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Background

This project will investigate the SU(2) non-linear sigma model [1] using lattice quantum field theory
techniques. This model is an effective description of the physics of pions, including their scattering in
collider experiments, at low energies.

The project will study pion-pion scattering by computing the energy spectrum of the sigma model
using numerical simulation techniques. Quantum field theories on the lattice can be investigated on the
computer using Monte Carlo integration to evaluate the lattice representation of the path integral.

Objectives

For this work, the fields in the path integral will be elements of the SU(2) Lie group at each site of the
lattice. A theory with an SU(2)L × SU(2)R chiral symmetry can be defined in which the pions interact
and scatter. Markov Chain Monte Carlo (MCMC) code will be written to evaluate expectation values in
the theory and to find the energy spectrum of the theory in a finite volume. To find this spectrum, the
resulting statistical data will be analysed and fits evaluated to extract energies. The autocorrelations
found in Markov chain methods will be investigated to check the validity of the analysis and its statistical
uncertainties.

The energy spectrum of the system in finite volume gives information on scattering properties of
the theory via the Luescher method [2]. The final goal of the project will be to investigate pion-pion
scattering in the theory and map the phase shift for scattering for a range of pion momenta.

If time permits, the model will be extended to include the coupling of the pions to a heavy scalar
boson and the decay of this boson into pions will be studied.

Tasks

• To start off the project, I will have to refresh my memory on the theory and implementation of
MCMC methods and statistical analysis by revising the references I used for my summer project [3,
4], as well as those recommended by my supervisor [5, 6].

• Next, I will simulate a scalar field over a d-dimensional lattice using the Metropolis-Hastings
algorithm and compare the analytic and calculated correlations between sites, to make sure I
understand the basics of my project before I start simulating more complicated (and less solvable)
systems.

• Once I have done this, I will need to learn how to sample elements from SU(2) using Monte Carlo
methods [6] and read some literature on lattice gauge theories [7].

• With all of these necessary prerequisites, I will finally be able to simulate the sigma model, the
field theory at the heart of the project. With this I will be able to carry out the aforementioned
objectives, i.e. calculate energy spectra, scattering phase shifts, and statistical uncertainties.
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