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Problem 1

(a)

[(ρ⊗ σ)(Ei), (ρ⊗ σ)(Ej)] = [ρ(Ei)⊗ IW + IV ⊗ σ(Ei), ρ(Ej)⊗ IW + IV ⊗ σ(Ej)]
= [ρ(Ei)⊗ IW , ρ(Ej)⊗ IW ] + [ρ(Ei)⊗ IW , IV ⊗ σ(Ej)]

+ [IV ⊗ σ(Ei), ρ(Ej)⊗ IW ] + [IV ⊗ σ(Ei), IV ⊗ σ(Ej)]
= [ρ(Ei), ρ(Ej)]⊗ IW + 0 + 0 + IV ⊗ [σ(Ei), σ(Ej)]
= ρ([Ei, Ej ])⊗ IW + IV ⊗ σ([Ei, Ej ]),

thus the Lie algebra commutator is preserved, and so ρ⊗ σ is a representation.

(b)

(ρβ ⊗ ρα)(Ei) ≡ ρβ(Ei)⊗ IVα + IVβ ⊗ ρα(Ei)

(ρ2 ⊗ ρ1)(Ei) = ρ2(Ei)⊗ IV1
+ IV2

⊗ ρ1(Ei)
≡ %2,1(Ei), where (%2,1,W2,1) ≡ (ρ2 ⊗ ρ1,V2 ⊗ V1) is a representation of U(G)

(ρ3 ⊗ ρ2 ⊗ ρ1)(Ei) = (ρ3 ⊗ %2,1)(Ei)
= ρ3(Ei)⊗ IW2,1

+ IV3
⊗ %2,1(Ei)

= ρ3(Ei)⊗ IV2⊗V1
+ IV3

⊗ (ρ2(Ei)⊗ IV1
+ IV2

⊗ ρ1(Ei))
= ρ3(Ei)⊗ IV2

⊗ IV1
+ IV3

⊗ ρ2(Ei)⊗ IV1
+ IV3

⊗ IV2
⊗ ρ1(Ei)

≡ %3,2,1(Ei), representation (%3,2,1,W3,2,1) ≡ (ρ3 ⊗ ρ2 ⊗ ρ1,V3 ⊗ V2 ⊗ V1)

(ρ4 ⊗ ρ3 ⊗ ρ2 ⊗ ρ1)(Ei) = (ρ4 ⊗ %3,2,1)(Ei)
= ρ4(Ei)⊗ IW3,2,1 + IV4 ⊗ %3,2,1(Ei)
= ρ4(Ei)⊗ IV3⊗V2⊗V1 + IV4 ⊗ (ρ3(Ei)⊗ IV2 ⊗ IV1

+ IV3 ⊗ ρ2(Ei)⊗ IV1 + IV3 ⊗ IV2 ⊗ ρ1(Ei))
= ρ4(Ei)⊗ IV3 ⊗ IV2 ⊗ IV1 + IV4 ⊗ ρ3(Ei)⊗ IV2 ⊗ IV1

+ IV4 ⊗ IV3 ⊗ ρ2(Ei)⊗ IV1 + IV4 ⊗ IV3 ⊗ IV2 ⊗ ρ1(Ei)

(ρL ⊗ ρL−1 ⊗ . . .⊗ ρ1)(Ei) = ρL(Ei)⊗ IVL−1
⊗ IVL−2

⊗ . . .⊗ IV1

+ IVL ⊗ ρL−1(Ei)⊗ IVL−2
⊗ IVL−3

⊗ . . .⊗ IV1

+ IVL ⊗ IVL−1
⊗ ρL−2(Ei)⊗ IVL−3

⊗ IVL−4
⊗ . . .⊗ IV1

+ . . .

