
MAU23401: Advanced Classical Mechanics II

Homework 1 due 05/02/2021

Ruaidhŕı Campion
19333850

SF Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regulations of the University
Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady, Write’, located at http://tcd-
ie.libguides.com/plagiarism/ready-steady-write.

Problem 1.

(a)

x = r sin θ cosφ

y = r sin θ sinφ

z = r cos θ

φ

θ

r

x

y

z

~̇r 2 = ẋ2 + ẏ2 + ż2

= ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ

=⇒ L =
m

2

(
ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ

)
− U(r)
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(b)

H = piq̇
i − L

=
∂L

∂q̇i
q̇i − L

= m
(
ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ

)
− m

2

(
ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ

)
+ U(r)

=
m

2

(
ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ

)
+ U(r)

=
mṙ2

2
+
mr2θ̇2

2
+
mr2φ̇2 sin2 θ

2
+ U(r)

pr = mṙ pθ = mr2θ̇ pφ = mr2φ̇ sin2 θ

=⇒ p2r = m2ṙ2 =⇒ p2θ = m2r4θ̇2 =⇒ p2φ = m2r4φ̇ sin4 θ

=⇒ mṙ2

2
=

p2r
2m

=⇒ mr2θ̇2

2
=

p2θ
2mr2

=⇒ mr2φ̇2 sin2 θ

2
=

p2φ

2mr2 sin2 θ

=⇒ H =
p2r
2m

+
p2θ

2mr2
+

p2φ

2mr2 sin2 θ
+ U(r)

H =
1

2m

(
p2r +

p2θ
r2

+
p2φ csc2 θ

r2

)
+ U(r)

(c)

ṗi = −∂H
∂qi

q̇i =
∂H

∂pi

ṗr =
p2θ + p2φ csc2 θ

mr3
q̇r =

pr
m

ṗθ =
p2φ cot θ csc2 θ

mr2
q̇θ =

pθ
mr2

ṗφ = 0 q̇φ =
pφ csc2 θ

mr2

2
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Problem 2.

(a)

H =
∂L

∂ẋi
ẋi − L

= m1ẋ
2
1 +B12ẋ1x2 +m2ẋ

2
2 +B21x1ẋ2 −

m1

2
ẋ21 −

m

2
ẋ22 −B12ẋ1x2 −B21x1ẋ2 + U(x1, x2)

=
m1ẋ

2
1

2
+
m2ẋ

2
2

2
+ U(x1, x2)

p1 =
∂L

∂ẋ1
= m1ẋ1 +B12x2

=⇒ m2
1ẋ

2
1 = (p1 −B12x2)

2

=⇒ m1ẋ
2
1

2
=

(p1 −B12x2)
2

2m1

Similarly,
m2ẋ

2
2

2
=

(p2 −B21x1)
2

2m2

=⇒ H =
(p1 −B12x2)

2

2m1
+

(p2 −B21x1)
2

2m2
+ U(x1, x2)

(b)

ṗi = −∂H
∂xi

ẋi =
∂H

∂pi

ṗ1 =
B21 (p2 −B21x1)

m2
− ∂U

∂x1
ẋ1 =

p1 −B12x2
m1

ṗ2 =
B12 (p1 −B12x2)

m1
− ∂U

∂x2
ẋ2 =

p2 −B21x1
m2
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(c)

B12ẋ1x2 +B21x1ẋ2 = B12ẋ1x2 +B21x1ẋ2 + (B21ẋ1x2 −B21ẋ1x2)

= B12ẋ1x2 + (B21x1ẋ2 +B21ẋ1x2)−B21ẋ1x2

= (B12 −B21) ẋ1x2 +
d

dt
Λ(x1, x2, t)

The terms containing B12 and B21 can be written as a total time derivative plus a term depending only
on (B12 −B21), and so these terms effectively only depend on (B12 −B21). The Hamiltonian, on the
other hand, depends explicitly on both B12 and B21.

Problem 3.

