
MAU23401: Advanced Classical Mechanics II

Homework 3 due 19/02/2021

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1.

(i)

p =
∂F1

∂q
P = −∂F1

∂Q

= −m
2

2(Q− q)(−1)

t2 − t1
=
m

2

2(Q− q)
t2 − t1

=
m(Q− q)
t2 − t1

=
m(Q− q)
t2 − t1

Q(q, p) = q +
p(t2 − t1)

m
P (q, p) = p

The position is shifted by a constant amount of the momentum, yet the momentum remains unchanged.

(ii)

pn =
∂F2

∂qn
Qn =

∂F2

∂Pn

= δinPi + εijkaiδ
j
nPk = qiδin + εijkaiq

jδkn

= Pn + εinkaiPk = qn + εijnaiq
j

pn − Pn = εinkaiPk

(pn − Pn)2 = (εinkaiPk)2 (fixed n, sum over i, j, k)

= 0

Qn(q, p) = qn + εijnaiq
j

Pn(q, p) = pn

The positions are infinitesimally shifted by a factor of the original position, yet the momenta remain
unchanged.
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(iii)

qn = −∂F3

∂pn
Pn = − ∂F3

∂Qn

= δinQ
i − aiδin = piδ

i
n − 0

= Qn − an = pn

Qn(q, p) = qn + an

Pn(q, p) = pn

The positions are shifted by the corresponding component of the vector a, yet the momenta remain
unchanged.

(iv)

qn = −∂F3

∂pn
Pn = − ∂F3

∂Qn

= δinQ
i + τ

∂H

∂pn
= piδ

i
n + τ

∂H

∂Qn

= Qn + τQ̇n = pn + τ ṗn

(qn −Qn)
2

= τ2
(
Q̇n
)2

(fixed n) (Pn − pn)2 = τ2 (ṗn)
2

(fixed n)

= 0 = 0

Qn(q, p) = qn

Pn(q, p) = pn

Both positions and momenta remain unchanged.
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Problem 2.

(i)

p

q
=

√
2P

mω
sinQ

1√
2mωP cosQ

p = mωq cotQ

= mωq cot

(
arcsin

(
q

√
mω

2P

))
=
∂F2

∂q

=⇒ F2 =

∫
mωq cot

(
arcsin

(
q

√
mω

2P

))
dq

= P

√
mω

P

(
q

2

√
2− mq2ω

P
+

√
P

mω
arcsin

(
q

√
mω

2P

))

F2(q, P ) =
q

2

√
mω (2P −mωq2) + P arcsin

(
q

√
mω

2P

)

(ii)

H(q, p) = K + U

=
p2

2m
+
mω2q2

2

=⇒ H(Q,P ) =
1

2m
2mωP cos2Q+

mω2

2

2P

mω
sin2Q

= ωP cos2Q+ ωP sin2Q

H(Q,P ) = ωP

Since Ṗ = −∂H
∂Q = 0 and Q̇ = ∂H

∂P = ω, the motion of the harmonic oscillator in terms of Q and P is
simply circular motion of angular velocity ω.
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Problem 3.

(i)

Pi − pi =
∂L̃

∂q̇i
− ∂L

∂q̇i

=
∂L

∂q̇i
+

∂

∂q̇i
df

dt
− ∂L

∂q̇i

=
∂

∂q̇i

(
∂f

∂qj
q̇j +

∂f

∂t

)
=

∂2f

∂q̇i∂qj
q̇j +

∂f

∂qj
δij +

∂2f

∂q̇i∂t

Pi − pi =
∂f

∂qi

H̃ −H = PiQ̇
i − L̃− piqi + L

= Piq̇
i − L− df

dt
− piqi + L

= (Pi − pi) q̇i −
∂f

∂qj
q̇j − ∂f

∂t

=
∂f

∂qi
q̇i − ∂f

∂qj
q̇j − ∂f

∂t

H̃ −H = −∂f
∂t

(ii)

{
Qi, Qj

}
=
{
qi, qj

}
= 0

{Pi, Pj} =
∂Pi

∂pk

∂Pj

∂qk
− ∂Pi

∂qk
∂Pj

∂pk

=
∂

∂pk

(
pi +

∂f

∂qi

)
∂

∂qk

(
pj +

∂f

∂qj

)
− ∂

∂qk

(
pi +

∂f

∂qi

)
∂

∂pk

(
pj +

∂f

∂qj

)
=
(
δik + 0

)(
0 +

∂2f

∂qk∂qj

)
−
(

0 +
∂2f

∂qk∂qi

)(
δjk + 0

)
=

∂2f

∂qi∂qj
− ∂2f

∂qj∂qi

= 0

{
Pi, Q

j
}

=
{
Pi, q

j
}

=
∂Pi

∂pk

∂qj

∂qk
− ∂Pi

∂qk
∂qj

∂pk

=
∂

∂pk

(
pi +

∂f

∂qi

)
δjk −

∂Pi

∂qk
(0)

= δjk
(
δik + 0

)
− 0

= δij
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(iii)

pi = Pi −
∂f

∂qi

=
∂F2

∂qi

=⇒ F2 =

∫ (
Pi −

∂f

∂qi

)
dqi

F2(q, P, t) = Piq
i − f(q, t)
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