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Problem 1.

{α, {β, γ}} = ∂α

∂pi

∂{β, γ}
∂qi
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∂qi
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∂pi

=
∂α

∂pi

∂

∂qi

(
∂β
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=
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∂pi

(
∂2β

∂qi∂pj
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∂2γ
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)
=⇒ {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}}

=
∂f

∂pi

(
∂2g

∂qi∂pj

∂h

∂qj
+

∂g

∂pj

∂2h

∂qi∂qj
− ∂2g

∂qi∂qj
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− ∂2g

∂pi∂qj
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+
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+
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=
∂f

∂pi

(
∂2g

∂qi∂pj

∂h

∂qj
+

∂g

∂pj

∂2h

∂qi∂qj
− ∂2g

∂qi∂qj
∂h

∂pj
− ∂g

∂qj
∂2h

∂qi∂pj

− ∂g

∂pj

∂2h

∂qj∂qi
+

∂g

∂qj
∂2h

∂pj∂qi
+

∂2g

∂qj∂qi
∂h

∂pj
− ∂2g

∂pj∂qi
∂h

∂qj

)
+
∂f

∂qi

(
− ∂2g

∂pi∂pj

∂h

∂qj
− ∂g

∂pj

∂2h

∂pi∂qj
+

∂2g
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+
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+
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+
∂g

∂pi

(
∂h
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+
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(0) assuming f, g, h are continuous

= 0
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Problem 2.

(a)

{Jab, pc} =
∂Jab
∂pk

∂pc
∂xk
− ∂Jab
∂xk

∂pc
∂pk

= 0− δck
∂

∂xk
(paxb − pbxa)

= −δck(paδbk − pbδak)
{Jab, pc} = δacpb − δbcpa

{Jab, xc} =
∂Jab
∂pk

∂xc
∂xk
− ∂Jab
∂xk

∂xc
∂pk

= δck
∂

∂pk
(paxb − pbxa)− 0

= δck(xbδak − xaδbk)
{Jab, xc} = δacxb − δbcxa

{Jab, Jcd} =
∂Jab
∂pk

∂Jcd
∂xk

− ∂Jab
∂xk

∂Jcd
∂pk

=
∂

∂pk
(paxb − pbxa)

∂

∂xk
(pcxd − pdxc)−

∂

∂xk
(paxb − pbxa)

∂

∂pk
(pcxd − pdxc)

= (xbδak − xaδbk)(pcδdk − pdδck)− (paδbk − pbδak)(xdδck − xcδdk)
= δadpcxb − δacpdxb − δbdpcxa + δbcpdxa − (δbcpaxd − δbdpaxc − δacpbxd + δadpbxc)

= δad(pcxb − pbxc) + δac(pbxd − pdxb) + δbd(paxc − pcxa) + δbc(pdxa − paxd)
{Jab, Jcd} = δadJcb + δacJbd + δbdJac + δbcJda

{
Jab, p

2
}
=
{
Jab, p

2
i

}
=
∂Jab
∂pk

∂p2i
∂xk
− ∂Jab
∂xk

∂p2i
∂pk

= 0− 2piδik
∂

∂xk
(paxb − pbxa)

= −2piδik(paδbk − pbδak)
= 2(δaipbpi − δbipapi)
= 2(pbpa − papb)
= 0

{
Jab, r

2
}
=
{
Jab, x

2
i

}
=
∂Jab
∂pk

∂x2i
∂xk
− ∂Jab
∂xk

∂x2i
∂pk

= 2xiδik
∂

∂pk
(paxb − pbxa)− 0

= 2xiδik(δakxb − δbkxa)
= 2(δaixbxi − δbixaxi)
= 2(xbxa − xaxb)
= 0
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(b)

{Jab, Jcd} = δadJcb + δacJbd + δbdJac + δbcJda

=⇒ {J14, J13} = δ13J14 + δ11J43 + δ43J11 + δ41J31

= 0 + J43 + 0 + 0

{J14, J13} = J43 = p4x3 − p3x4

Problem 3.