+ IVL ⊗ IVL−1
⊗ . . .⊗ IV2

⊗ ρ1(Ei)

=

L∑
n=1

IVL ⊗ IVL−1
⊗ . . .⊗ IVn+1 ⊗ ρn(Ei)⊗ IVn−1 ⊗ IVn−2 ⊗ . . .⊗ IV1
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Problem 2

(a)

Sα =

L∑
i=1

Sαi

= Sα1 + Sα2

=⇒ Ĉ =

3∑
α=1

(Sα1 + Sα2 ) (Sα1 + Sα2 )

=

3∑
α=1

(Sα1 S
α
1 + Sα1 S

α
2 + Sα2 S

α
1 + Sα2 S

α
2 )

=

3∑
α=1

((Sα ⊗ I2) (Sα ⊗ I2) + (Sα ⊗ I2) (I2 ⊗ Sα) + (I2 ⊗ Sα) (Sα ⊗ I2) + (I2 ⊗ Sα) (I2 ⊗ Sα))

=

3∑
α=1

(
(Sα)

2 ⊗ I2 + Sα ⊗ Sα + Sα ⊗ Sα + I2 ⊗ (Sα)
2
)

(Sα)
2

=

(
~σα

2

)2

=
~2

4
I2

=⇒ Ĉ =

3∑
α=1

(
~2

4
I2 ⊗ I2 + 2Sα ⊗ Sα + I2 ⊗

~2

4
I2

)

=
3~2

2
I4 + 2

3∑
α=1

Sα ⊗ Sα

S1 ⊗ S1 =
~σ1

2
⊗ ~σ1

2
S2 ⊗ S2 =

~σ2

2
⊗ ~σ2

2
S3 ⊗ S3 =

~σ3

2
⊗ ~σ3

2

=
~2

4


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 =
~2

4


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

 =
~2

4


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1



=⇒ Ĉ =
~2

2

(
3I4 + σ1 ⊗ σ1 + σ2 ⊗ σ2 + σ3 ⊗ σ3

)
= ~2


2 0 0 0
0 1 1 0
0 1 1 0
0 0 0 2


= 2~2 |1〉 〈1|+ ~2 |2〉 〈2|+ ~2 |3〉 〈3|+ 2~2 |4〉 〈4|+ ~2 |2〉 〈3|+ ~2 |3〉 〈2|

S3 = S3
1 + S3

2

=
~
2
σ3 ⊗ I2 + I2 ⊗

~
2
σ3

=
~
2




1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

+


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1




= ~ (|1〉 〈1| − |4〉 〈4|)
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We can see how S3 acts on the basis vectors

|↑↑〉 =


1
0
0
0

 = |1〉 |↑↓〉 =


0
1
0
0

 = |2〉

|↓↑〉 =


0
0
1
0

 = |3〉 |↓↓〉 =


0
0
0
1

 = |4〉

and construct our eigenvectors as a linear combination of these by inspection.

S3 |↑↑〉 = ~ (|1〉 〈1| − |4〉 〈4|) |1〉 S3 |↑↓〉 = ~ (|1〉 〈1| − |4〉 〈4|) |2〉
= ~ (|1〉 − 0) = ~ (0− 0)

= ~ |↑↑〉 = 0

S3 |↓↑〉 = ~ (|1〉 〈1| − |4〉 〈4|) |3〉 S3 |↓↓〉 = ~ (|1〉 〈1| − |4〉 〈4|) |4〉
= ~ (0− 0) = ~ (0− |4〉)
= 0 = −~ |↓↓〉

Thus the basis vectors are all eigenvectors of S3. Since Ĉ and S3 commute, they must share eigenvectors. We
can see how Ĉ acts on the eigenvectors of S3 and construct a linear combination of them if necessary to find the
eigenvectors of Ĉ.

