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This equation is very comparable to, but not the same as, Newton’s equation in classical mechanics

relating force, mass and acceleration, i.e. F = ma. If we had that
〈
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= F
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, then we

would have the same as in classical mechanics. This is only true for certain functions of V ; for example,
if V was quadratic in ~Xa then its derivative would be linear in ~Xa. Since we have that

〈f(x)〉 = 〈ax+ b〉 = a〈x〉+ b = f(〈x〉) ,

1



then the equation matches its classical counterpart. This is not true for other functions of V , such as
those cubic in ~Xa, as then for its derivative we have

〈
x2
〉
6= 〈x〉2, in general.
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We can interpret the expectation values as the projection of a vector onto each corresponding axis, where
the vector has magnitude ~

2 , is at an angle θ to the z-axis, and rotates clockwise around the z-axis with
period 2π
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This is similar to the form of a normalised Gaussian distribution

g(x) =
1

σ
√

2π
exp

(
−1

2

(
x− µ
σ

)2
)
.

If the probability density has the same form as the normalised Gaussian distribution, then we can
immediately say that it is normalised. For this to be true, we can equate the coefficients of the exponential
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and equate the exponentials and if we get the same σ from the coefficient and the exponent, we know
that the probability density is a normalised Gaussian distribution.

m∆√
π (m2 ∆4 + t2 ~2)

=
1

σ
√
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exp
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2

Thus |ψ(x, t)|2 is a normalised Gaussian function, and therefore normalised.
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∣∣∣∣∣
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2 ∣∣∣∣exp

(
− i t p

2

2m ~
− ∆2 p2

2~2
+

∆2 k p

~2
− i a p

~
− ∆2 k2

2~2

)∣∣∣∣2
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~
− ∆2 k2

2~2

))
=

∆

~
√
π

exp

(
−∆2

~2
p2 +

2∆2 k

~2
p− ∆2 k2

~2

)
=

∆

~
√
π

exp

(
−∆2 k2

~2

)
exp

(
−ν p2 + ξ p

)
=

∆

~
√
π

exp

(
−∆2 k2

~2
+
ξ2

4ν

)
exp

(
−ν
(
p− ξ

2ν

)2
)

(completing the square as before)

=
∆

~
√
π

exp

(
−∆2 k2

~2
+

∆4 k2

~4

~2

∆2

)
exp

−1

2

(
p− ξ

2ν
1√
2ν

)2


=
∆

~
√
π

exp

−1

2

(
p− ξ

2ν
1√
2ν

)2


As before, we can check if the coefficient σ is equal the exponent σ then we can say the density is a
normalised Gaussian distribution.

∆

~
√
π

=
1

σ
√

2π
exp

−1

2

(
p− ξ

2ν
1√
2ν

)2
 = exp

(
−1

2

(
p− µ
σ

)2
)

σ
√

2 =
~
∆

σ =
1√
2ν

σ =
~

∆
√

2
=

√
~2

2∆2

=
~

∆
√

2

Thus |ψ(p, t)|2 is a normalised Gaussian function, and therefore normalised.
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(b)

Since the expectation value and uncertainty are equivalent to the mean and standard deviation respec-
tively, it is sufficient to find µ and σ for |ψ(x, t)|2 and |ψ(x, t)|2.

µX =
θ

2η
µP =

ξ

2ν

=
m2 ∆2 a+mtk∆2

m2 ∆4 + t2 ~2

m2 ∆4 + t2 ~2

m2 ∆2
=

∆2 k

~2

~2

∆2

= a+
k t

m
= k

σX =
1

m∆

√
m2 ∆4 + t2 ~2

2
σP =

~
∆
√

2

〈X〉ψ(x,t) = a+
k t

m
〈P 〉ψ(p,t) = k

∆X =
1

m∆

√
m2 ∆4 + t2 ~2

2
∆P =

~
∆
√

2

While the uncertainty of P does not depend on time and is thus constant, the uncertainty in X will get
larger as time goes on, and thus will not be very small for a substantial period of time. At time t = 0
we have

∆X ∆P =
1

m∆

√
m2 ∆4

2

~
∆
√

2

=
~
2
,

as expected for t = 0. This product of uncertainties will only increase as time goes on, and so Heisenberg’s
uncertainty principle is satisfied.
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