(a)

{Mi, pj} =
∂Mi

∂pk

∂pj
∂xk
− ∂Mi

∂xk

∂pj
∂pk

= 0− δjk
∂

∂xk
(εimnxmpn)

= −δjkεimnδmkpn

= −δjmεimnpn

{Mi, pj} = −εijkpk

{Mi, xj} =
∂Mi

∂pk

∂xj
∂xk
− ∂Mi

∂xk

∂xj
∂pk

= δjk
∂

∂pk
(εimnxmpn)− 0

= δjkεimnxmδnk

= δjnεimnxm

= εimjxm

{Mi, xj} = − εijkxk

{Mi,Mj} =
∂Mi

∂pk

∂Mj

∂xk
− ∂Mi

∂xk

∂Mj

∂pk

=
∂

∂pk
(εimnxmpn)

∂

∂xk
(εjloxlpo)

= εimnxmδknεjloδklpo − εimnδkmpnεjloxlδko

= δlnεimnεjloxmpo − δmoεimnεjloxlpn

= εimqεjqoxmpo − εiqnεjlqxlpn
= εimqεjqoxmpo − εiqmεjoqxopm
= εimqεjqoxmpo − εimqεjqoxopm

= εimqεjqo(xmpo − xopm)

= εqmiεqjo(xmpo − xopm)

= (δmjδio − δmoδij)(xmpo − xopm)

= δmjδioxmpo − δmjδioxopm if i 6= j

= xjpi − xipj
= εjikMk

{Mi,Mj} = −εijkMk
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dMi

dt
=
∂Mi

∂t
+ {H,Mi}

= 0 as Mi is an integral of motion

=⇒ {Mi, H} =
∂Mi

∂t
= 0 as Mi does not depend on time

(b)

{Di, pj} =
∂Di

∂pk

∂pj
∂xk
− ∂Di

∂xk

∂pj
∂pk

= 0− δjk
∂Di

∂xk

= − ∂

∂xj

(
1

m
εimnεlonxlpmpo +

αxi√
x2a

)

= −

(
1

m
εimnεlonδljpmpo +

αδij√
x2a

+ αxi
∂

∂xj

(
x2a
)− 1

2

)

= −
(
− 1

m
εnimεnojpmpo +

αδij
r

+ αxi

(
−1

2

(
x2b
)− 3

2 (2xaδaj)

))
= −

(
− 1

m
(δioδmj − δijδmo)pmpo +

αδij
r
− αxixj

r3

)
{Di, pj} =

1

m

(
pipj − p2δij

)
− αδij

r
+
αxixj
r3

{Di, xj} =
∂Di

∂pk

∂xj
∂xk
− ∂Di

∂xk

∂xj
∂pk

= δjk
∂Di

∂pk
− 0

=
∂

∂pj

(
1

m
εimnεlonxlpmpo +

αxi√
x2a

)

=
1

m
εimnεlonxl(δmjpo + pmδoj)

=
1

m
(εnijεnloxlpo + εnimεnljxlpm)

=
1

m
((δilδjo − δioδjl)xlpo + (δilδmj − δijδml)xlpm)

=
1

m
(xipj − xjpi + xipj − δijxkpk)

{Di, xj} =
1

m
(2xipj − δij (~r · ~p)− pixj)
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{Di,Mj} = −{εjklxkpl, Di}

= −εjkl
(
pl
∂Di

∂pk
− xk

∂Di

∂xl

)
= −εjkl

(
pl
m
(2xipk − δik(~r · ~p)− pixk)− xk

(
1

m

(
pipl − p2δil

)
− αδil

r
+
αxixl
r3

))
= −εjkl

(
pl
m
(−δik(~r · ~p)− pixk)− xk

(
1

m

(
pipl − p2δil

)
− αδil

r

))
= −εijk

(
1

m

(
xkp

2 − pk(~r · ~p)−
αxk
r

))
{Di,Mj} = −εijkDk

dDi

dt
=
∂Di

∂t
+ {H,Di}

= 0 as Di is an integral of motion

=⇒ {Di, H} =
∂Di

∂t
= 0 as Di does not depend on time
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(c)

