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Exercise 1

Hi(qi, pi) =
p2i
2m

+
k q2i
2

H(q̄, p̄) =

N∑
i=1

Hi(qi, pi)

=

N∑
i=1

p2i
2m

+

N∑
i=1

k q2i
2

xi =
pi√
2m

xi+N = qi

√
k

2
for i = 1, . . . , N

=⇒ H(q̄, p̄) =

N∑
i=1

x2
i +

N∑
i=1

x2
i+N

=

2N∑
i=1

x2
i

Ω(E, V,N) =

∫
H⩽E

N∏
i=1

dqi dpi
hf

=

∫
∑2N

i=1 x2
i⩽E

(
N∏
i=1

1

h1

)(
N∏
i=1

dxi+N

√
2

k

)(
N∏
i=1

dxi

√
2m

)

=

(
2

h

√
m

k

)N ∫
∑2N

i=1 x2
i⩽E

2N∏
i=1

dxi

=

(
2

hω

)N

V2N

(√
E
)

Vn(r) ≡ volume of n-ball of radius r

=
π

n
2 rn

Γ
(
n
2 + 1

)
V2N

(√
E
)
=

πN
(√

E
)2N

Γ(N + 1)

=
(π E)

N

N !
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=⇒ Ω(E,N) =
1

N !

(
2π E

hω

)N

W(E,N) =
∂Ω(E,N)

∂E

=
N

N !

(
2π E

hω

)N−1(
2π

hω

)
W(E,N) =

EN−1

(N − 1)!

(
2π

hω

)N

S(E,N) = kB lnΩ(E,N)

= kB ln

(
1

N !

(
2π E

hω

)N
)

= kB

(
N ln

(
2π E

hω

)
− ln(N !)

)
≈ kB

(
N ln

(
2π E

hω

)
−N ln(N) +N

)
(Stirling’s approximation)

S(E,N) = N kB

(
ln

(
2π E

N hω

)
+ 1

)
1

T
=

(
∂S(E,N)

∂E

)
V,N

P

T
=

(
∂S(E,N)

∂V

)
E,N

=
∂

∂E

(
N kB ln

(
2π

N hω

)
+N kB ln(E) + 1

)
=

∂

∂V

(
N kB

(
ln

(
2π E

N hω

)
+ 1

))
= 0 +

N kB
E

+ 0 = 0

=⇒ T (E,N) =
E

N kB
=⇒ P = 0

CP =

(
∂E(T,N)

∂T

)
P

CV =

(
∂E

∂T

)
V

=
∂

∂T
N kB T =

∂

∂T
N kB T

CP = N kB CV = N kB

Exercise 2

Z(T, 1) =

∫
all

energies

dEW(E, 1) e−β E

=

∫ ∞

0

dE
E1−1

(1− 1)!

(
2π

hω

)1

e
− E

kBT

=
2π

hω

∫ ∞

0

dE e
− E

kBT

= − 2π

hω
kB T e

− E
kBT

∣∣∣∣∞
0

= −2π kB T

hω
(0− 1)

=
2π kB T

hω
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P(ϵ) dϵ =
e−β ϵ

Z(T, 1)
W(ϵ, 1) dϵ

= e
− ϵ

kBT
hω

2π kB T

ϵ1−1

(1− 1)!

(
2π

hω

)1

=
1

kB T
e
− ϵ

kBT

⟨ϵ⟩ =
∫ ∞

0

P(ϵ) ϵ dϵ

=

∫ ∞

0

1

kB T
e
− ϵ

kBT ϵ dϵ

=

∫ ∞

0

ξ e−ξ kB T dξ (ξ =
ϵ

kB T
)

= kB T

(
−ξ e−ξ

∣∣∣∞
0

+

∫ ∞

0

e−ξ dξ

)
(u = ξ, dv = e−ξ dξ)

= kB T
(
0− 0− e−ξ

∣∣∣∞
0

)
= kB T (0 + 1)

⟨ϵ⟩ = kB T

Exercise 3

Hi(qi, pi) = pi c

H(q̄, p̄) =

N∑
i=1

Hi(qi, pi)

=

N∑
i=1

pi c
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Ω(E, V,N) =
1

N !

