MAU34403: Quantum Mechanics I
Homework 7 due 12/11/2021

Ruaidhri Campion
19333850
JS Theoretical Physics
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A Poisson distribution is of the form .
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| f(n)|? is a Poisson distribution if it takes this form, i.e. if |A?| = IA]”, which is true, and so |f(n)|? is a

Poisson distribution.
From inspection of the Poisson distribution, we can see that 7 = |A|2. The expectation value of a' a
can be found as

(Alatalx) = A A = AP
and so 7 = (al a) = |\|2.
The most probable value of n can be found by finding the peak of the Poisson distribution. This
occurs at Nymp when P(nmp) = P(nmp + 1), and thus nm,p can be found as
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(where ¢, () and Yg(z) are the wavefunctions either side of z = 0)
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Assume ¢(z) takes the form

Apsin(kz+ ¢r), —-a<z<0
Y(x) =< Agsin(kz+¢r), 0<z<a
0, x| > a
0=1r(—a) 0 =vr(a)
= Apsin(—ka+ ¢r) = Agsin(ka + ¢R)
= ¢ =ka = ¢p=—ka
Apsin(fkz+ka), —a<z<0
= ¢Y(x) =< Apsin(kz—ka), 0<z<a
0, x| > a

If ¢(z) is odd, then we must have ¥(—x) = —i(z) for all . Thus, ¥(0) = ¢(—0) = —(0) and so
we have ¥(0) = 0. We therefore have Ay sin(ka) = Agsin(—ka) = 0, and therefore ka = nm, where

n = 0,1,2,.... Since n = 0 corresponds to an energy of 0 and thus a non-normalisable constant 0
wavefunction, we only consider positive non-zero integers for n. We then have
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ka=nmr = E:ﬁ,n:I,Q,...
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for odd wavefunctions ¢ (z).
Now assume () is even. Assuming 1(0) # 0 (as this would result in the same energy quantisation
condition above), we have that

Apsin(ka) = Agsin(—ka) = —Apsin(ka) = A=A = —Apg.

Our wavefunction thus takes the form

Asin(kz+ka), —a<z<0
Y(x) =< —Asin(kz—ka), 0<z<a
0, |z| > a

From the expression relating ¢(0), ¥/;(0) and ¢} (0) we have
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Our quantisation conditions are therefore
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P(z) odd = E=""10 n=12,... Y(x) even = tan(ka) = ———
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For small v we have that for even 1(x), — tan(k a) is very large, and thus tends to infinity. Thus ka = %5
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forn =1,3,5,..., which leads to £ = (22)7”77;2 forn=1,3,5,...or £ = % forn=0,1,2,....
Combining with the energy values for odd ¥(z) gives us E = ";21’22 forn=11,3,.. or E= ";Zzaff
for n =1,2,.... Since this energy does not have any v dependence, we can immediately say that
2,2 32
pO_nTh EWM =o.

n n

8ma2 ’
Thus for small enough v, the energy levels match those of the infinite square well with no barrier.



(ii)
For large v we have that for even ¢ (x), tan(k a) is very small, i.e. approximately 0. Thus ka = n~ for

n =0,1,2,.... This leads to the same energy as that for odd ¢ (z), and thus £ = ”;ZQHZZ forn=1,2,....

Similarly, since these energy values have no v dependence,
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Thus for large enough v, only the odd wavefunctions are possible solutions for the Schrédinger equation,
since the odd functions are not affected by the barrier (as ¢(0) = 0) yet the even functions cannot pass
through.
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Integrate[ (Sin[kx +ka])?, {x, -a, 0}] +
Integrate[(Sin[k x - ka])?, {x, @, a}] // FullSimplify
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and tan(k) = —k = k~2.02876 — F = % ~ 2.05793



Asin(k(z+1)), -1<z<0 1
a=1,m=1h=1v=10 = ¢(x)=< —Asin(k(z—-1)), 0<z<1 |, where |4| = ———=
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and tan(k) = T k~286277 = E = 5~ 4.09773

tank = Plot[Tan[k], {k, @., 2x}, PlotStyle -» Black];
minuskl = Plot[-k, {k, ©., 2}, PlotStyle -» Black];
Show[tank, minusk1]

FindRoot [Tan[x] == -x, {x, 2}]

(X > 2.02876}

k =2.028757838110434;

1
A= ———;

1
1+
1+k2

leftpsil = Plot[ASin[k (x+1)], {x, -1, 0}, PlotStyle » Black];
rightpsil = Plot[-ASin[k (x-1)], {x, 0, 1}, PlotStyle » Black];
Show[leftpsil, rightpsil, PlotRange » {{-1, 1}, {0, 1}}]
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tank = Plot [Tan[k], {k, ©., 27}, PlotStyle » Black];
k
minusk10 = Plot [_E’ {k, @., 2 7}, PlotStyle - Black];

Show[tank, minusk1@]

X
FindRoot[Tan[x] = 1% 3}]

{Xx—2.86277}
k =2.8627725875152072;
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leftpsilo = Plot[ASin[k (x+1)], {x, -1, 9}, PlotStyle » Black];
rightpsil® =Plot[-ASin[k (x-1)], {x, 0, 1}, PlotStyle » Black];
Show[leftpsild, rightpsil@, PlotRange - {{-1, 1}, {0, 1}}]
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