Ĉ |↑↑〉 =
(
2~2 |1〉 〈1|+ ~2 |2〉 〈2|+ ~2 |3〉 〈3|+ 2~2 |4〉 〈4|+ ~2 |2〉 〈3|+ ~2 |3〉 〈2|

)
|1〉

= 2~2 |1〉+ 0 + 0 + 0 + 0 + 0

= 2~2 |↑↑〉
Ĉ |↑↓〉 =

(
2~2 |1〉 〈1|+ ~2 |2〉 〈2|+ ~2 |3〉 〈3|+ 2~2 |4〉 〈4|+ ~2 |2〉 〈3|+ ~2 |3〉 〈2|

)
|2〉

= 0 + ~2 |2〉+ 0 + 0 + 0 + ~2 |3〉
= ~2 (|↑↓〉+ |↓↑〉)

Ĉ |↓↑〉 =
(
2~2 |1〉 〈1|+ ~2 |2〉 〈2|+ ~2 |3〉 〈3|+ 2~2 |4〉 〈4|+ ~2 |2〉 〈3|+ ~2 |3〉 〈2|

)
|3〉

= 0 + 0 + ~2 |3〉+ ~2 |2〉
= ~2 (|↑↓〉+ |↓↑〉)

Ĉ |↓↓〉 =
(
2~2 |1〉 〈1|+ ~2 |2〉 〈2|+ ~2 |3〉 〈3|+ 2~2 |4〉 〈4|+ ~2 |2〉 〈3|+ ~2 |3〉 〈2|

)
|4〉

= 2~2 |4〉
= 2~2 |↓↓〉

Thus |↑↑〉 and |↓↓〉 are eigenvectors each with corresponding eigenvalue 2~. We can make a linear combination
of the other two basis vectors to find the remaining eigenvectors.

Ĉ (a |↑↓〉+ b |↓↑〉) = ~2 ((a+ b) |↑↓〉+ (a+ b) |↑↓〉)
a = b =⇒ a Ĉ (|↑↓〉+ |↓↑〉) = 2a ~2 (|↑↓〉+ |↓↑〉)

a = −b =⇒ a Ĉ (|↑↓〉 − |↓↑〉) = 0
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This shows that |↑↓〉 ± |↓↑〉 are eigenvectors of Ĉ, with eigenvalues 2~2 and 0. Thus all the (normalised)
eigenvectors and corresponding eigenvalues are

~v1 = |↑↑〉 =


1
0
0
0

 , λ1 = 2~2 ~v2 = |↓↓〉 =


0
0
0
1

 , λ2 = 2~2

~v3 =
1√
2

(|↑↓〉+ |↓↑〉) =
1√
2


0
1
1
0

 , λ3 = 2~2 ~v4 =
1√
2

(|↑↓〉 − |↓↑〉) =
1√
2


0
1
−1
0

 , λ4 = 0

(b)

H = J

L∑
i=1

3∑
α=1

Sαi S
α
i+1

= J

3∑
α=1

(Sα1 S
α
2 + Sα2 S

α
1 )

= J

3∑
α=1

(Sα1 S
α
1 + Sα1 S

α
2 + Sα2 S

α
1 + Sα2 S

α
2 − Sα1 Sα1 − Sα2 Sα2 )

= J

(
Ĉ − 3~2

2
I4

)

H ~va = J

(
Ĉ ~va −

3~2

2
I4 ~va

)
= J

(
λa ~va −

3~2

2
~va

)
= J

(
λa −

3~2

2

)
~va

= λ′a ~va,

i.e. H and Ĉ have the same eigenvectors. We can thus easily find the eigenvalues λ′ of H.

λ1,2,3 = 2~2 λ4 = 0

=⇒ λ′1,2,3 =
J ~2

2
=⇒ λ′4 = −3J ~2

2

Thus the spectrum of H is

{
J ~2

2
,−3J ~2

2

}
.
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Problem 3

(i)

X̂(s) = V̂ (s) X̂ V̂ †(s)

=⇒ dX̂(s)

ds
=
dV̂ (s)

ds
X̂ V̂ †(s) + V̂ (s) X̂

dV̂ †(s)

ds

= i P̂ V̂ (s) X̂ V̂ †(s)− i V̂ (s) X̂ P̂ V̂ †(s)

