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Problem 1
(a)

[(p®0)(&), (p@a)(&) = [p(&) @ Iy + Iy @a(&),p(&) @ Iy + Iy @ ()]
= [p(&) @ Iy, p(&;) @ Iy + [p(&:) @ Ly, Iy @ 0(&;)]
+ Iy @ 0(&:), p(&)) @ Ly | + [Iy ® (&), Iy @ 0(&;)]
= [p(E&), p(EN @ Iy + 0+ 0+ Iy @ [0(&),0(&)]
= p([€:,&5]) @ Iy + Iy ® o([€;, &),

thus the Lie algebra commutator is preserved, and so p ® o is a representation.

(b)
(Ps ® pa)(&) = pp(&i) ® Iy, + LIy, @ pa(Ei)

(p2 @ p1)(&i) = p2(&) @ Iy + I, ® p1(&i)
= 021(&;), where (02,1, #2,1) = (p2 ® p1, Y2 ® ¥1) is a representation of U(G)

(3 @ p2 @ p1)(&) = (p3 ® 02,1)(&:)
= p3(&) @ Iy, + Iy ® 021(;)
= p3(&) ® Iypen, + Lyy ® (p2(&;) ® Iyy + Iy, @ p1(E:))
= p3(&i) @ Iy, @ Iy + Iy, @ p2(E;) @ Iy + Iy, @ Iy, @ p1(&;)
= 03,2,1(&;), representation (03,2,1, #3,2,1) = (p3 @ p2 @ p1, 73 @ Y2 @ 1)

(p1 @ ps @ p2@p1)(&) = (pPa ® 03.21)(&)
= pa(&) @ Iy o, + Iy, @ 032,1(&;)
= pa(&) @ Inyenen + Ly, @ (p3(Ei) ® Iy, ® Iy,
+ Lyy @ p2(&i) @ Iy + Ly ® Iy, @ p1(Ei))
= pa(&;) @ Iy, ®@ Iy, @ Iy + Iy, @ p3(€i) @ Iy, @ Iy
+ Iy, @ Iy @ p2(&:) @ Iy, + Ly, ® Ly, @ Iy, @ p1(E;)

(PL®@pr—1®...0p1)(&) =pr(&) @Iy, @Iy, ,®...® Iy
+ Iy/L ® pL71(5i) & L//L_2 ® Iy/L_3 ®...x0 I‘j/l
+1y, @1y, @pr—2E)@1y, QIy, ,®...8 Iy

+ ...
+ 1y, @1y, | ®...0 1y ® pl(gi)
L
= Z I"VL ® I"VL—l ®...0 I"Vn+1 ® pn(gl) ® I"Vn_1 ® I"Vn_Q ®...0 I”i/l
n=1



Problem 2

(a)
L
s =>"s¢
i=1
= 55 + S8
R 3
= C=) (S¢+59)(Sy+5%)
a=1
3
= (SFSy + Sy + S5 + 5559)
a=1
3
= Z ((Sa ® 1) (S ® L) + (8¢ ® L) (IQ ® Sa) + (]2 ® Sa) (S*® 1)+ (I ® %) (IQ (34 Sa))
a=1
3
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.~ h2
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We can see how S? acts on the basis vectors

1 0
=g |=m =14 |=m
0 0
0 0
=9 =1 =g =1
0 1
and construct our eigenvectors as a linear combination of these by inspection.
S ) = R(]1) (1] - |4) (4]) [1) S*I) = R (|1) (1] - |4) (4]) [2)
— h(]1)—0) —h(0—0)
= K1) =0
S*I) = R(]1) (1] - [4) (4]) [3) S = R (|1) (1] = |4) (4]) [4)
=h(0—0) =h(0—[4))
0 — Rl

Thus the basis vectors are all eigenvectors of S3. Since C and S3 commute, they must share eigenvectors. We
can see how C acts on the eigenvectors of S? and construct a linear combination of them if necessary to find the
eigenvectors of C.
CIM) = (20 1) (1] + A% [2) (2] + 1% |3) (3] + 2A° |4) (4] + A* |2) (3] + 1* |3) (2]) [1)
=21%|1) +0+0+0+0+0
= 21 1)
C Ity = (202 [1) (1] + A% |2) (2] + h%|3) (3] + 2% |4) (4] + h* [2) (3] + h* [3) (2]) |2)
=0+h%[2) +0+0+0+ 1% |3)
=12 (It)) + [11)
C 1) = (202 [1) (1] + 7% |2) (2] + B |3) (3] + 2% |4) (4] + 1° [2) (3] + h* [3) (2]) |3)
=0+0+h%|3) +Ah*[2)
=12 (1)) + [11)
C ) = (207 1) (1] + A% [2) (2] + 1% |3) (3] + 28° |4) (4] + A* |2) (3] + 1* |3) (2]) |4)
= 217 |4)
= 2% ||1)

Thus |11) and |]]) are eigenvectors each with corresponding eigenvalue 2h. We can make a linear combination
of the other two basis vectors to find the remaining eigenvectors.

