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Problem 1

1.

ρ† =

(∑
n

pn |ψn⟩ ⟨ψn|

)†

=
∑
n

pn (|ψn⟩ ⟨ψn|)
†

=
∑
n

pn |ψn⟩ ⟨ψn|

= ρ

2.

⟨ϕ|ρ|ϕ⟩ =
∑
n

pn ⟨ϕ|ψn⟩ ⟨ψn|ϕ⟩

=
∑
n

pn ⟨ϕ|ψn⟩ ⟨ϕ|ψn⟩
∗

=
∑
n

pn| ⟨ϕ|ψn⟩ |
2

⩾ 0 as pn ⩾ 0 and | ⟨ϕ|ψn⟩ |
2 ⩾ 0

3.

ρ = ρ2∑
n

pn |ψn⟩ ⟨ψn| =

(∑
l

pl |ψl⟩ ⟨ψl|

)(∑
m

pm |ψm⟩ ⟨ψm|

)
=
∑
l,m

plpm ⟨ψl|ψm⟩ |ψl⟩ ⟨ψm|

=
∑
n

p2n |ψn⟩ ⟨ψn|+
∑
l ̸=m

plpm ⟨ψl|ψm⟩ |ψl⟩ ⟨ψm| (⟨ψn|ψn⟩ = 1)

Since the second term on the RHS does not take the form of any term on the LHS, it thus must be 0.
We then have that pi = p2i for all i. This is only true if pi is either 0 or 1. However, the sum of all pi is
equal to 1, so we can deduce that there is some j such that pj = 1, and pi = 0 ⇐⇒ i ̸= j. Thus the
system is in state |ψj⟩, and therefore a pure state.
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Problem 2

1.

ρ =
∑

pn |ψn⟩ ⟨ψn|

=
1

3

[
|0⟩ ⟨0|+ |1⟩ ⟨1|+

(
4

5
|0⟩+ 3

5
|1⟩
)(

4

5
⟨0|+ 3

5
⟨1|
)]

ρ =
41

75
|0⟩ ⟨0|+ 34

75
|1⟩ ⟨1|+ 4

25
(|0⟩ ⟨1|+ |1⟩ ⟨0|)

2.

⟨H⟩ =
∑
n

pn ⟨ψn|H|ψn⟩

=
1

3

[
⟨0|H|0⟩+ ⟨1|H|1⟩+

(
4

5
⟨0|+ 3

5
⟨1|
)
H

(
4

5
|0⟩+ 3

5
|1⟩
)]

=
1

3

{
⟨0| ℏω

(
0 +

1

2

)
|0⟩+ ⟨1| ℏω

(
1 +

1

2

)
|1⟩+

(
4

5
⟨0|+ 3

5
⟨1|
)[

4

5
ℏω
(
0 +

1

2

)
|0⟩+ 3

5
ℏω
(
1 +

1

2

)]}
=

ℏω
3

(
41

50
⟨0|0⟩+ 51

25
⟨1|1⟩+ 18

25
⟨0|1⟩+ 6

25
⟨1|0⟩

)
⟨H⟩ = 143

150
ℏω

3.

0 =

∣∣∣∣∣∣∣∣
41

75
− λ

4

25

4

25

34

75
− λ

∣∣∣∣∣∣∣∣
=

(
41

75
− λ

)(
34

75
− λ

)
− 4

25

4

25

= λ2 − λ+
2

9

=⇒ λ =
1

3
,
2

3

S = −kB
∑
i

λi lnλi

= −kB
(
1

3
ln

1

3
+

2

3
ln

2

3

)
S = kB

(
ln 3− 2

3
ln 2

)
4.

ρ′ =
∑
α

ΛαρΛα

= |0⟩ ⟨0| ρ |0⟩ ⟨0|+ |1⟩ ⟨1| ρ |1⟩ ⟨1|

= |0⟩ ⟨0|
(
41

75
|0⟩+ 4

25
|1⟩
)
⟨0|+ |1⟩ ⟨1|

(
34

75
|1⟩+ 4

25
|0⟩
)
⟨1|

ρ′ =
41

75
|0⟩+ 34

75
|1⟩

2


