
MAU34405: Statistical Physics I

Homework 2 due 08/11/2021
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Exercise 1

dE =
∂E

∂X1
dX1 +

∂E

∂X2
dX2

= P1 dX1 + P2 dX2

=⇒ Pi =
∂E

∂Xi
, i = 1, 2

Consider dΦi ≡ d(E − Pi Xi)

= P1 dX1 + P2 dX2 −Xi dPi − Pi dXi

= −Xi dPi + Pj dXj , i, j = 1, 2, i ̸= j

=⇒ Φi = Φi(Pi, Xj)

∂2Φi

∂P 2
i

=
∂(−Xi)

∂Pi

∂2Φi

∂X2
j

=
∂Pj

∂Xj

= −
(
∂Pi

∂Xi

)−1

=
∂2E

∂X2
j

= −
(
∂2E

∂X2
i

)−1

≥ 0 =⇒ Φi convex function of Xj

≤ 0 =⇒ Φi concave function of Pi

Consider dΨ ≡ d(E − P1 X1 − P2 X2)

= P1 dX1 + P2 dX2 −X1 dP1 − P1 dX1 −X2 dP2 − P2 dX2

= −X1 dP1 −X2 dP2

=⇒ Ψ = Ψ(P1, P2)

∂2Ψ

∂P 2
i

=
∂(−Xi)

∂Pi

= −
(
∂Pi

∂Xi

)−1

= −
(
∂2E

∂X2
i

)−1

≤ 0

∂2Ψ

∂P 2
1

∂2Ψ

∂P 2
2

−
(

∂2Ψ

∂P1∂P2

)2

=
∂(−X1)

∂P1

∂(−X2)

∂P2
−
(
∂(−X2)

∂P1

)2

=

(
∂P1

∂X1

∂P2

∂X2

)−1

−
(
∂P1

∂X2

)−2

=

(
∂2E

∂X2
1

∂2E

∂X2
2

)−1

−
(

∂2E

∂X2 ∂X1

)−2

∂2E

∂X2
1

∂2E

∂X2
2

−
(

∂2E

∂X2 ∂X1

)2

≥ 0 =⇒
(
∂2E

∂X2
1

∂2E

∂X2
2

)−1

−
(

∂2E

∂X2 ∂X1

)−2

≤ 0

=⇒ ∂2Ψ

∂P 2
1

∂2Ψ

∂P 2
2

−
(

∂2Ψ

∂P1∂P2

)2

≤ 0
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Thus any Legendre transform of E, whether it has one or two intensive variables, will be a convex
function of its extensive variables and a concave function of its intensive parameters.

Exercise 2

1.

First: derive the adiabatic process equations.

Ideal gas, reversible process =⇒ CV ≡
(
∂E

∂T

)
V

=
dE

dT

=⇒ dE = CV dT

d̄Q = dE −d̄W

= CV dT + P dV

CP ≡ d̄QP

dT

=

(
∂

∂T

)
P

d̄Q

= CV + P

(
∂V

∂T

)
P

P V = kN T

=⇒
(

∂

∂T

)
P

(P V ) =

(
∂

∂T

)
P

(kN T )

=⇒ P

(
∂V

∂T

)
P

= kN

=⇒ CP = CV + kN

=⇒ kN

CV
= γ − 1, γ ≡ CP

CV

Adiabatic =⇒ 0 = d̄Q

= dE + P dV

= CV dT +
kN T

V
dV

=⇒ CV
dT

T
= CV (1− γ)

dV

V
=⇒ lnT = (1− γ) lnV + α

=⇒ T = eα V 1−γ

=⇒ T V γ−1 = eα

T =
P V

kN
=⇒ P V

kN
V γ−1 = eα V =

kN T

P
=⇒ T

(
kN T

P

)γ−1

= eα

=⇒ P V γ = kN eα =⇒ T γ P 1−γ =
eα

(kN)γ−1

=⇒ P T
γ

1−γ =

(
eα

(kN)γ−1

) 1
1−γ

e, α, k,N, γ constants =⇒ P V γ = constant T V γ−1 = constant P T
γ

1−γ = constant
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As is clear from the figure, the system attains its minimum volume V1 at point B, its maximum volume
V2 at points A and D, its minimum pressure P1 at point A, and its maximum pressure P2 at points B
and C.

From investigating the figure, we can see that VB < VC and PB = PC , and VA = VD and PA < PD.
From P V = kN T , we can deduce that the minimum temperature T1 must occur at either A or B, and
the maximum temperature T2 at C or D.

TA V γ−1
A = TB V γ−1

B TC V γ−1
C = TD V γ−1

D

TA V γ−1
2 = TB V γ−1

1 TC V γ−1
C = TD V γ−1

2

TA

TB
=

(
V1

V2

)γ−1
TC

TD
=

(
V2

VC

)γ−1

V1 < V2 =⇒ TA < TB V2 > VC =⇒ TC > TD

=⇒ TA = T1 TC = T2

PB VB = kN TB PC VC = kN TC

P2 V1 = kN TB P2 VC = kN T2

TB =
P2 V1

kN
VC =

kN T2

P2

PC V γ
C = PD V γ

D TC V γ−1
C = TD V γ−1

D

P2

(
kN T2

P2

)γ

= PD V γ
2 T2

(
kN T2

P2

)γ−1

= TD V γ−1
2

PD = P2

(
kN T2

P2 V2

)γ

TD = T2

(
kN T2

P2 V2

)γ−1

(PA, VA, TA) = (P1, V2, T1) (PC , VC , TC) =

(
P2,

k N T2

P2
, T2

)
(PB , VB , TB) =

(
P2, V1,

P2 V1

kN

)
(PD, VD, TD) =

(
P2

(
kN T2

P2 V2

)γ

, V2, T2

(
kN T2

P2 V2

)γ−1
)

2.