∫
H⩽E

N∏
i=1

d3qi d
3pi

hf

=
1

N !

∫
∑N

i=1 pi c⩽E

(
N∏
i=1

1

h3

)(
N∏
i=1

d3qi

)(
N∏
i=1

d3pi

)

=
V N

h3N N !

∫
∑N

i=1 pi⩽E
c

N∏
i=1

Vpi

=
V N

h3N N !

∫
∑N

i=1 pi⩽E
c

N∏
i=1

r2pi
sin θpi drpi dθpi dϕpi

=
V N

h3N N !

∫ 2π

0

N∏
i=1

dϕ

∫ π

0

N∏
i=1

sin θ dθ

∫
∑N

i=1 pi⩽E
c

N∏
i=1

p2i dpi

=
V N

h3N N !
(2π)

N
(1 + 1)

N
∫

∑N
i=1 xi⩽1

N∏
i=1

(
E

c
xi

)2
E

c
dxi

=
1

N !

(
4π V

(
E

h c

)3
)N

IN

IN =

∫
∑N

i=1 xi⩽1

N∏
i=1

x2
i dxi

=

∫
xN+

∑N−1
i=1 xi⩽1

x2
N dxN

N−1∏
i=1

x2
i dxi

=

∫ 1

0

x2
N dxN

∫
∑N−1

i=1 xi⩽1−xN

N−1∏
i=1

x2
i dxi

=

∫ 1

0

x2
N dxN

∫
∑N−1

i=1 yi⩽1

N−1∏
i=1

(yi (1− xN ))
2
(1− xN ) dyi

=

∫ 1

0

x2
N (1− xN )

3(N−1)
∫

∑N−1
i=1 yi⩽1

N−1∏
i=1

y2i dyi

= B(2 + 1, 3N − 3 + 1) IN−1

=
Γ(3) Γ(3N − 2)

Γ(3N + 1)
IN−1

= 2
Γ(3N − 2)

Γ(3N + 1)
IN−1
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I1 =

∫
∑1

i=1 xi⩽1

1∏
i=1

x2
i dxi =

∫ 1

0

x2 dx =
1

3

I2 = 2
Γ(4)

Γ(7)

1

3
=

2 · 3!
3 Γ(7)

=
22

Γ(7)

I3 = 2
Γ(7)

Γ(10)

22

Γ(7)
=

23

Γ(10)

I4 = 2
Γ(10)

Γ(13)

23

Γ(10)
=

24

Γ(13)

=⇒ IN =
2N

Γ(3N + 1)
=

2N

(3N)!

=⇒ Ω(E, V,N) =
1

N !

(
4π V

(
E

h c

)3
)N

2N

Γ(3N + 1)
=

2N

(3N)!

Ω(E, V,N) =
1

N ! (3N)!

(
8π V

(
E

h c

)3
)N

S(E, V,N) = kB lnΩ(E, V,N)

= kB ln

 1

N ! (3N)!

(
8π V

(
E

h c

)3
)N


= kB

− ln(N !)− ln((3N)!) + ln

(
8π V

(
E

h c

)3
)N


≈ kB

(
−N lnN +N − 3N ln(3N) + 3N +N ln

(
8π V

(
E

h c

)3
))

(Stirling’s approximation)

= N kB

(
− lnN − ln(3N)3 + 4 + ln

(
8π V

(
E

h c

)3
))

S(E, V,N) = N kB

(
ln

(
8π V

27N4

(
E

h c

)3
)

+ 4

)

Exercise 4

1.

