;

D[P[q, p], p] × D[Q[q, p], q] - D[P[q, p], q] × D[Q[q, p], p] // FullSimplify

Out[12]= p-1+β q-1+α (-α γ + β δ)

In[3]:=

(ii)

{P,Q} = ∂P

∂p

∂Q

∂q
− ∂P

∂q

∂Q

∂p

= qα−1pβ−1(βδ − αγ)
= 1

qα−1pβ−1 = 1

=⇒ α = β = 1

βδ − αγ = 1

=⇒ δ = γ + 1

In[7]:= P[q_, p_] = p + q;

Q[q_, p_] = q α E(q+p)
2

+ β + p γ E(q+p)
2

+ δ;

D[P[q, p], p] × D[Q[q, p], q] - D[P[q, p], q] × D[Q[q, p], p] // FullSimplify

Out[9]= β + ⅇ(p+q)2 (α - γ) - δ

In[1]:=

In[2]:=

In[10]:= P[q_, p_] = qα pβ;

Q[q_, p_] = Logpγ qδ;

D[P[q, p], p] × D[Q[q, p], q] - D[P[q, p], q] × D[Q[q, p], p] // FullSimplify

Out[12]= p-1+β q-1+α (-α γ + β δ)

In[3]:=
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Problem 2.

(a)

{L1, L2} =
∂L1

∂pj

∂L2

∂qj
− ∂L1

∂qj

∂L2

∂pj

=
∂

∂pj
(piqi)

∂

∂qj

(
1

2
(pipi − qiqi)

)
− ∂

∂qj
(piqi)

∂

∂pj

(
1

2
(pipi − qiqi)

)
=

1

2
(qj(−2qj)− pj(−2pj))

= − (pjpj + qjqj)

{L1, L2} = −2L3

{L1, L3} =
∂L1

∂pj

∂L3

∂qj
− ∂L1

∂qj

∂L3

∂pj

=
∂

∂pj
(piqi)

∂

∂qj

(
1

2
(pipi + qiqi)

)
− ∂

∂qj
(piqi)

∂

∂pj

(
1

2
(pipi + qiqi)

)
=

1

2
(qj(2qj)− pj(2pj))

= − (pjpj − qjqj)
{L1, L3} = −2L2

{L2, L3} =
∂L2

∂pj

∂L3

∂qj
− ∂L2

∂qj

∂L3

∂pj

=
∂

∂pj

(
1

2
(pipi − qiqi)

)
∂

∂qj

(
1

2
(pipi + qiqi)

)
− ∂

∂qj

(
1

2
(pipi − qiqi)

)
∂

∂pj

(
1

2
(pipi + qiqi)

)
=

1

4
(2pj(2qj) + 2qj(2pj))

= 2pjqj

{L2, L3} = 2L1

(b)

f(q, p)→ f(Q,P ) = f(q, p) +

∞∑
n=1

1

n!
{V, {V, · · · {︸ ︷︷ ︸

n

V, f} · · · }

=⇒ qi → Qi = qj +

∞∑
n=1

1

n!
{V, {V, · · · {︸ ︷︷ ︸

n

V, qi} · · · }

pi → Pi = pi +

∞∑
n=1

1

n!
{V, {V, · · · {︸ ︷︷ ︸

n

V, pi} · · · }
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(i)

{V, qj} =
∂V

∂pk

∂qj
∂qk
− ∂V

∂qk

∂qj
∂pk

=
∂

∂pj
(λpiqi)− 0

= λqj

{V, {V, qj}} = {V, λqj}
= λ{V, qj}
= λ2qj

{V, {V, {V, qj}}} = {V, λ2qj}
= λ3qj

{V, {V, . . . {︸ ︷︷ ︸
n

V, qj} . . .} = λnqj

Qj = qj +

∞∑
n=1

λnqj
n!

= qj

∞∑
n=0

λn

n!

= qj e
λ

{V, pj} =
∂V

∂pk

∂pj
∂qk
− ∂V

∂qk

∂pj
∂pk

= 0− ∂

∂qj
(λpiqi)

= −λpj
{V, {V, pj}} = {V,−λpj}

= −λ{V, pj}
= λ2pj

{V, {V, {V, pj}}} = {V, λ2pj}
= −λ3pj

{V, {V, . . . {︸ ︷︷ ︸
n

V, pj} . . .} = (−λ)npj

Pj = pj +

∞∑
n=1

(−λ)npj
n!

= pj

∞∑
n=0

(−λ)n

n!

