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(a)

|λ⟩ =
∞∑

n=0

λn |n⟩

λ |λ⟩ = a |λ⟩

=

∞∑
n=0

λn a |n⟩

=

∞∑
n=0

λn
√
n |n− 1⟩

= 0 +

∞∑
n=1

λn
√
n |n− 1⟩

=

∞∑
n=0

λn+1

√
n+ 1 |n⟩

=⇒ |λ⟩ =
∞∑

n=0

λn+1

√
n+ 1

λ
|n⟩

=

∞∑
n=0

λn |n⟩

=⇒ λn+1 = λn
λ√
n+ 1

λ1 = λ0
λ√
0 + 1

λ2 = λ1
λ√
1 + 1

λ3 = λ2
λ√
2 + 1

λ4 = λ3
λ√
3 + 1

= λ0
λ√
1

= λ0
λ2√
2 · 1

= λ0
λ3√

3 · 2 · 1
= λ0

λ4√
4 · 3 · 2 · 1

=⇒ λn = λ0
λn√
n!

=⇒ |λ⟩ = λ0

∞∑
n=0

λn√
n!

|n⟩

1



1 = ⟨λ|λ⟩

= λ0

∞∑
n=0

λn√
n!

⟨λ|n⟩

= λ0

∞∑
n=0

λn√
n!
λ∗n

= λ0

∞∑
n=0

λn√
n!

(
λ0

λn√
n!

)∗

= λ0 λ
∗
0

∞∑
n=0

(λλ∗)
n

n!

= |λ0|2 e|λ|
2

=⇒ |λ0| = e−
|λ|2
2

=⇒ |λ⟩ = λ0

∞∑
n=0

λn√
n!

|n⟩ where |λ0| = e−
|λ|2
2

(b)

|n⟩ =
(
a†
)n

√
n!

|0⟩

=⇒ |λ⟩ = λ0

∞∑
n=0

λn√
n!

(
a†
)n

√
n!

|0⟩

= λ0

∞∑
n=0

(
λ a†

)n
n!

|0⟩

|λ⟩ = λ0 e
λ a†

|0⟩ where |λ0| = e−
|λ|2
2

(c)

X = η
(
a† + a

)
P =

i ℏ
2η

(
a† − a

)
∆A =

√
⟨A2⟩ − ⟨A⟩2

⟨X⟩ = ⟨λ| η
(
a† + a

)
|λ⟩ ⟨X2⟩ = ⟨λ| η2

((
a†
)2

+ a† a+ a a† + a2
)
|λ⟩

= η
(
⟨λ| a† |λ⟩+ ⟨λ| a |λ⟩

)
= η2

(
⟨λ| a† a† |λ⟩+ ⟨λ| a† a |λ⟩+ ⟨λ| a a† − a† a+ a† a |λ⟩+ ⟨λ| a a |λ⟩

)
= η (⟨λ|λ∗ |λ⟩+ ⟨λ|λ |λ⟩) = η2

(
⟨λ|λ∗ a† |λ⟩+ ⟨λ|λ∗ λ |λ⟩+ ⟨λ|

[
a, a†

]
|λ⟩+ ⟨λ| a† a |λ⟩+ ⟨λ| a λ |λ⟩

)
= η (λ∗ + λ) = η2 (λ∗ ⟨λ|λ∗ |λ⟩+ λ∗ λ+ ⟨λ| I |λ⟩+ ⟨λ|λ∗ λ |λ⟩+ λ ⟨λ|λ |λ⟩)

⟨X⟩2 = η2 (λ∗ + λ)
2

= η2
(
(λ∗)

2
+ λ∗ λ+ 1 + λ∗ λ+ λ2

)
= η2

(
(λ∗ + λ)

2
+ 1
)

=⇒ ∆X =

√
η2
(
(λ∗ + λ)

2
+ 1
)
− η2 (λ∗ + λ)

