MAU34403: Quantum Mechanics I
Homework 8 due 19/11/2021

Ruaidhri Campion
19333850
JS Theoretical Physics

Problem 1.
(a)

Assume () takes the form
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Problem 2
(a)

Define centre of mass position X and momentum P and relative position X and momentum P as

- X X
X:w X=X -X,
m+m
1 mPl—mPQ
=-(X1+X P=——"-—+
2( 1+ X) m+m
_ 1
P:P1+P2 :§(P1*P2)
We can rearrange these expressions to find
_ 1 =1
X1:X—|—§X X2:X—§X
1 = 1 -
P1_§P+P P2:§P—P

lpep)y? (LPp-p E(X+1x)? k(X-1x) _ _
_ (3 2:; ). G 2m) ( +22 ) ( 2 )+v<x+xx+x>
p2  p2 , kX2
= X T V()
p? 2k) X2 P? b+ kip) X2
_2(2m)+(; ) . 212) (when X > Xa)
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E(i) = = 5 V(&) + V(7,1)
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Ew(m’x)_<_2(2m)af2_2(’g)ax2+ y T )re

. B 292 @2k k2 02 (54 k) a? _
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This can be separated into
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(7, )

This are energy equations for harmonic oscillators, and so the respective energies can be written as

2k 1 L 1
ECOM:h 2m<n1+2> Erelzh 2 % n2+§

:f“/E n1_|_1 :;ﬂ/w n2+1
m 2 m 2

Since there is no restriction on Econ, there is no restriction on the typical values m; can take, i.e.
ny =0,1,2,.... Since ¢,e1(0) = 0 and the only wavefunctions of the harmonic oscillator that vanish at
2z = 0 are odd, then ¢.e(x) is odd, and so ny = 1,3,5,.... Thus the total energy is given by

h 1 1
Enl,nzzm(\/%(nl—l—Q)—i- k’+2k12 (n2+2)),n1 20,172,...7’}12:173,5,...

The wavefunctions ¢ follow the standard solutions to the harmonic potential, namely

- g () gl )
PcoM\T) = n XP\ =755 — | >
2m1 ! ' nCoM\/i NCoM V 2T 477%0M

here h h 2m h
T = — R
W NCM = A S mcomweon V 2@m)V 26~ \ avEm

and

T

1 x 1 72
L)Drel(i') = Hn ( ) €xp <_> )
\/2m2 712! 2 nrel\/i /T]COM o 47]?61

N B n | ok m h
T w2\ S ke \ Vmkt 2k
rel Wrel ) ) 12 m( + 12)

The total wavefunction v is given by the product of the above wavefunctions ¢. However, since ¢ye) ()
is normalised for € (—o00,00) but only non-zero for & € [0,00), the normalised total wavefunction
1 = YcoM Prel Will require a factor of V2, and thus the normalised wavefunction for the entire system is
given by

i o (o) Vo ) 7 e () v (i)
2m TL1! " nCoM\/Q NCoM 2T 47]%0M 2m2 n2! " nrcl\/§ MCoM 21 477r2e1

Ve ™ () P () o (5 ()
= n n 5 ex 1 n2. ’
w2tz g Ing noon eel \ Ncom V2 *\ e v2 Pl Mom el

where the relevant quantities are given by

_ 1
IE:§(I’1+I2) r =1 — T2
ni=0,1,2,... ns =1,3,5,...
B h B h
MM =N i em el m (% + 2k12)



(b)

If the spectrum is degenerate then there must be some combination of ny,ny that gives the same eigen-
value as nf,nj, for either ny # n} or ny # nj.

