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Problem 1

dw = d(zy dz) + d(3dy) — d(yzdz))
=yderANde+zxzdyANde+0—zdyANdz —ydz ANdz
=—xdr ANdy — zdy Ndz
d(dw) = —d(zdx N dy) — d(zdy A dz)
=—dzxANdx ANdy—dANdyNdz
= d(dw) =0

wAn= (zyde +3dy —yzdz) A (zdx — yz? dy + 2z dz)
= 2%y dx Adx — xy?22 de A dy + 222y dx A dz
+3xdy Adx — 3yz? dy A dy + 6z dy A dz
—zyzdz ANde + y?22 dz A dy — 2zyzdz A dz
= (f:z:yzzQ - 33:) dx N\ dy + (6:5 — y223) dy Ndz + (—29:2y — xyz) dz N\ dx
dlwAn) = d((—xy222 - 3z) dw A dy) + d((6z — y223) dy A dz) + d((—2x2y — wyz) dz A dx)
= (—y222 de — 2xy2* dy — 2xy?2dz — 3 d:r) Adz A dy
+ (6 dx — 2yz3 dy — 3y*2> dz) ANdy A dz
+ (—4xydac — 222 dy — yz dx —xzdy—wydz) ANdz N dx
= (—2zy22 +6—22% — xz) dr ANdy A dz

dw=—xdrNdy —zdy Ndz dn =2yzdy Ndz — 2dz AN dx
doAn=(—zdeNdy —zdy Ndz) A\ (zdz —yz° dy +22dz) wAdy= (zyde+3dy —yzdz) A (2yzdy A dz — 2dz A dz)
= 22%de Ndy ANdz — zzdy Adz A dx = 2zy’zdx Ady ANdz — 6dy A dz A dx
= (72x2 f:rz) dx N dy N dz = (2asy2z — 6) dx Ndy N dz

dwAn—wAdn= (72x2fzzfoy22+6)d:c/\dy/\dz
= dwAn)=dwAn—wAdy

Problem 2

Let p € M and v € T, M be given. Define g(t) = f(p + tv). We thus have that ¢'(t) = f'(p+tv) =
Df(p+twv)-v by the chain rule. Since f has an extremum at p, then since g(0) = f(p) we must also
have that g has an extremum at 0. Therefore ¢’(0) = Df(p) - v = dfp(v) = 0, and so df, is simply zero.

This argument does not hold for a manifold with boundary, however, since the derivative of f at a
boundary point is not defined, and so we cannot say the same is true if M is a manifold with boundary.



Problem 3
a)

dn = d(F*w)
= F*dw
= F*(2dx N dy)

Thus we have dn € Q2 (T S 1). However, the tangent plane at any point on S' is simply a line and thus
one-dimensional. Thus dn is a 2-form defined on a 1-dimensional vector space, and so must be 0.

b)
wp(v) = (p1dy — p2 dz)((v1,v2))

= (qu’(z) —Pz‘I’(l)) (vie1 + vaeq)

= [p1‘1’(2)(61) —qu’(l)(el)] +vg {plq’@)(@) — 2 (er)

—v1p2 + v2p1

1p(v) = (F*w)p(v)

(DF(p))*wr(p)(v)

= wF(p)(DF(p)v)

= wp(v) (since F' is an inclusion)

= —v1p2 + v2P1

If we had 7, was always zero then we would need p; = p» = 0. However, since p € S ! then p; and py
cannot both be 0, therefore 7, is non-zero.

c)
Since 7 is simply a restriction of w to be a tensor on S' as opposed to R2, then it is sufficient to show
that there is no function f € Q°(S') such that df = w.
Say there exists a function f € Q°(S") such that df = w. Then we have
of of

df = =—d —d

! oz " + dy 4

w=—ydr+xdy

of of
90~ Y oy °
f=—ay+al) f=wy+e)

We thus require that ¢ (y) — c2(x) = 2zy, which is a contradiction, and so we can conclude that no such
function exists.



d)

(exp™n)i(x) = ((exp” oF " )w), ()
= ((F oexp)*w)¢(z) (proven in Problem 4)
= (exp* w);(x) (since F is an inclusion)

(D eXp( )) Wexp(t) (33)
= Wexp(t) (D exp(t)x)
= W(cos(t),sin(t)) ((—x sin(t), z cos(t)))
= xsin(t) sin(t) + x cos(t) cos(t)

= exp*n =dx

Clearly, if we have f = 2 € Q°(R) then df = dx = exp* 7, and so exp* 7 is df.

Problem 4
(F*w)p(v1,..., vk) = (DF(p)) wrp) (v, ..., vk)
= wp(p) (DF(p)vy, .. ., DF(p)vg)
a)
((dar)*w)p(v1, - .-, vk) = wrp) (D(ida) (p)v, - D(idps)(p)vk)
wp(p)( Tyeooy ’Uk)
= (iko(M)w)p(vl, . ,’Uk)
— (ldM)* = iko(M)
b)
((fog)wplvi,..., vg) = ((D(f 2 9))(P)) W(rog)p) (1, - - - k)
= (Df(g(p)) - Dg(p)) wy(g(p)) (v1,-- -, k)
= wy(g(p)) (Df(9(p)) - Dg(p)v1, ..., Df(g(p)) - Dg(p)vk)
= (Df(9(p) wy(g(py) (Dg(p)v1,. .-, Dg(p)v)
(f*w) g (Dg(p)v1, - .., Dg(p)vy)
= (Dg()*(f*w)g(p)(v1,- .., vk)
=(g"(f*w)p(v1, ..., k)
( * f*)w)p(vl ..... Uk)