S = c k N ln

(
E

E0

)
+ kN ln

(
V

V0

)
+ f(N)

E = c k N T, N constant =⇒ ∆Si→f = Sf − Si = c k N ln

(
Tf

Ti

)
+ kN ln

(
Vf

Vi

)

A → B : TB > TA, adiabatic =⇒ ∆SA→B = 0

B → C : TC > TB , VC > VB =⇒ ∆SB→C = c k N ln

(
TC

TB

)
+ kN ln

(
VC

VB

)
> 0

C → D : TD < TC , adiabatic =⇒ ∆SC→D = 0

D → A : TA < TD, VA = VD =⇒ ∆SD→A = c k N ln

(
TA

TD

)
< 0
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T

S

A

B

C

D

SA SC

T1

T2

(
kN T2

P2 V2

)γ−1

P2 V1

kN

T2

3.

η =
W

Qabs
=

Qabs −Qexp

Qabs
= 1− Qexp

Qabs

We only need to calculate the heat transfer during B → C and D → A, since A → B and C → D are
adiabatic and thus have no heat transfer.

Qabs = d̄QB→C −Qexp = d̄QD→A

= ∆EB→C +d̄WB→C = ∆ED→A +d̄WD→A

= c k N (TC − TB)−
∫ VC

VB

P dV = c k N (TA − TD)−
∫ VA

VD

P dV

= c k N

(
T2 −

P2 V1

kN

)
− P2

(
kN T2

P2
− V1

)
= c k N

(
T1 − T2

(
kN T2

P2 V2

)γ−1
)

− 0

= (c− 1) (kN T2 − P2 V1) = c k N

(
T1 − T2

(
kN T2

P2 V2

)γ−1
)

=⇒ η = 1 +
c k N

(c− 1) (kN T2 − P2 V1)

(
T1 − T2

(
kN T2

P2 V2

)γ−1
)
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Exercise 3

dP

dT

∣∣∣∣
boundary

=
L

T ∆v

=
L

T
(

Vv

Nv
− Vl

Nl

)
=

L

T Vv

Nv

(neglecting the volume of the liquid compared to that of the vapor, i.e. Vv

Nv
≫ Vl

Nl
)

=
P L

k T 2
(P = kN T

V =⇒ 1
Vv
Nv

= P
k T )

dP

P
=

L

k

dT

T 2∫ P

P0

dP

P
=

L

k

∫ T

T0

dT

T 2

ln

(
P

P0

)
=

L

k

(
1

T0
− 1

T

)
P = P0 exp

(
L

k

(
1

T0
− 1

T

))

Exercise 4

1.

P =
k T

V
N − b

− aN2

V 2

0 =
∂P

∂V

∣∣∣∣
critical
point

= − k Tc

N
(
Vc

N − b
)2 +

2aN2

V 3
c

6aN2

V 4
c

=
3k Tc

N Vc

(
Vc

N − b
)2 (1)

0 =
∂2P

∂V 2

∣∣∣∣
critical
point

=
2k Tc

N2
(
Vc

N − b
)3 − 6aN2

V 4
c

(1) =⇒ 3k Tc

N Vc

(
Vc

N − b
)2 =

2k Tc

N2
(
Vc

N − b
)3

3N

(
Vc

N
− b

)
= 2Vc

Vc = 3bN
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(1) =⇒ 2aN2

27b3 N3
=

k Tc

N (3b− b)
2

Tc =
4b2 N

k

2a

27b3 N

=
8a

27k b

Pc =
k Tc

Vc

N − b
− aN2

V 2
c

=
8a
27b

3b− b
− aN2

9b2 N2

=
4a

27b2
− a

9b2

=
a

27b2

Tc =
8a

27 k b
Pc =

a

27b2
Vc = 3bN

2.

G = E + P V − T S

dG = T dS − P dV + µdN + V dP + P dV − S dT − T dS

= −S dT + V dP + µdN

dP =

(
∂P

∂T

)
V,N

dT +

(
∂P

∂V

)
T,N

dV +

(
∂P

∂N

)
T,V

dN

=⇒ dG =

(
V

(
∂P

∂T

)
V,N

− S

)
dT + V

(
∂P

∂V

)
T,N

dV +

(
µ+

(
∂P

∂N

)
T,V

)
dN

∂G

∂V

∣∣∣∣
critical
point

= V

(
∂P

∂V

)
T,N

∣∣∣∣∣
critical
point

∂2G

∂V 2

∣∣∣∣
critical
point

=
∂

∂V

(
V

(
∂P

∂V

)
T,N

)∣∣∣∣∣
critical
point

= Vc · 0 =

(
∂P

∂V

)
T,N

∣∣∣∣∣
critical
point

+ V

(
∂2P

∂V 2

)
T,N

∣∣∣∣∣
critical
point

∂G

∂V

∣∣∣∣
critical
point

= 0
∂2G

∂V 2

∣∣∣∣
critical
point

= 0

Both first and second derivatives of the Gibbs free energy with respect to volume are zero at the critical
point, implying that the critical point is a saddle point when considering G as a function of V at constant
temperature. This is as expected, as the derivative on the boundary does not jump between values based
on which phase the system is in due to it being at its critical point, i.e. a point at which phases are
indistinguishable.
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