2
= η

2



⟨P ⟩ = ⟨λ| i ℏ
2η

(
a† − a

)
|λ⟩ ⟨P 2⟩ = ⟨λ| − ℏ2

4η2

((
a†
)2 − a† a− a a† + a2

)
|λ⟩

=
i ℏ
2η

(
⟨λ| a† |λ⟩ − ⟨λ| a |λ⟩

)
= − ℏ2

4η2
(
⟨λ| a† a† |λ⟩ − ⟨λ| a† a |λ⟩ − ⟨λ| a a† − a† a+ a† a |λ⟩+ ⟨λ| a a |λ⟩

)
=
i ℏ
2η

(⟨λ|λ∗ |λ⟩ − ⟨λ|λ |λ⟩) = − ℏ2

4η2
(
⟨λ|λ∗ a† |λ⟩ − ⟨λ|λ∗ λ |λ⟩ − ⟨λ|

[
a, a†

]
|λ⟩ − ⟨λ| a† a |λ⟩+ ⟨λ| a λ |λ⟩

)
=
i ℏ
2η

(λ∗ − λ) = − ℏ2

4η2
(λ∗ ⟨λ|λ∗ |λ⟩ − λ∗ λ− ⟨λ| I |λ⟩ − ⟨λ|λ∗ λ |λ⟩+ λ ⟨λ|λ |λ⟩)

⟨P ⟩2 = − ℏ2

4η2
(λ∗ − λ)

2
= − ℏ2

4η2

(
(λ∗)

2 − λ∗ λ− 1− λ∗ λ+ λ2
)

= − ℏ2

4η2

(
(λ∗ − λ)

2 − 1
)

=⇒ ∆P =

√
− ℏ2
4η2

(
(λ∗ − λ)

2 − 1
)
+

ℏ2
4η2

(λ∗ − λ)
2
=

ℏ
2η

∆X∆P = η
ℏ
2η

=
ℏ
2

=⇒ uncertainty relation verified
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(where ψL(x) and ψR(x) are the wavefunctions either side of x = 0)

4



Assume ψ(x) takes the form

ψ(x) =

 AL sin(k x+ ϕL) , −a ⩽ x ⩽ 0
AR sin(k x+ ϕR) , 0 ⩽ x ⩽ a
0, |x| ⩾ a

.

0 = ψL(−a) 0 = ψR(a)

= AL sin(−k a+ ϕL) = AR sin(k a+ ϕR)

=⇒ ϕL = k a =⇒ ϕR = −k a

=⇒ ψ(x) =

 AL sin(k x+ k a) , −a ⩽ x ⩽ 0
AR sin(k x− k a) , 0 ⩽ x ⩽ a
0, |x| ⩾ a

If ψ(x) is odd, then we must have ψ(−x) = −ψ(x) for all x. Thus, ψ(0) = ψ(−0) = −ψ(0) and so
we have ψ(0) = 0. We therefore have AL sin(k a) = AR sin(−k a) = 0, and therefore k a = nπ, where
n = 0, 1, 2, . . .. Since n = 0 corresponds to an energy of 0 and thus a non-normalisable constant 0
wavefunction, we only consider positive non-zero integers for n. We then have

k a = nπ =⇒ E =
n2 π2 ℏ2

2ma2
, n = 1, 2, . . .

for odd wavefunctions ψ(x).
Now assume ψ(x) is even. Assuming ψ(0) ̸= 0 (as this would result in the same energy quantisation

condition above), we have that

AL sin(k a) = AR sin(−k a) = −AR sin(k a) =⇒ A ≡ AL = −AR.

Our wavefunction thus takes the form

ψ(x) =

 A sin(k x+ k a) , −a ⩽ x ⩽ 0
−A sin(k x− k a) , 0 ⩽ x ⩽ a
0, |x| ⩾ a

.