C(alth) +b[1) = B ((a+b) [1) + (a+b) [14))
a=b = aC(It])+ 1) = 2ah* (It]) + [{1)
a=-b = aC (1) - |I1) =0



This shows that |[1]) & |{1) are eigenvectors of C, with eigenvalues 2h% and 0. Thus all the (normalised)
eigenvectors and corresponding eigenvalues are

1 0
U =11) = 8 . A =2R° Ty = 1) = 8 . g = 282
0 1
0 0
. 1 1 1 . 1 1 1
%= 75 (It + ) = AREE A3 =20 U= 7 (M) =) = AN Ae=0
0 0

(b)

L 3
H=7Y % S¢S,

=1 a=1
3

=J ) (S} S5+ 55 S7)
a=1
3

=J) (S7 S+ 87 S5 + 55 8% + S5 85 — S Sy — S5 S5)

a=1
., 3h?
=J(C-=-1
(e-%)
2
Hﬁa:J<C’1’)’a—3;iI417a>
3h?
:J<>\a_)a_2'l_}’a)
Ry
:J<>\a_2)ﬁa
=\, Ua,

i.e. H and C have the same eigenvectors. We can thus easily find the eigenvalues A of H.

Aoz = 2h? Ay =0
J 2 3J K2
I _ [A——
= A3 = TN = A\ D)
K2 h?
Thus the spectrum of H is {(]2, —3J2 }



Problem 3

(i)
X(s)=V(s) X V1(s)
— PO V) 5yt 1 i) % d‘gs(s)
=—i (V(s) XPVi(s)—=V(s)PX VT(S)) as P and V(s) commute
= —iV(s) [X,ﬁ} Vi(s)
— iV(s)- (mf) 7 (s)
=hl
= X(s)= /hlds
=shli+C
X(0) =V(0) X V'(0)
Also, X(0) = C
— X(s)=shli+X
(ii)

Label F(r,s,t) = U(rt) V(rt)
— eirtXeirsls

OF (r,s,t)
or

:itXeirtXeirsP+6irtX (ZSP) ei'rsP
:Z'tXF(T,S7t)+’L'S€1TtX Pe—zrtXezrtXezrsP

=it X F(r,s,t) +isU(rt) PUT(rt) F(r, s,1)



Label P(rt) = U(rt) PUT (rt)

dP(rt) B AU (rt) - . - U (rt)
% = o PUT(rt) + U(rt) P 5t
=ir XU(rt) PUN(rt) —ir U(rt) P X Ut (rt)

—Ttﬁj + él
U(0) PUT(0)

P(0)

1
~

Also, P(0) = Cy
= P(rt)=—rthi+P

OF (r,s,t ; : [) F
%:(itX—FisP—irstﬁI)F(raS’t)
r
s P(r,s,t) = Cpeirt Xtirs Poigth 4Gy

F(r,s,t) = product of two unitary matrices

— Cy=1
F(0,5,t) = U(0) V(0)
=17
Also, F(0,s,t) = e
— (3=0
— F(r, s,t) = ez’rt)?+z‘rsﬁ_ir2+thj

Ut)V(s) = F(1,s,t)
_ it Xtis P—isfh ]

(iii)
We can find V(s) U(t) by using a similar method to that in (ii). If we label G(r,s,t) = V(rs) U(rt) and calculate
W, we result in an expression in terms of X (rs). Substituting our answer from (i) and proceeding in a
similar fashion in (ii) gives us
V(S) U(t) _ eit)?+isﬁ+7i'§2t h f'
We know that {A, all =0 for any operator A and constant a. We also know that, for any commuting matrices
A and B, we have e” ef = eAT8. Thus, by inspection,
eisthl jitXtisPrisfh] it XisP—tofh ]
= (U E) = U1) V(s)

: W _ e—isthf