E=F

jﬁ <\/E<n1+;> +Vk + 2k1o (nz—&-;)) =\/hm (ﬁ(n’ﬁ;) + vk + 2kio (n’2+;>)
mVk +nav/k + 2kiz = 0V + nh/k + 2k12
avk + 28+ D)V + 2kys = Wk + (26 + Dk + 2k12, o, 8,7,6 = 0,1,2, ...
avVk + 28k + 2k1a = Wk + 207k + 2k12

If we impose the condition k + 2k = ck for some ¢ = 0,1,2,... and solve for ¢ in terms of «, 3,7, 4,
then we can find a degeneracy condition for this sytem.

ok +28Vek =Wk +26Vck
a+26e=r~v+20\/c
(@ =) =4c(d - B)?
cl<av>2 543
4\6-p8) "
Since «, 3,7, d can take on any non-negative integer value, the only condition on ¢ is that it is the square
of a rational number divided by 4. Thus the spectrum is degenerate if

b= E (2 1) wherea—0.1.2,.... b=1.2.3
12—2 1h2 , wherea=U, 1,42,..., 0= 1,4,0,...

Problem 3

We can write 7! @ 1 = #° @ #' @ #?, and thus only need to consider the basis vectors in each
of 0, #1 and 2. For convenience, |a) |[b) = |a) ® |b), and kets appearing on their own are basis
vectors of S @ 1 = H° O ' © H?, whereas those appearing as tensor products are individually
basis vectors of ', i.e. |a) = |a) o1 01 = |a) sp00 11 052> a0 |a) [b) = |a) o1 @ |b) 1.

2,2) = [1,1)|1,1) (highest wave vector, and thus only one possible way to write in ! @ 1)

J_12,2) =hy/(2+2)(2—-2+1)[2,1)
— 2,1 = 5 T (L1LD)

1

T 2n

1 1
=% 11,0)[1,1) + 7 1,1)|1,0)

J_[2,1) = hy/(2+ 1)(2— 1+ 1) |2,0)

1 1

V2 V2 )
(J-(I1,0) [1,1)) + J- (|1, 1) [1,0)))

(h\/(l FOI—1+1)[1,0)[1,1) + A/(T+ DA — 1+ 1)]1,1) \1,0>)

— 2,O>:h\1/6J_<

1
RV12
1

NG
VI DA -1+ 1)1,0)[1,0) + h/A +0) (I —0+1)[1,1) \1,_1>)

1 2 1
= % [1,-1)|1,1) + \/QH,O) |1,0) + % [1,1)]1,-1)

(r/A+ 0T =0+ 1) [1,-1)[1,1) + A/(T+ (T = T+ 1) [1,0)[1,0)




J_[2,0) = hy/(24+0)(2—-0+1)]2,—1)
— 2= —— g (L ,—yn 1>+\F|1 0) [1,0) + —= 1,1 |1, 1)
) h\/é — \f6 9 9 3 9 9 \E 9 9
J—(Il,1>|171>)+\/EJ—(1,0>I1,0>)+(13J—(I1,1>I1,1>)>

(é (O+h\/(1 +1)(1—-1+1)[1,-1) |1,0>)

VR
|~

% (h\/(l F0)1—0+1)[1,—1)[1,0) + A/ (T +0)(1 -0+ 1) [1,0) |1, —1>)
1 (h\/(l T -1+ 1)[1,00]1,~1) + 0))

1, 1) |1,0) + —= [1,0 |1, ~1)
2 ) b) \/§ b )

12,-2) =[1,—-1)|1,—1)  (lowest wave vector, and thus only one possible way to write in J#! @ J#*)

1 1

11) = 5 L0 11) = Z[L1)[L,0) (since [1,1) L |2,1) and [[1,1)| = 1)

J_|1,1) = /(1 +1)(1 — 1+ 1) [1,0)

%ﬁ‘]* (;5 11,0)[1,1) — % I1,1) |1,0>>
= % (J-(11,0) |1, 1)) = J_([1,1) |1,0)))

- % (h\/(l FO)A -0+ 1)1, -1 |1, 1) + A/ + 1)(1— 1 +1)1,0)1,0)

/AT DA 1+ 1)[L0)]1,0) — /(T +0)(1 -0+ 1)[1,1) |1,—1>)

= |[1,0) =

1 1
= ﬁ |1, -1)[1,1) — ﬁ [1,1)[1,-1)

J_|1,0) = hy/(14+0)(1 =0+ 1) |1, 1)

