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Problem 1.

0o 0{B,v}  0a 0{B,~}

dpi 0’ dq'  Op;

da 0 (0B 0y 0B Oy da 0 (0B Oy o8 Ov
op; Oq’ (%W - W%) ~ 0q' Opi (5}%‘5@ - C'Wapj)
da < 0’8 Oy 08 0%y 2B oy 9B 0%y >
Op;

{Ot, {Ba’y}} =

9qi0p; 0gi | Op; 0gdg  0qi0qi Op, I 0gidp;
aa<a25 Oy 0B Oy 0’8 0y 0B 327)
oq’

Opidp; g3 9p; Ipidgi  Op;idgi Ap;  DgI Ipidp;
= {f. {9, h}} + {9, {h, f}} +{h, {f,9}}
_Of (g Oh 09 Fh &g oh oy o
Op; \0q'0p; 07 ~ Op; 0¢'0¢?  0q'0q? Op;  Oq’ Dq'Op
8f < &g Oh 99 &h 0%¢g Oh  0Og 0°h

Opidp; g3 Op; Ipidgi  Ipidgi Ap;  DgI Ipidp;

0?h 8f oh O%*f 0*h Of  Oh O*f

dqi0p; Og7 8pj 9qdq7  9qidgi dp;  dgi Dgidp;

)
o ( 05 o 7)
( *h 0f  Oh &f  &h Of oh 0f )
( )
)

:0p; Og7 3pj Opidg?  Ipidgi dp;  DqI Ipidp;
f 9  0f O Pf dg of 9%

8
a 7
(’9

9q'0p; Og7 3pj 9¢'dq7  9qidqi Ip;  Igi Dgidp;
(an g 0f P R2f a9 Of 9%

31%

dpiOp; O¢ 3pg Opidgi  Op;0¢i Op;  Oq’ Ip;p;
_ <a2g Oh 99 Ph Pg oh 99 &
Opi \9q'0p; d¢3 ~ Op; 0¢'0¢?  0q'dq? Op;  dgI Dq'Op;
_dg &h_, 09 Ph &9 Oh ah)
Op; 0¢70q" ~ 0¢7 Op;0q°  0q?0q* Op;  Op;0q 0¢?
+8f (_ 0%g @_@ 9%h 0%g @ @ 0%h
dq" \ OpiOp; 0¢?  Op; Op;0¢7 = Op;0q¢’ Op; ~ 0q? Op;Op;
dg 0O°h dg O°h 0%g Oh 0%g Oh
Op; 9¢idp;  9q¢i Op;Op;  Dqidp; Op;  Op;Opi 3qj>
ag<ah 9f  on 9°f  oh 9*f  Oh an)

Op; \Op; 0¢*0¢?  0¢7 0¢*°0p;  Op; 0¢70q¢"  O¢’ Op;0¢°
Og ([ Oh O?f Oh O0°f Oh O°f Oh O%f
g (51% 8pz<9qj ~ 9¢) Opidp;  Op; OgPOp; Wapjapi>
= of (0) + of (0) (0) + %9 (0) assuming f, g, h are continuous
Op; oq* 8p oq* T

=0



Problem 2.
(a)

aJab apc i aJab apc
Opr, Oxy,  Oxy Opy

{Jabapc} -
0
= U= 50 a5 Wa - a
0 5 D (PaTb — PbTa)
= —0ck(Padbk — Pblak)
{Jabapc} = 6acpb - 5l)cpa

6Jab 6xc 3Jab 3Ic

{a,we) = dpr Ory  Oxi, Opi

0
:5c7 a - a -0
kapk(pxb Pba)

= Ock(Tb0ak — Talbk)
{Jab7 xc} = 5acxb - 6bcxa

6Jab ach . aJab ach
Op Oxy, Oz, Opk

{Jab7 ch}’ =

O e D D0
- apk PaTb — PbTq axk DPcTd — PdZc aIk PaTb — PbTq 3pk Pcld — PdZc

= (p0ak — Tadbk)(Pdak — Padek) — (Padbk — PbOak)(Tadck — Tedar)
= 8adPch — 6acPdTh — OpdPea + ObePaTa — (ObePaTd — ObdPaTe — OacPbTd + dadPbec)
= S0Py — PoTe) + dac(PyTd — Pawy) + Oba(PaTe — Peta) + Obc(PaTa — Pata)

{Jab, Jea} = baaep + dacTva + OvaJac + OveJda

6Jab 8p22 8Jab 8p12

8pk 8$k ka 8pk

{Jar:0*} = {Jar, 07} =
=0- 2pi5iki(pa$b — Pbq)
oxy,
= —2p;0ik (Padbk — PbOak)
= 2(b4ipsPi — OviPaDi)
= 2(pvPa — Papb)
=0

- 6Jab 81‘? 8Jab 813?