(a)

pn =
∂L

∂vn

=
mvn√
1− v2n

c2

+
e

2c
εijkBixjδkn

=
mvn√
1− v2i

c2

+
e

2c
εijnBixj

=⇒ ~p =
m~v√
1− v2i

c2

+
e

2c

(
~B × ~r

)
p2 =

mv2√
1− v2i

c2

+
e

2c
(B3x1 −B1x3)

~p =
m~v√
1− v2i

c2

+
e

2c

(
~B × ~r

)

=⇒
(
~p− e

2c

(
~B × ~r

))2
=

m2v2i

1− v2i
c2

=⇒ m2v2i =
(
~p− e

2c

(
~B × ~r

))2
− v2i
c2

(
~p− e

2c

(
~B × ~r

))2
=⇒ v2i

c2

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)
=
(
~p− e

2c

(
~B × ~r

))2
=⇒ v2i

c2
=

(
~p− e

2c

(
~B × ~r

))2
m2c2 +

(
~p− e

2c

(
~B × ~r

))2
=⇒ 1− v2i

c2
=

m2c2

m2c2 +
(
~p− e

2c

(
~B × ~r

))2
=⇒

√
1− v2i

c2
=

mc√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2
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~p =
m~v√
1− v2i

c2

+
e

2c

(
~B × ~r

)

=⇒ m~v =

√
1− v2i

c2

(
~p− e

2c

(
~B × ~r

))
=⇒ ~v =

c
(
~p− e

2c

(
~B × ~r

))
√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2
v3 =

c
(
~p− e

2c (B1x2 −B2x1)
)√

m2c2 +
(
~p− e

2c

(
~B × ~r

))2

6



(b)

H = pivi − L

= pivi +mc2
√

1− v2i
c2
− e

2c
εijkBixjvk

= ~p ·
c
(
~p− e

2c

(
~B × ~r

))
√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2 +
m2c3√

m2c2 +
(
~p− e

2c

(
~B × ~r

))2
− e

2c
εijkBixj

c√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2 (pk − e

2c
εklmBlxm

)

=
c√

m2c2 +
(
~p− e

2c

(
~B × ~r

))2
(
~p 2 − e

2c
~p ·
(
~B × ~r

)
+m2c2 − e

2c
~p ·
(
~B × ~r

)
+

e2

4c2
εijkBixjεklmBlxm

)

=
c√

m2c2 +
(
~p− e

2c

(
~B × ~r

))2
(
m2c2 + ~p 2 − 2~p ·

( e
2c

(
~B × ~r

))
+
( e

2c

(
~B × ~r

))2)

=
c√

m2c2 +
(
~p− e

2c

(
~B × ~r

))2
(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)

H = c

√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2
(c)

H = c

√
m2c2 +

(
~p− e

2c

(
~B × ~r

))2
= c

√
m2c2 + ~p 2 − e

c
εijkpiBjxk +

e2

4c2
εijkBjxkεilmBlxm

ṗn = − ∂H
∂xn

= − c
2

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2
(
−e
c
εijnpiBj +

e2

4c2
εijkBjεilmBl (δknxm + δmnxk)

)
= − c

2

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2
(
e

c
εijnBipj +

e2

4c2
(εijnBjεilmBlxm + εijkBjxkεilnBl)

)
= − c

2

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2
(
e

c
εijnBipj +

e2

2c2
εijnBjεilmBlxm

)
= − c

2

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2
(
e

c
εijnBipj −

e2

2c2
εnjiBjεilmBlxm

)
= −e

2

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2 ((

~B × ~p
)
n
− e

2c

(
~B ×

(
~B × ~r

))
n

)
=
e

2

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2 ((

~p× ~B
)
n

+
e

2c

(
~B ×

(
~B × ~r

))
n

)
=⇒ ~̇p =

e

2

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2 ((

~p× ~B
)

+
e

2c

(
~B ×

(
~B × ~r

)))
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ẋn =
∂H

∂pn

=
c

2

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2 (

2pn −
e

c
εnjkBjxk

)
=

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2 (
cpn +

e

2
εnjkxjBk

)
=⇒ ~̇x =

(
m2c2 +

(
~p− e

2c

(
~B × ~r

))2)− 1
2 (
c~p+

e

2

(
~r × ~B

))
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