P(E1, V1) dE1 dV1 =
W1(E1, V1)W2(E − E1, V − V1)

W(E, V )
dE1 dV1

W2(E − E1, V − V1)

W(E, V )
=

W2(E − E1, V − V1)∆E

W(E, V )∆E

= exp(ln(W2(E − E1, V − V1)∆E)− ln(W(E, V )∆E))

≈ exp(ln(Ω2(E − E1, V − V1))− ln(Ω(E, V )))

= exp

(
ln

(
e

S2(E−E1,V −V1)
kB

)
− ln

(
e

S(E,V )
kB

))
= exp

(
1

kB
(S2(E − E1, V − V1)− S(E, V ))

)
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S2(E − E1, V − V1) = S2(E, V ) + E1

(
∂S2(E − E1, V − V1)

∂E1

∣∣∣∣
E1,V1=0

)
+ V1

(
∂S2(E − E1, V − V1)

∂V1

∣∣∣∣
E1,V1=0

)
+O

(
E2

1 , V
2
1

)
≈ S2(E, V ) + E1

(
−∂S2(E − E1, V − V1)

∂(E − E1)

∣∣∣∣
E1,V1=0

)
+ V1

(
−∂S2(E − E1, V − V1)

∂(V − V1)

∣∣∣∣
E1,V1=0

)

≈ S2(E, V )− E1
∂S2(E, V )

∂E
− V1

∂S2(E, V )

∂V

≈ S(E, V )− E1
∂S(E, V )

∂E
− V1

∂S(E, V )

∂V

= S(E, V )− E1

T
− P V1

T

=⇒ W2(E − E1, V − V1)

W(E, V )
≈ exp

(
1

kB

(
−E1

T
− P V1

T

))
= e−β(E1+P V1)

=⇒ P(E1, V1) dE1 dV1 =
W1(E1, V1)

Z(T, P,N)
e−β(E1+P V1)dE1 dV1

2.

1 =

∫
all E,V

P(E, V ) dE dV

=⇒ Z(T, P,N) =

∫ ∞

0

∫ ∞

0

W(E, V ) e−β(E+P V ) dE dV

=

∫ ∞

0

e−β P V dV

∫ ∞

0

W (E, V ) e−β E dE

Z(T, P,N) =

∫ ∞

0

Z(T, V,N) e−β P V dV

3.

P(V ) =

∫ ∞

0

W(E, V )

Z(T, P,N)
e−β(E+P V ) dE

=
e−β P V

Z(T, P,N)

∫ ∞

0

W(E, V ) e0β E dE

=
e−β P V

Z(T, P,N)
Z(T, V,N)

1 ≈ P(⟨V ⟩)

=
e−β P ⟨V ⟩

Z(T, P,N)
Z(T, ⟨V ⟩ , N)

ln 1 = ln

(
e−β P ⟨V ⟩

Z(T, P,N)
Z(T, ⟨V ⟩ , N)

)
0 = −β P ⟨V ⟩ − lnZ+ lnZ

P ⟨V ⟩ − kB T lnZ = −kB T lnZ
P ⟨V ⟩+ F = −kB T lnZ

P ⟨V ⟩+ E − T S = −kB T lnZ
=⇒ G(P, T,N) = −kB T lnZ
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Exercise 5

Z(T, V,N) =
1

N !

∫
all phase
space

N∏
i=1

d3qi d
3pi

hf
e−βHi

=
1

N !

∫
all phase
space

(
N∏
i=1

1

h3

)(
N∏
i=1

d3qi

)(
N∏
i=1

d3pi e
− p2i

2mkBT

)

=
1

h3N N !

 ∫
available
space

d3q


N (∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
dpx dpy dpz e

−
p2x+p2y+p2z

2mkBT

)N

=
V N

h3N N !

(∫ ∞

−∞
dp e

− p2

2mkBT

)3N

=
V N

h3N N !