= −i
(
V̂ (s) X̂ P̂ V̂ †(s)− V̂ (s) P̂ X̂ V̂ †(s)

)
as P̂ and V̂ (s) commute

= −i V̂ (s)
[
X̂, P̂

]
V̂ †(s)

= −i V̂ (s) ·
(
i ~ Î

)
· V̂ †(s)

= ~ Î

=⇒ X̂(s) =

∫
~ Î ds

= s ~ Î + Ĉ

X̂(0) = V̂ (0) X̂ V̂ †(0)

= X̂

Also, X̂(0) = Ĉ

=⇒ X̂(s) = s ~ Î + X̂

(ii)

Label F̂ (r, s, t) ≡ Û(rt) V̂ (rt)

= ei r t X̂ ei r s P̂

∂F̂ (r, s, t)

∂r
= i t X̂ ei r t X̂ ei r s P̂ + ei r t X̂

(
i s P̂

)
ei r s P̂

= i t X̂ F̂ (r, s, t) + i s ei r t X̂ P̂ e−i r t X̂ ei r t X̂ ei r s P̂

= i t X̂ F̂ (r, s, t) + i s Û(rt) P̂ Û†(rt) F̂ (r, s, t)
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Label P̂ (rt) ≡ Û(rt) P̂ Û†(rt)

∂P̂ (rt)

∂t
=
∂Û(rt)

∂t
P̂ Û†(rt) + Û(rt) P̂

∂Û†(rt)

∂t

= i r X̂ Û(rt) P̂ Û†(rt)− i r Û(rt) P̂ X̂ Û†(rt)

= i r
(
Û(rt) X̂ P̂ Û†(rt)− Û(rt) P̂ X̂ Û†(rt)

)
= i r Û(rt)

[
X̂, P̂

]
Û†(rt)

= −r ~ Î

=⇒ P̂ (rt) = −
∫
r ~ Î dt

= −r t ~ Î + Ĉ1

P̂ (0) = Û(0) P̂ Û†(0)

= P̂

Also, P̂ (0) = Ĉ1

=⇒ P̂ (rt) = −r t ~ Î + P̂

=⇒ ∂F̂ (r, s, t)

∂r
=
(
i t X̂ + i s P̂ − i r s t ~ Î

)
F̂ (r, s, t)

=⇒ F̂ (r, s, t) = Ĉ2 e
i r t X̂+i r s P̂− i r2 s t ~2 Î+Ĉ3

F̂ (r, s, t) = product of two unitary matrices

=⇒ Ĉ2 = Î

F̂ (0, s, t) = Û(0) V̂ (0)

= Î

Also, F̂ (0, s, t) = eĈ3

=⇒ Ĉ3 = 0

=⇒ F̂ (r, s, t) = ei r t X̂+i r s P̂− i r2 s t ~2 Î

Û(t) V̂ (s) = F̂ (1, s, t)

= ei t X̂+i s P̂− i s t ~2 Î

(iii)

We can find V̂ (s) Û(t) by using a similar method to that in (ii). If we label Ĝ(r, s, t) ≡ V̂ (rs) Û(rt) and calculate
∂Ĝ(r,s,t)

∂r , we result in an expression in terms of X̂(rs). Substituting our answer from (i) and proceeding in a
similar fashion in (ii) gives us

V̂ (s) Û(t) = ei t X̂+i s P̂+ i s t ~
2 Î .

We know that
[
Â, α Î

]
= 0 for any operator Â and constant α. We also know that, for any commuting matrices

A and B, we have eA eB = eA+B . Thus, by inspection,

e−i s t ~ Î ei t X̂+i s P̂+ i s t ~
2 Î = ei t X̂+i s P̂− i s t ~2 Î

=⇒ e−i s t ~ Î V̂ (s) Û(t) = Û(t) V̂ (s)

=⇒ Ŵ = e−i s t ~ Î
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