2\ _ 21 -
{Jab,’l“ }_ {Jab’xl 8pk Oxy, Oxy, 3]%

0
=22;0iks = (Pay — PpTa) — 0
kapk( b bTa)

= 22;0ik (0akTb — ObkTa)
= 2(0aiTpTs — OpiTai)
= 2(zpxq — TaTp)

=0



(b)

{Jabs Jea} = daadeb + dacTvd + Ovadac + dveJda
= {Jua, 13} = 613J14 + 011J43 + du3J11 + a1 31
=0+Ji3+0+0
{J14, J13} = Juz = paxs — p3xs

Problem 3.
(a)

OM; Op; _ OM, 9p;

{M;,p;} =

Opr Orr Oz Opy

0]
=0~ 5jk87xk(€imnxmpn)

= 75jk eimnamkpn
= _6jm €imnPn

{M;,p;} = —€ijipi

OM; Ox; _ OM; Ox;
apk al‘k aﬂjk (9pk

{M%xj} =
= 6jk£(ezmnxmpn) -0
k
= 5jk6imnxm§nk
= 0jn€imnTm
= €imjTm

{]V[i,acj} = — Eijkl’k

OM; OM;  OM; OM,
3pk 8Ik 81:k 8pk

{Mi’ Mj} =

0 0
= 87;% (Ezmnxmpn) 871% (Ejloxlpo)

= 6i'rnn‘rmékrnejloéklpo - 675771716k:mpn€jloivl(Sko
= 5ln6imn€jloxmpo - 5mo€imn6jl0xlpn
= €imq€jqoTmPo — €ign€jlqTiPn
= €imq€jqoTmPo — €igm€joqToPm
= €imq€jqoTmPo — €imq€jqoLoPm
= 6imq‘quo(mmpo - xopm)
= 6qmi‘quo(-73mpo - xopm)
- (6mj6io - 6m06ij)(xmpo - mopm)
= 5mj5io$mpo - 5mj5ioxopm if 7é J
= TjPi — TiPj
= € My,

{]\/[,“ ]\/fj} = _Eijk]\/[k



(b)

dM; M,

= H, M,
dt ot + U, M}
= 0 as M; is an integral of motion
OM;

=0 as M; does not depend on time

OD; Op; _ OD: Op;

Dia iy = -
{Dpi} Opy Oz Oxy Opy
oD;
=0—6ip—o
ik 3xk
o1 e
- 8$j m imn€lonTiPmPo \/E
1 ad;; 0 -1
= — | —€mn on(S jPmPo ! iy 2 2
<me €1on 01 PmD, —i—\/x?—i-oz:c o, (z2) )
1 ad;; 1 _3
= - (_menimﬁnojpmpo + Tm + ax; <_2 (mg) 2 (233(1511]')))
1 ad;;  QTT;
= -\~ 6i06m’_5i’5m0 mPo 2 Z 4
( —(8i00mj = 0i0mo)PmPo + — 3 )
{D- } l ( . 2(5) . aéij + QLT 5
iy Dj —m pipj D044 r 7«3
D; dz; 9D, 9z,
(Diaj) = 2000 ODi9%
Opy Oz Oxy Opy
oD;
— .27 o
™ i
0 1 . . az;
= 5 | —€mn€lon mPo Y
op; \'m lonTIPmP. 22

1
= Eeimnelonml (5mjpo + pm(soj)
1

= E(Enijenlozlpo + 6nimenljxlpm,)

1
= E(((Sil(sjo — 03001)T1Po + (8510mj — 0ij0mi)TiPm)

1
= —(xipj; — x;p;i + Tip; — 0 TkDr)