= pj e
−λ

Q(q, p) = q eλ P (q, p) = p e−λ
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(ii)

{V, qj} =
∂V

∂pk

∂qj
∂qk
− ∂V

∂qk

∂qj
∂pk

=
∂

∂pj

(
λ

2
(pipi − qiqi)

)
− 0

=
λ

2
(2pj)

= λpj

{V, pj} =
∂V

∂pk

∂pj
∂qk
− ∂V

∂qk

∂pj
∂pk

= 0− ∂

∂qj

(
λ

2
(pipi − qiqi)

)
= −λ

2
(−2qj)

= λqj

{V, {V, qj}} = {V, λpj}
= λ{V, pj}
= λ2qj

{V, {V, {V, qj}}} = {V, λ2qj}
= λ3pj

{V, {V, {V, {V, qj}}}} = {V, λ3pj}
= λ4qj

{V, {V, . . . {︸ ︷︷ ︸
n

V, qj} . . .} =
{
λnqj if n is even
λnpj if n is odd

Qj = qj +

∞∑
n=2
n even

λnqj
n!

+

∞∑
n=1
n odd

λnpj
n!

= qj

∞∑
n=0
n even

λn

n!
+ pj

∞∑
n=1
n odd

λn

n!

= qj

∞∑
n=0

λ2n

(2n)!
+ pj

∞∑
n=0

λ2n+1

(2n+ 1)!

= qj coshλ+ pj sinhλ
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{V, {V, pj}} = {V, λqj}
= λ{V, qj}
= λ2pj

{V, {V, {V, pj}}} = {V, λ2pj}
= λ3qj

{V, {V, {V, {V, pj}}}} = {V, λ3qj}
= λ4pj

{V, {V, . . . {︸ ︷︷ ︸
n

V, pj} . . .} =
{
λnqj if n is odd
λnpj if n is even

Pj = pj +

∞∑
n=1
n odd

λnqj
n!

+

∞∑
n=2
n even

λnpj
n!

= qj

∞∑
n=1
n odd

λn

n!
+ pj

∞∑
n=0
n even

λn

n!

= qj

∞∑
n=0

λ2n+1

(2n+ 1)!
+ pj

∞∑
n=0

λ2n

(2n)!

= qj sinhλ+ pj coshλ

Q(q, p) = q coshλ+ p sinhλ P (q, p) = q sinhλ+ p coshλ

(iii)

{V, qj} =
∂V

∂pk

∂qj
∂qk
− ∂V

∂qk

∂qj
∂pk

=
∂

∂pj

(
λ

2
(pipi + qiqi)

)
− 0

=
λ

2
(2pj)

= λpj

{V, pj} =
∂V

∂pk

∂pj
∂qk
− ∂V

∂qk

∂pj
∂pk

= 0− ∂

∂qj

(
λ

2
(pipi + qiqi)

)
= −λ

2
(2qj)

= −λqj
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{V, {V, qj}} = {V, λpj}
= λ{V, pj}
= −λ2qj

{V, {V, {V, qj}}} = {V,−λ2qj}
= −λ3pj

{V, {V, {V, {V, qj}}}} = {V,−λ3pj}
= λ4qj

{V, {V, {V, {V, {V, qj}}}}} = {V, λ4qj}
= λ5pj

Qj = qj +
λpj
1!
− λ2qj

2!
− λ3pj

3!
+
λ4qj
4!

+
λ5pj
5!
− · · ·

= qj

(
1− λ2

2!
+
λ4

4!
− · · ·

)
+ pj

(
λ

1!
− λ3

3!
+
λ5

5!
− · · ·

)
= qj

∞∑
n=0

(−1)nλ2n

(2n)!
+ pj

∞∑
n=0

(−1)nλ2n+1

(2n+ 1)!

= qj cosλ+ pj sinλ

{V, {V, pj}} = {V,−λqj}
= −λ{V, qj}
= −λ2pj

{V, {V, {V, pj}}} = {V,−λ2pj}
= λ3qj

{V, {V, {V, {V, pj}}}} = {V, λ3qj}
= λ4pj

{V, {V, {V, {V, {V, pj}}}}} = {V, λ4pj}
= −λ5qj

Pj = pj −
λqj
1!
− λ2pj

2!
+
λ3qj
3!

+
λ4pj
4!
− λ5qj

5!
− · · ·

= qj

(
− λ
1!

+
λ3

3!
− λ5

5!
+ · · ·

)
+ pj

(
1− λ2

2!
+
λ4

4!
− · · ·

)
= −qj

∞∑
n=0

(−1)nλ2n+1

(2n+ 1)!
+ pj

∞∑
n=0

(−1)nλ2n

(2n)!

= −qj sinλ+ pj cosλ

Q(q, p) = q cosλ+ p sinλ P (q, p) = −q sinλ+ p cosλ
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