{Di, Dj} =
∂Di

∂pk

∂Dj

∂xk
− ∂Di

∂xk

∂Dj

∂pk

=

(
1

m
(2xipk − δik (~r · ~p)− pixk)

)(
1

m

(
p2δjk − pjpk

)
+
αδjk
r
− αxjxk

r3

)
−
(

1

m
(2xjpk − δjk (~r · ~p)− pjxk)

)(
1

m

(
p2δik − pipk

)
+
αδik
r
− αxixk

r3

)
=

1

m

[
1

m

(
2xipkp

2δjk − 2xipkpjpk
)
+
α

r

(
2xipkδjk −

2xipkxjxk
r2

)
+

1

m

(
−δik(~r · ~p)p2δjk + δik(~r · ~p)pjpk

)
+
α

r

(
δik(~r · ~p)δjk +

δik(~r · ~p)xjxk
r2

)
+

1

m

(
−pixkp2δjk + pixkpjpk

)
+
α

r

(
−pixkδjk +

pixkxjxk
r2

)
− 1

m

(
2xjpkp

2δik − 2xjpkpipk
)
− α

r

(
2xjpkδik −

2xjpkxixk
r2

)
− 1

m

(
−δjk(~r · ~p)p2δik + δjk(~r · ~p)pipk

)
− α

r

(
δjk(~r · ~p)δik +

δjk(~r · ~p)xixk
r2

)
− 1

m

(
−pjxkp2δik + pjxkpipk

)
− α

r

(
−pjxkδik +

pjxkxixk
r2

)]
=

1

m

[
1

m

(
2xipjp

2 − 2xipjp
2 − δij(~r · ~p)p2 + (~r · ~p)pipj − xjpip2 + pipj(~r · ~p)

− 2xjpip
2 + 2xjpip

2 + δij(~r · ~p)p2 − (~r · ~p)pipj + xipjp
2 − pipj(~r · ~p)

)
+
α

r

(
2xipj −

2xixj(~r · ~p)
r2

+ δij(~r · ~p) +
xixj(~r · ~p)

r2
− xjpi +

xjpir
2

r2

− 2xjpi +
2xixj(~r · ~p)

r2
− δij(~r · ~p)−

xixj(~r · ~p)
r2

+ xipj −
xipjr

2

r2

)]
=

1

m

[
1

m

(
p2(xipj − xjpi)

)
+
α

r
(2(xipj − xjpi))

]
=

2

m

(
p2

2m
+
α

r

)
(xipj − xjpi)

{Di, Dj} =
2HεijkMk

m
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(d)

{Jab, Jcd} = {−εabkMk,−εcdlMl} if a, b, c, d = 1, 2, 3

= εabkεcdl{εkijxipj , εlmnxmpn}

= εabkεcdlεkijεlmn

(
∂xipj
∂po

∂xmpn
∂xo

− ∂xipj
∂xo

∂xmpn
∂po

)
= εabkεcdlεkijεlmn (xiδjoδmopn − δiopjxmδno)
= εkabεkijεlcdεlmn (δmjxipn − δinxmpj)
= εkabεkijεlcdεljnxipn − εkabεkijεlcdεlmixmpj

= (δaiδbj − δajδbi)(δcjδdn − δcnδdj)xipn − (δaiδbj − δajδbi)(δcmδdi − δciδdm)xmpj

= (δaiδbj − δajδbi)(δcjxipd − δdjxipc + δcixdpj − δdixcpj)
= δbcxapd − δbdxapc + δacxdpb − δadxcpb − δacxbpd + δadxbpc − δbcxdpa + δbdxcpa

= δbc(xapd − xdpa)− δbd(xapc − xcpa) + δac(xdpb − xbpd)− δad(xcpb − xbp− c)
= δbcJda − δbdJca + δacJbd − δadJbc
= ηacJbd − ηbcJad − ηadJbc + ηbdJac for a, b, c, d = 1, 2, 3
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