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Problem 1
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Since this holds for any n, the only entries in U that are non-zero are the diagonal entries, i.e. U is
diagonal. Since U is unitary, we must have that

oot =i
= |Uu| =1.

We can thus express any entry of the diagonal matrix as Uj; = e’ . Since we also have that U 41,5107 =
e~ . We can then do the calculation

Uj1,j1Uj; ="
= ¢t(05+1=6;)
— 0j — 9j+1 = gf)j.
Since we are asked to find any unitary operator that relates the two sets of creation and annihilation
operators, we can define one of the 6; to be an arbitrary real number. Setting

0y =0,

th = 6o — po = —o,

by =01 — p1 = —¢o — ¢1,

03 = 02 — p2 = —o — $1 — P2,

J
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This gives us a unitary operator

00 J
U= > 6e[j) (k] where 6; = =Y ¢_1, with 6 =0
J,k=0 =1
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Problem 3
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Problem 4
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Similarly, since IA)I(t) =0 (t)af U{f (t), and the above manipulations do not depend on or alter a,
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Let by (t) = e1(t)a + dy(t)al
dbl o dCl " + ddl dJr
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Assume an ansatz for ¢;(t) and d; (¢) of the form
ci(t) = aceXt + B, e~ Vet di(t) = ageXi + B4 e~ Vat,
Since we know
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we know that x. = ¥. = xq = ¥q = 1, i.e. t does not have a coefficient. This gives us
ci(t) = ace + Beet, di(t) = age' + Bge .
Since we know
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We can equate the two expressions we have for lA)I(t) and pick some value for ¢ to solve for the remaining
unknown parameters, i.e.
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We can then rewrite ¢q(t) and dy(t) as
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We can therefore express by (t) and bl (t) as

by (t) = cosh(t) a + i sinh(t) a' bl(t), = cosh(t) a! — isinh(t) a.

a + isinh(t ) ,cosh(t ) — i sinh(t) d]
= [cosh(t) &, cosh(t) a'] + [cosh(t) &, —i sinh(t) 4]
+ [isinh(t) & t.cosh(t) a ] + [i sinh(t)al, —isinh(t) al
= cosh?(t) [a,a ] — dcosh(t) sinh(t) [a, @] + ¢ cosh(¢) sinh(¢) [&T, &T] + sinh?(t) [df, aj
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:I’

[El(t), B}(t)} = [cosh(t

V\_/

and so by (t) and b (t) satisfy the canonical commutation relation.



