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Problem 1
dw = d(zy dx) + d(2z dy) — d(y d=z) ow = wou? d(uw) + 2(3u + v) d(u®) — v d(3u + v)

=ydex ANdrx+zdyNde+2dzNdy —dy Ndz = wdv(vdu + udv) + (6u + 20)(2udu) — u?(3 du + dv)
dw=—xdx Ndy —3dy Ndz = u*v? du + v'v dv + 120 du + 4uv du — 3u® du — u? dv

afw = (u31)2 +9u? + 4uv) du + (u4v — u2) dv

o (dw) = —uv d(uv) Ad(u?) — 3d(u®) Ad(3u+v)
= —wv(vdu + udv) A (2udu) — 6udu A (3du + dv)
= —2u?v(vdu A du+udv A du) — 6u(3du A du+ du A dv)
= —2uvdv A du — 6udu A dv

o (dw) = (2u®v — 6u) du A dv

d(a*w) = d[(v*v® + 9u® + 4uv) du] + 4] (u'v — u?) dv]
= (3u2v2 du + 2u3v dv + 18u du + 4v du + 4u dv) Adu + (4u3v du + u* dv — 2u du) A dv
= (2u3v + 4u) dv N\ du + (4u3v — Zu) du A dv

d(a*w) = (2u*v — 6u) du A dv

Problem 2
Elements of QF(A) are of the form

vy dx + vo dy + vz dz € QY (A),
wy dx A dy 4wy dy A dz + w3 dz A de € Q*(A),
cdr Ndy Ndz € Q*(A).

These elements are analogous to the elements of X(A) and R of the form

V161 4 v9ég + v3é3 € %(A),
w1é1 + woly + wgég € X(A),
e C®(A).

Thus, Q(A) x Q' (A) — Q2(A) is analogous to X(A4) x X(A4) — X(A), and Q' (A4) x Q?(A) — Q3(A) to
X(A) x X(A) — C°°(A). These correspond to the cross product (x) and dot product (-), respectively,
as x : R3 xR3 - R? and - : R? x R® = R.



Problem 3

For convenience, denote {#;} = {: U — V| 8 a positive chart} and /3; a positive chart.
We first need to show that {f;} is an orientation, i.e. that §; and Bi overlap positively for all

Bj: B € {Bi}-
Bl oBr=0;"oa oaro B (ar € {as})
= (a0 B;) " o (au o By)
D87 o i) () = D((eu o 8) " o (i 0 A1) ) (@)

Since «a; overlaps positively with both 8; and By, then both a and b are positive, and so their product is
positive. We thus have

det[D(B; " o B)(z)] >0

and so §; and B overlap positively. Since this is true for any elements of {;} then the collection is an
orientation.

Next we have to show that {a;} C {f;}. Consider a; € {c;}. By definition, this overlaps positively
with all elements of {c;}, including «; itself, since det [D(a;l oa;)(x)] =1>0. Thus o; € {8;}. This
is true for any «; € {o;}, and so we have {a;} C {8;}.

Finally we need to show that {f;} is maximal, i.e. that it only contains all positive charts that
pairwise positively overlap.

v o =1 oaroa;' o B,
= (ry_l ) ak) o (a,:l o 5])
D(y™ o Bj)(w) = D((v"" o ak) o (o © By)) ()
=D(v ' oax) (a0 B(x)) D(ag " 0 By) (x
det[D(y " 0 B;)(z)] = det[D(v ™" o) (ak o Bj(x) D(ak oﬁj) ()]
(2)

= det[D(y" " oar) (" 0 Bj(2))] det[D(a; " 0 §;) ()]
c=d-e

~—_— ~—

Since each f3; overlaps positively with a;, then e is positive. Thus the sign of c is positive if and only if
the sign of e is positive. This is equivalent to saying that v and j3; positively overlap if and only if v and
oy, positively overlap. Since this is true for all 8; € {8;} and ai € {«;} we have « positively overlaps
with all elements of {f;} if and only if v € {f;}. Therefore {3;} is maximal.



Problem 4

Consider coordinate patches o, ay, € {a;} and points w, z,y such that o;(z) = w = o (y).

D((ak o) to (aj 0 T)) (7M@) =D(r7 oyt o Oéj o7) (7 (z))

:D(ﬁlzloﬁ]) T~ ) (Bi=aroT)
= DB (Bi(T l(x)))DﬂJ( “H(x))

=D(r oo, ) (a0 ( ())) D(ej o 7) (77} (2))

= D1~ 1(a )D DOéJ(T(T L )) (Tﬁl(x))

=Dr Y(y)D ( oaj)( )Dr (771 (2))
det {D ((ak o) o(ajo0 7')) (Tﬁl(x))} = det(D7!(y)) det(D(aj; " o o) (2)) det(Dr (77 (z)))
= det(D (a0 aj)(2))
(7 diffeomorphism = det(D7)det(Dr71) =1)
>0 (o, ap, overlap positively)
Thus if {«;} is an orientation of M, then so is {a; o 7}.
If {o;} = {a; o 7}, then we must have that for any «; € {a;} there exists an aj € {«;} such that

aj o T = ay,. Since 7 is a diffeomorphism then aj o7 = a o7 <= j = k, which supports the imposed
condition. The two orientations are different when this condition is not met.