=3

{Di,z;} = o (2zipj — 65 (7 P) — piz;)



{D;, M;} = —{€jmzrpi, Di}

0D; 0D;
= =€kl | Pl — Tk BT

Opk
— e (P @ipr — 57 ) — pran) — o |~ (papr — p26) — 2oL 4 QLT
gkt \ o \ETiPk = Oik(T"* D) — Pilk k\ 5, \PiPt— P 0u , 3
= —€kl Q(—&k(??'ﬁ) — PiTk) — Ty, L (pipe — p*6u1) — a0
/ m m r
I B o e %)
= —€ijk (m (Ikp pk('f' 17) r )
{DZ,]MIJ} = 761']'ka
dD; 0Dy
= H, D,
dt ot - Dij
=0 as D; is an integral of motion
oD,
— DZ,H =
{ Y=

=0 as D; does not depend on time



(c)

{Di, Dj} =

0D; 0D;  0D; 0D;
8pk axk 8mk 8pk

1 1 adp  ax;Ty
9 ; — 5 ; (5 _ JrE J

( (2xipr — i (T7- D) — ka)<mp ik — DjPk) + , 3 >

ad;, QT
-3

1 1
- 2 1 51 )
— (2zpk — &1 (7 D) — pﬂk)) (m POk — pibk) +

20 PpT; T
<2x1pk5jk - 17072]

|2

(
111
— | = (2ziprp® S5k — 2ipkpipk) + —
m |m T

1 - - o - Oik (- Py
+ (=0ik (7 D)p* 01 + Our (F - P)pjpr) + . (5ik(7” POk + %
1 le’ DiTETi T
+ — (—pikp? S5k + Pizkpipr) + — (—piﬂfk(Sjk + 75)
m r r
1 2% PrT; Tk
— (2x;pkp?Sir. — 23 pkpivk) — — <2svjpk5m J2>
m r
1 . R « T P)T;T
_ E ( 5jk(7" 'ﬁ)p25ik + 5jk(7" -ﬁ)pipk) — ? ( Jk(T ﬁ)&k + W)
1 a i TRTiT
- ( —PjZTkP 5zk +pg$kpvpk) (*pjl’k(sik + W)}
m r r

111 R R o
oo [m (2wipp® — 2wip;p” — 645 (F - P)P° + (7 P)pip; — wpip® + pip; (7 - D)

— 2zpip” + 2x5pip” + 6i(F - P)p* — (F- ﬁ)pipj + xiijQ — pip; (7~ ﬁ))

« 2x;x: (1 - xix; (7 p) a:l

2x;x; (7 P S ;x5 (7 z;pjr?
- 2xjpi+%_5ij(r.m_#+mlpj Libj

r2

1 [; (P (zip; — xjp)) + % (2(zipj — z;pi))

2 2 a
= — (p + ’I”) (xipj — xjpi)

{Diij} =

2m
2H€ijkﬂfk
m



(d)

{Jab, Jea} = {—€apk My, —€car My} if a,b,¢,d =1,2,3
= 6ablfecdl{ekijxipja 6lmn‘rn’tpn}

B <8xipj OTmpPrn  0Tipj OTmpPn >
= €abk€cdi€kij€imn -

Op, Oz, dxr, Op,
= €abk€cdi€kij€lmn (i0j00moPn — 0ioDjTmOno)

= €kab€kij€lcd€imn (5mszpn - 51nxmpj)

= €kab€kij€lcd€ljnTiPn — €kabC€kij€lcd€imiTmpPj

= (04i0b; — 0ajObi)(0cjOdn — denddj)TiPn — (9aidh; — 0ajObi)(OemOdi — OciOdm)TmD;
= (0aiObj — 0ajObi)(0cjTiPd — 0ajTiDe + Ociapj — OdiZcPy)

= 0peTaPd — ObaTale + OacTaPo — 0adTePb — OacToPd + 0adToPe — ObeTdPa + ObdTcPa
= Obc(TaPd — Tapa) — ba(TaPe — TePa) + Sac(Tapy — Topa) — Sad(Tcpp — Top — C)
= Opedda — OvdJea + Oacbd — GadJbe

= NacJod — MoeJad — NadJve + MbaJac for a,b,c,d =1,2,3