1 1 1
= 1,1>MJ_<ﬂI1,1>I1,1>ﬁ|1,1>|1,1>>
= % (J7(|17 —].> |1, ]_>) — J7(|]_,]_> |]_, _1>))
— 5 (04 VAT DT =T D1, -1)[1,0) - b/ [T+ DA - 1+ 1) |1,0)[1,-1) - 0)
— 11 |1,0) ! 1,0) |1, -1
_$|7 > , +ﬁ , |7 >

1 1 1
0,0) = — |1, —1)[1,1) — — |1,0) [1,0) + — |1,1) |1, —1
10,0) \/gl )LL) \/g‘ )11,0) \/g‘ )1, =1)
(since 0,0) L |1,0), |0,0) L |2,0) and ||0,0)| = 1)



1,1
01,0;1,1 =
1,1 B

C1,71;1,1 =

1,0 _
Cigg =

1,0 _
01,0;1,1 =

1,0
01,—1;1,1 =

1,—-1
01,1;1,1 =
1,-1
C1,0;1,1 =

1,—-1 _
C1,71;1,1 =

0

0

;1,0

2,0
Cl,O;l,O

1,1
Cvl,O;l,O

1,1
01,71;1,0

1,0
01,1;1,0

1,0
C(1,0;1,0

1,0
Cl,—l;l,O

1,—1
C1,1;1,0
1,—1
C41,0;1,0

1,—1
01,71;1,0

2,2
01,1;17—1 =
2,2
01,0;17—1 =
2,2
Cl,—1;17—1
2,1
C'1,1;1,—1
2,1 _
C'1,0;1,—1
2,1 .
Cl,—l;l,—l
2,0
C'1,1;1,71
2,0
C'1,0;1,—1
2,0
Cl,—l;l,—l
2,—1
C1,1;1,71
2,—1
01,0;1,71
2,—1
Cl,—l;l,—l
2,—2
C'1,1;1,—1
2,—2
01,0;1,—1
2,—2
01,—1;1,—1
1,1
C1,1;1,71
1,1
C1,0;1,71
1,1
C1,71;1,71
1,0
01,1;1,—1
1,0
01,0;1,—1
1,0
Cl,—l;l,—l
1,-1
C1,1;1,71
1,—1
C1,0;1,71
1,—1
C1,71;1,71



0,0 _ 0,0 _ 0,0 _ ]-
C1,1;1,1 =0 01,1;1,0 =0 C1,1;1,71 = /3
0,0 _ 0,0 _ 1 0,0
Cl,O;l,l - 0 Cl,O;l,O - \/g cYl,O,l —1
0,0 1 0,0 _ 0,0 _
01,71;1,1 = /3 01,71;1,0 =0 01,71;1,71 =0

Problem 4

3
H=1JY (5S§+S585+S555))+hBY_S;

[eY i=1
1
= JY 5 (7S5 + S5 S5 + S5 57 + S5 57 + 55 S5 + 5755

+ Sy ST+ 85 S5 + 55 55 — Sy ST — S5 Sy — S8 S8)+hBS?
1 « « « [e] 3 1 3 « «
(since S§* S = S% 5%, and adding and subtracting » 7, S§* S*)
JZ3 3 JZ3 3
:Ei:1 . (S?S?)—gl:1 . S?S?-FhBSZ

T 9IR

2

Ig+hBS*® (since S¢ S¢ = (SO‘)? and (5%)° = (h‘;a)Q = %2 1)

C—

é‘j7m>:ZSaSa |j7m>:h2j(j+1) ‘]7m> 18|j7m>:|j7m> 5 |]7m>:hm|]>m>

2

— )\Jm—%ffj(j—kl)—gjh +hBhm
_ 32 jU+1) 9

=h J<2 )+ Bm

Y - T ALY AR ¥ A
= HEiOHE AN
11 1
1 3 2727 ]_2
ﬁj:7777m:
2°2 3 113 . 3
27222 173
Thus the spectrum is given by
o1
iG+1) 9 13 il 773
R (J U+ 9 +Bm forj=—-,-,m= ,
2 8 2'2 1 3 3
£o,45, j=2
b 27 .7 2

or more explicitly,

h2 h? h? h? h? h?
{ T (737 =2B), = (=3J +2B), - (3] = 2B),  (3/ +2B), - (3/ ~6B), - (3J+GB)}.