(√
2πmkB T

)3N
Z(T, V,N) =

V N

h3N N !
(2πmkB T )

3N
2

F (T, V,N) = −kB T lnZ(T, V,N)

= −kB T ln

(
V N

h3N N !
(2πmkB T )

3N
2

)
= −kB T

(
− ln(N !) + ln

(
V

h3
(2πmkB T )

3
2

)N
)

≈ −kB T

(
−N lnN +N +N ln

(
V

h3
(2πmkB T )

3
2

))
(Stirling’s approximation)

F (T, V,N) = −N kB T

(
ln

(
V

N h3
(2πmkB T )

3
2

)
+ 1

)
= −N kB T

(
lnV − lnN +

3

2
lnT + ln

(
(2πmkB)

3
2

h3

)
+ 1

)

F (T, V,N) = E − T S

dF = dE − d(T S)

= T dS − P dV + µdN − T dS − S dT

= −S dT − P dV + µdN

S(T, V,N) = −
(
∂F

∂T

)
V,N

= N kB

(
lnV − lnN +

3

2
lnT + ln

(
(2πmkB)

3
2

h3

)
+ 1

)
+N kB T

(
3

2T

)
S(T, V,N) = N kB

(
ln

(
V

N h3
(2πmkB T )

3
2

)
+

5

2

)
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P (T, V,N) = −
(
∂F

∂V

)
T,N

= N kB T

(
1

V

)
P (T, V,N) =

N kB T

V

µ(T, V,N) =

(
∂F

∂N

)
T,V

= −kB T

(
lnV − lnN +

3

2
lnT + ln

(
(2πmkB)

3
2

h3

)
+ 1

)
−N kB T

(
− 1

N

)
µ(T, V,N) = −kB T ln

(
V

N h3
(2πmkB T )

3
2

)

Exercise 6

P(E) dE =
W(E)

Z
e−β E dE

∂P(E)

∂E
=

1

Z

(
∂W(E)

∂E
e−β E +W(E)

∂

∂E
e−β E

)
=

1

Z

(
∂2Ω

∂E2
e−β E − β

∂Ω

∂E
e−β E

)
=

e−β E

Z

(
∂

∂E

(
∂

∂E
e

S
kB

)
− 1

kB T

∂

∂E
e

S
kB

)
(using S = kB lnΩ)

=
e−β E

Z

(
∂

∂E

(
1

kB
e

S
kB

∂S

∂E

)
− 1

kB T
e

S
kB

∂S

∂E

)
=

e−β E

Z

(
1

kB

(
1

kB
e

S
kB

∂S

∂E

∂S

∂E
+ e

S
kB

∂2S

∂E2

)
− 1

kB T
e

S
kB

∂S

∂E

)
≈ e

−β E+ S
kB

Z

(
1

k2B

(
∂S

∂E

)2

− 1

kB T

∂S

∂E

)
(using ∂2S

∂E2 ≈ 0)

=
e
−β E+ S

kB

Z

(
1

k2B

1

T 2
− 1

kB T

1

T

)
(using ∂S

∂E = 1
T )

= 0

Since the derivative of the probability distribution is approximately 0 for any allowable value of energy
E, then we can deduce that the energy of this system is approximately constant and equal to the most
probable value Emp. Since we know that the system’s energy is almost constant and equal to the average
energy ⟨E⟩, then we know that the system’s nearly constant energy is equal to both the average and
most probable energies, i.e. ⟨E⟩ = Emp.
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Exercise 7

Z(T, V,N) =

∫
all phase
space

N∏
i=1

dqi dpi
hf

e−βHi

=

∫
all phase
space

(
N∏
i=1

1

h1

)(
N∏
i=1

dqi dpi e
− 1

kBT

(
p2i
2m+aq4i

))

=
1

hN

∫
all phase
space

(
N∏
i=1

dqi e
− aq4i

kBT

)(
N∏
i=1

dpi e
− p2i

2mkBT

)

=
1

hN

(∫ ∞

−∞
dq e

− aq4

kBT

)N (∫ ∞

−∞
dp e

− p2

2mkBT

)N

=
1

hN

(
2

∫ ∞

0

dx
1

4

(
kB T

a

) 1
4

x− 3
4 e−x

)N (∫ ∞

−∞
dp e

− p2

2mkBT

)N

(first integrand is even, change of variables x =
a q4

kB T
)