From the expression relating ψ(0), ψ′
R(0) and ψ

′
L(0) we have

ψ(0) =
ℏ2

2mν
(ψ′

R(0)− ψ′
L(0))

A sin(k a) =
ℏ2

2mν
(−k A cos(−k a)− k A cos(k a))

sin(k a) = −k ℏ
2

mν
cos(k a)

tan(k a) = −k ℏ
2

mν

Our quantisation conditions are therefore

ψ(x) odd =⇒ E =
n2 π2 ℏ2

2ma2
, n = 1, 2, . . . ψ(x) even =⇒ tan(k a) = −k ℏ

2

mν

(b)

(i)

For small ν we have that for even ψ(x), − tan(k a) is very large, and thus tends to infinity. Thus k a = nπ
2

for n = 1, 3, 5, . . ., which leads to E =
(n

2 )
2
π2 ℏ2

2ma2 for n = 1, 3, 5, . . . or E =
(n+ 1

2 )
2
π2 ℏ2

2ma2 for n = 0, 1, 2, . . ..

Combining with the energy values for odd ψ(x) gives us E = n2 π2 ℏ2

2ma2 for n = 1
2 , 1,

3
2 , . . ., or E = n2 π2 ℏ2

8ma2

for n = 1, 2, . . .. Since this energy does not have any ν dependence, we can immediately say that

E(0)
n =

n2 π2 ℏ2

8ma2
, E(1)

n = 0.

Thus for small enough ν, the energy levels match those of the infinite square well with no barrier.
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(ii)

For large ν we have that for even ψ(x), tan(k a) is very small, i.e. approximately 0. Thus k a = nπ for

n = 0, 1, 2, . . .. This leads to the same energy as that for odd ψ(x), and thus E = n2 π2 ℏ2

2ma2 for n = 1, 2, . . ..
Similarly, since these energy values have no ν dependence,

E(∞)
n =

n2 π2 ℏ2

2ma2
, E(−1)

n = 0.

Thus for large enough ν, only the odd wavefunctions are possible solutions for the Schrödinger equation,
since the odd functions are not affected by the barrier (as ψ(0) = 0) yet the even functions cannot pass
through.

(c)

1 =

∫ ∞

−∞
|ψ(x)|2 dx

=

∫ 0

−a

|A|2 sin2(k x+ k a) dx+

∫ a

0

|A|2 sin2(k x− k a) dx

= |A|2 2k a− sin(2k a)

2k
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a− sin(2k a)

2k
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1√

a− 1
2k

2 tan(k a)
1+tan2(k a)
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1√

a+ 1
k

k ℏ2

mν
1

1+ k2 ℏ4

m2 ν2

=
1√

a+ ℏ2

mν+ k2 ℏ4

mν

=
1√

a+ ℏ2 mν
m2 ν2+k2 ℏ4

=⇒ ψ(x) =

 A sin(k x+ k a) , −a ⩽ x ⩽ 0
−A sin(k x− k a) , 0 ⩽ x ⩽ a
0, |x| ⩾ a

, where |A| = 1√
a+ ℏ2 mν

m2 ν2+k2 ℏ4

a = 1, m = 1, ℏ = 1, ν = 1 =⇒ ψ(x) =

 A sin(k (x+ 1)) , −1 ⩽ x ⩽ 0
−A sin(k (x− 1)) , 0 ⩽ x ⩽ 1
0, |x| ⩾ 1

, where |A| = 1√
1 + 1

1+k2

and tan(k) = −k =⇒ k ≈ 2.02876 =⇒ E =
k2

2
≈ 2.05793
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a = 1, m = 1, ℏ = 1, ν = 10 =⇒ ψ(x) =

 A sin(k (x+ 1)) , −1 ⩽ x ⩽ 0
−A sin(k (x− 1)) , 0 ⩽ x ⩽ 1
0, |x| ⩾ 1

, where |A| = 1√
1 + 10

100+k2

and tan(k) = − k

10
=⇒ k ≈ 2.86277 =⇒ E =

k2

2
≈ 4.09773
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