=
1

hN

(
1

2

(
kB T

a

) 1
4

Γ

(
1

4

))N (√
2πmkB T

)N
Z(T, V,N) =

(
Γ
(
1
4

)
h

)N

(kB T )
3N
4

(πm

2

)N
2

(
1

a

)N
4

=

(
Γ
(
1
4

)
h

(kB T )
3
4

a
1
4

(πm

2

) 1
2

)N

F (T, V,N) = −kB T lnZ(T, V,N)

= −kB T ln

(
Γ
(
1
4

)
h

(kB T )
3
4

a
1
4

(πm

2

) 1
2

)N

F (T, V,N) = N kB T ln

(
h

Γ
(
1
4

) a
1
4

(kB T )
3
4

(
2

πm

) 1
2

)

= N kB T

(
−3

4
lnT + ln

(
h

Γ
(
1
4

) a
1
4

k
3
4

B

(
2

πm

) 1
2

))

S(T, V,N) = −
(
∂F

∂T

)
V,N

= −N kB

(
−3

4
lnT + ln

(
h

Γ
(
1
4

) a
1
4

k
3
4

B

(
2

πm

) 1
2

))
−N kB T

(
− 3

4T

)

S(T, V,N) = N kB

(
ln

(
Γ
(
1
4

)
h

(kB T )
3
4

a
1
4

(πm

2

) 1
2

)
+

3

4

)

P (T, V,N) = −
(
∂F

∂V

)
T,N

P = 0
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µ(T, V,N) =

(
∂F

∂N

)
T,V

µ(T, V,N) = kB T ln

(
h

Γ
(
1
4

) a
1
4

(kB T )
3
4

(
2

πm

) 1
2

)

Exercise 8

Z(T,N) =

∫
all phase
space

N∏
i=1

d3θi d
3Li

hf
e−βHi

=

∫
all phase
space

(
N∏
i=1

1

h3

)(
N∏
i=1

d3θi

)(
N∏
i=1

d3Li e
−β

(
L2
1

2I1
+

L2
2

2I2
+

L3
1

2I3

))

=
1

h3N

(∫ 2π

0

dθ

)3N (∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
dL1 dL2 dL3 e

− L2
1

2kBTI1 e
− L2

2
2kBTI2 e

− L2
3

2kBTI3

)N

=

(
2π

h

)3N (√
2π kB T I1

√
2π kB T I2

√
2π kB T I3

)N
Z(T,N) =

(2π)
9N
2 (kB T )

3N
2 (I1 I2 I3)

N

h3N

F (T,N) = −kB T lnZ(T,N)

= −kB T ln

(
(2π)

9N
2 (kB T )

3N
2 (I1 I2 I3)

N

h3N

)

= −N kB T ln

(
(2π)

9
2 (kB T )

3
2 I1 I2 I3

h3

)

S(T,N) = −
(
∂F

∂T

)
N

= N kB ln

(
(2π)

9
2 (kB T )

3
2 I1 I2 I3

h3

)
+N kB T

(
3

2T

)

S(T,N) = N kB

(
ln

(
(2π)

9
2 (kB T )

3
2 I1 I2 I3

h3

)
+

3

2

)

⟨E⟩ = − ∂

∂β
lnZ(T,N)

=
∂

∂β

(
ln

(
h3N

(2π)
9N
2 (kB T )

3N
2 (I1 I2 I3)

N

))

= N
∂

∂β

(
lnβ

3
2 + ln

(
h3

(2π)
9
2 I1 I2 I3

))
= N

(
3

2β

)
⟨E⟩ = 3N kB T

2

10



lim
T→0

S(T,N) = lim
T→0

N kB

(
ln

(
(2π)

9
2 (kB T )

3
2 I1 I2 I3

h3

)
+

3

2

)
= −∞ ≠ 0

Thus this system does not obey the 3rd Law of thermodynamics, as the given system is not a thermo-
dynamic system.
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